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Conformance checking is a key process mining task to confront the normative behavior imposed by
a process model with the actual behavior recorded in a log. While this problem has been extensively
studied for pure control-flow processes, data-aware conformance checking has received comparatively
little attention. In this paper, we tackle the conformance checking problem for the challenging scenario
of processes that combine data and control-flow dimensions. Concretely, we adopt the formalism of
data Petri nets (DPNs) and show how solid, well-established automated reasoning techniques from
the area of Satisfiability Modulo Theories (SMT) can be effectively harnessed to compute conformance
metrics and optimal data-aware alignments. To this end, we introduce the CoCoMoT (Computing
Conformance Modulo Theories) framework, with a fourfold contribution. First, we show how SMT
SMT allows to leverage SAT-based encodings for the pure control-flow setting to the data-aware case.
Second, we introduce a novel preprocessing technique based on a notion of property-preserving
clustering, to speed up the computation of conformance checking outputs. Third, we show how our
approach extends seamlessly to the more comprehensive conformance checking artifacts of multi- and
anti-alignments. Fourth, we describe a proof-of-concept implementation based on state-of-the-art SMT
solvers, and report on experiments. Finally, we discuss how CoCoMoT directly lends itself to further
process mining tasks like log analysis by clustering and model repair, and the use of SMT facilitates
the support of even richer multi-perspective models, where, for example, more expressive DPN guards

languages are considered or generic datatypes (other than integers or reals) are employed.
© 2023 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

Keywords:
Conformance checking
Data Petri nets

1. Introduction

In process mining, the task of conformance checking is cru-
cial to test the expected behavior described by a process model
against the actual action sequences documented in a log [1].
While the problem has been thoroughly studied for pure control-
flow processes such as classical Petri nets [1,2], the situation
changes for process models equipped with additional perspec-
tives beyond the control-flow, such as for example the data per-
spective. Notice that, while there are various works that primarily
focus on the formalization and analysis of data or object-aware
extensions of Petri nets (e.g., [3-6]), attacking the conformance
checking problem in the non-classical setting is a very challenging
task. Indeed, this problem requires to simultaneously consider,
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in a combined way, both the control-flow of the process and
the data that the process manipulates. These two components
are inter-dependent, with the control flow generating data con-
strained by expressive logics, and the data in turn influencing
the control flow. Existing approaches almost exclusively focused
on control-flow alignments and can therefore not be applied
off-the-shelf. To the best of our knowledge, there are in fact
very few existing approaches dealing with the aforementioned
problem, and they concentrate on declarative [7] and procedu-
ral [8,9] multi-perspective process models with rather restrictive
assumptions on the data dimension.

In this paper, we provide a new stepping stone in the line of
research focused on conformance checking of multi-perspective
procedural, Petri net-based process models. Specifically, we con-
sider data Petri nets (DPNs), an extensively studied formalism
within BPM [10-12] and process mining [8,9,13], which allows
for a succinct but flexible and expressive model presentation.
For this setting, we introduce a novel conformance checking
framework called CoCoMoT (Computing Conformance Modulo
Theories). The main feature of CoCoMoT is that, instead of provid-
ing ad-hoc algorithmic techniques for checking conformance, it
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provides an overarching approach based on the theory and prac-
tice of Satisfiability Modulo Theories (SMT) [14]: SMT provides
a very expressive and flexible framework supporting efficient
algorithmic techniques that are exploited by state-of-the-art and
highly performing solvers, and that can deal with a wide range of
different datatypes, making them particularly suitable for being
applied in a data-aware context. Respective SMT solvers [15,16]
are mature, efficient, and highly optimized tools that we use in
our implementation. By relying on an SMT backend, we exploit
well-established automated reasoning techniques that can sup-
port data and operations from a variety of theories, restricting
the data dimension as little as possible.

On top of this basis, we provide a fourfold contribution. First,
we show that conformance checking of DPNs with arithmetic
constraints can be reduced to satisfiability of SMT formulas over
the theory of linear integer and rational arithmetic. While our
approach is inspired by the use of SAT solvers for a similar
purpose [17,18], the use of SMT not only allows us to account for
data manipulating guards, but also capture unbounded nets. Our
CoCoMoT approach results in a conformance checking procedure
running in NP, which we prove optimal for the problem, in
contrast to earlier conformance checking approaches for DPNs
running in exponential time [8,9]. We also formally demonstrate
the correctness of our approach and provide an extensive discus-
sion on how various SMT theories can be used in order to extend
the theoretical setting of our conformance checking framework.

Second, we show how to simplify and optimize conformance
checking by introducing a preprocessing, trace clustering tech-
nique for DPNs that groups together traces that have the same
minimal alignment cost. Clustering allows one to compute con-
formance metrics by just computing alignments for one represen-
tative per cluster, and to obtain alignments for other members
of the same cluster from a simple adjustment of the alignment
computed for the representative trace. Besides the general noti-
on of clustering, we then propose a concrete clustering strat-
egy grounded in data abstraction for variable-to-constant con-
straints, which are often present in automatically mined nets,
and show how this strategy leads to a significant speedup in our
experiments.

Third, we show how due to its flexibility, our approach can be
seamlessly extended to further conformance checking artifacts,
namely multi- and anti-alignments.

Fourth, we report on a proof-of-concept implementation of
CoCoMoT that does not only support plain conformance checking,
but also lends itself to performing search of multi- and anti-
alignments. We discuss optimizations and show the feasibility of
the approach with an experimental evaluation on three different
benchmark sets available in the literature.

This article extends the conference version of this paper [19]
in several ways:

(i) we provide complete proofs of all formal results, including
the correctness of the decoding, the complexity result, and
correctness of clustering;

(ii) we lay out the extension of our approach to multi- and
anti-alignments, which are now also covered by our im-
plementation;

(iii) we extended the experimental section, to evaluate in de-
tail the performance of our implementation on different
data sets, assess the scalability of our approach, and com-
pare with the other conformance checking tool for DPNs
proposed in [8,9];

(iv) we devise a concrete way to compute an upper bound
to the length of the alignment - a crucial ingredient to
our method which was so far determined by heuristics in
related SAT-based approaches - and formally demonstrate
that this computation scheme comes with a correctness
guarantee;
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(v) we elaborate the decoding phase of our approach, specify-
ing how to construct an optimal alignment from the output
of the SMT solver; and

(vi) we include a detailed section about related work.

The remainder of the paper is structured as follows. In
Section 2 we recall the relevant basics about data Petri nets,
alignments, cost functions and distances, and define the confor-
mance checking problem. This paves the way to present our SMT
encoding (together with related theoretical results) in Section 3.
Our clustering technique that serves as a preprocessor for con-
formance checking is the topic of Section 4. The treatment of
multi- and anti-alignments is discussed in Section 5. In Section 6
we describe our implementation and the conducted experiments.
Related work is discussed in Section 7. In Section 8 we conclude.

2. Data-aware conformance checking

In this section, we present formal foundations of the data-
aware conformance checking framework used in this paper. First,
in Section 2.1 we provide preliminaries on data Petri nets (DPNs)
and their execution semantics. Then we introduce the confor-
mance checking problem and discuss a distance-based measure
we use for computing optimal alignments. Finally, we briefly
introduce satisfiability modulo theories (SMT) — the main ma-
chinery behind our approach.

2.1. Data Petri nets

We use Data Petri nets (DPNs) for modeling multi-perspective
processes, adopting a formalization as in [8,9].

To capture the data types of variables that are manipulated by
a process, we fix a set of (process variable) types X = {bool, int,
rat, string} with associated domains: D(bool) = B, the boole-
ans; D(int) = Z, the integers; D(rat) = @, the rational
numbers; and D(string) = S, the strings over some fixed
alphabet. A set of process variables V is typed if there is a function
type:V — X assigning a type to each variable in V. For a set of
variables V, we consider two disjoint sets of annotated variables
Vi = {v" | veV}and V¥ = {v” | veV} to be respectively
read and written by process activities, as explained below, and
we assume type(v') = type(v"”) = type(v) for every veV.
Given V and a type o € ¥ (for example, o can be the integer
type), V,, denotes the subset of annotated variables in V" U V" of
type o. To manipulate typed variables, we consider the following
expressions:

Definition 1. For a set of variables V, constraint ¢ and expres-
sions s, n, and r of types string, int, and rat are defined by
the following grammar:

ci=uwv |b|n=n|r>=r|r>r|s=s|cAc|—c si=us|t

n:=v,|z|n+n|—-n ro=v|q|r4r|—r

where vy € Vioo1, b €B, v5 € Vstring- t €S, v, € Vint, Z €Z, v, €Vrar,
and g€ Q.

We denote the set of all constraints over variables V by c(V),
and the set of variables that appear in a constraint ¢ is denoted
by Var(c), hence Var(c) C V* UV'. Standard equivalences apply,
hence disjunction (i.e., V) of constraints can be used, as well as
comparisons #, <, < on integer and rational expressions, though
expressions of types bool and string only support (in)equality
comparisons. The constraints defined in Definition 1 serve to
express conditions on the values of variables that are read and
written during the execution of activities in the process. Intu-
itively, a constraint (x” > y") for x, y € V states that the current
value of variable x is greater than the current value of y. Similarly,
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(x¥ > y" + 1) A (x¥ < Z") requires that the new value given to
x (i.e., assigned to x as a result of executing the activity to which
this constraint is attached) is greater than the current value of
y plus 1, and smaller than z. In general, given a constraint ¢ as
above, we refer to the annotated variables in V" and V" that
appear in c as the read and written variables, respectively.

Definition 2 (DPN). A Petri net with data (DPN) is given by a tuple
N =(P,T,F,¢,A, V,guard), where:

e (P, T,F,{)is a Petri net with two non-empty disjoint sets of
places P and transitions T, a flow relation F: (P x T)U (T x
P) — N and a labeling function £: T — A U {t}, where A
is a finite set of activity labels and t is a special symbol for
silent transitions;

e V is a typed set of process variables; and

e guard: T — C(V) assigns executability constraints.

As customary, given x € P U T, we use *x := {y | F(y, x) > 0}
to denote the preset of x and x* := {y | F(x,y) > 0} to denote the
postset of x. In order to refer to the variables read and written
by a transition t, we use the notations read(t) = {v | v €
var(guard(t))} and write(t) = {v | v* € Var(guard(t))}. Finally,
Gy is the set of all the guards appearing in A.

Hereinafter, we follow an important assumption that forbids
silent transitions to modify process variables. Formally, for every
t € T s.t. £(t) = 7, it holds that write(t) = (. This assumption
is very natural as it prohibits process models to perform any
adversarial, unobservable changes on the process data that also
cannot be aligned with data in logs.

From now on, we assume that V is the set of process variables.
To assign values to variables, we use assignments. A state variable
assignment is a function & : V. — J,., D(type(v)) such that
a(v) € D(type(v)) for all v e V: notice that pom(«w) = V where
poM denotes the domain of functions. State variable assignments
are used to specify the current value of process variables. Simi-
larly, a transition variable assignment is a partial function g8 with
poM(B) C V" U V" that assigns a value to annotated variables,
namely B(x) € D(type(x)), with x € V" U V¥, Transition variable
assignments are used to specify how variables change as the
result of activity executions (cf. Definition 3).

A state in a DPN A is a pair (M, «) constituted by a marking
M:P — N for the underlying Petri net (P, T, F, £), plus a state
variable assignment «. Therefore, a state simultaneously accounts
for the control flow progress and for the current values of all
variables in V, as specified by «. For ease of notation, we denote
with [p'f, ..., PM a concrete multiset representing a marking in
which each place py contains i, tokens.

We now define when a Petri net transition may fire from a
given state.

Definition 3 (Transition firing). A transition t € T is enabled in
state (M, «) if there exists a transition variable assignment 8 such
that:

e DOM(f) = Var(guard(t)): B is defined for the variables in
the guard;

e B(v") = «a(v) for every v € read(t), i.e., B is as « for read
variables;

e B = guard(t), i.e., B satisfies the guard; and

e M(p) > F(p, t) for every p € °t.

An enabled transition may fire, producing a new state (M’, '), s.t.
M’'(p) = M(p)—F(p, t)+F(t, p) for every p € P, and o'(v) = B(v")
for every v € write(t), and «’(v) = «(v) for every v ¢ write(t). A
pair (t, B) as above is called (valid) transition firing, and we denote

its firing by (M, )25 (M7, o).
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Given N/, we fix one state (M;, «g) as initial, where M; is the
initial marking of the underlying Petri net (P, T,F,¢) and «q
specifies the initial value of all variables in V. Similarly, we denote
the final marking as Mp, and call a state of the form (Mg, aF) for
some «f final.

We say that a state (M, «) is reachable in a DPN iff there exists

a sequence of transition firings f = (fi,...,f;) = ((t1, B1), ...,

(ta Bl s.t (M, 20) 2% (M, o) 220 P ) = (M,

«), denoted as (M, ag)—(M, a). Moreover, f is called a (valid)

process run of N if (M;, ao)—f>(MF, af) for some «f, so that the run
starts in the initial state and ends in a final state. Similar to [8], we
restrict our setting to DPNs that are relaxed data sound, i.e., where
at least one final state is reachable.

We denote the set of valid transition firings of a DPN N as
F(N), and the set of process runs as Runs(\N').

Example 1. Let A be as shown where the marking [po] is initial
and [ps] final:

Po X" =0 P1 y >0 Py X =3AY <4 D3 W=y +1
©o—{-] T [ F—O0— - F—0—1:]

X<3
For the initial assignment «g = {x — 0,y — 0}, the set Runs(N)
contains e.g. f; = ((a, {x* +— 2}), (b, {y* +— 1}),(r,{x" —
2,y — 1}) aswellas £, = ((a, {x* — 1}),(r,{x
1), (d, y* = 1})).

2.2. Event logs, alignments and distance-based cost functions

Given an arbitrary set A of activity labels and a set V of
variables, an event is a pair (b, «), where b € A and « is a so-called
event variable assignment, that is, a function that associates values
to variables in V. Differently from state variable assignments, an
event variable assignment can be a partial function.

Definition 4 (Log trace, event log). Given a set £ of events, a log
trace e € £* is a sequence of events in £ and an event log L €
M(E*) is a multiset of log traces from &, where M(£*) denotes
the set of all multisets over £*.

We focus on a conformance checking procedure that aims at
constructing an alignment of a given log trace e w.r.t. a process
model (i.e., a DPN W), by matching events in the log trace against
transition firings in the process runs of A". However, when con-
structing an alignment, not every event can always be put in
correspondence with a transition firing, and vice versa. Therefore,
we introduce a special “skip” symbol > and the extended set of
events £> = £U{>>} and, given N/, the extended set of transition
firings 7> = F(M)U >}

Definition 5 (Move). Given a DPN N and a set of events &, a pair
(e,f) € £ x F¥ \ {>,>)} is called move.! A move (e, f) is
called:

e log move ife € £ and f = >;
e model move if e = > and f € F(W);
e synchronous move if (e, f) € £ x F(N).

Let Moves,, be the set of all such moves. We now show how
moves can be used to define alignments of log traces.

1 In contrast to [8], we do not distinguish between synchronous moves with
correct and incorrect write operations, and defer this differentiation to the cost
function.
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For a sequence of moves y = ((ey,f1),...,(en, fn)), the log
projection y|, of y is the longest subsequence e = (e}, ...,¢€])
of e = (eq, ..., e,) such that & € £*, i.e, e is obtained from e by
omitting all > symbols. Similarly, the model projection y |, of y is
the longest subsequence f = (f{,....f/) of f = (f1,..., fy) such
that f € F(W)*, i.e, f is obtained from f by projecting away all
>> symbols. We also write X|;, 0 < j < n, for a prefix of length j of
a sequence X = (X1, ..., Xy), and denote an empty prefix (i.e., for
j = 0) with e.

Definition 6 (Alignment). Given a DPN A/, a sequence of moves y
is an alignment of a log trace e if y|; = e, and it is complete if
¥y € Runs(N).

Notice that in the case of complete alignments, it is implied
that the final marking of A is reached.

Example 2. The sequences y;, y» and y3 below are complete
alignments of the log trace e = {(a, {x — 2}), (b, {y — 1})) w.r.t.
the DPN from Example 1:

[afx—>2} [oly~ 1} [>] [alx—2} [> [bly— 1}

Vi " =2l "~ 1} 7 | Va: =3t > |
fx=2bly~ 1] > [>]
38T > | > i3]

Here, alignments are depicted as tables where the cells in the
top row correspond to trace events, and cells in the bottom row
correspond to transitions in the model run. Cells of trace events
contain activity labels and event variable assignments; in cells
for model transitions we list the written variables (instead of the
entire transition variable assignment, for the sake of readability).

For a process run f, we denote by Align(f, e) the set of align-
ments y such that y|, = e and y |y = f. Moreover, Align(\, e) is
the set of complete alignments for a log trace e w.r.t. a DPN A/, A
cost function is a mapping « : Moves,r — R that assigns a cost
to every move. It is naturally extended to alignments as follows.

Definition 7 (Alignment cost). Let A" be a DPN and y a complete
alignment of a log trace e with respect to \V, i.e., y € Align(V, e).
For y = ((e1,f1), ..., (en, fn)), the cost of y is given by x(y) =
> i k(e fi)-

Thus, the cost of an alignment is given by the sum of the costs
of its moves. This allows us to define the notion of an optimal
alignment for a log trace with respect to a DPN and a given cost
function:

Definition 8 (Optimal alignment). A complete alignment y €
Align(N/, e) for a log trace e with respect to a DPN A is optimal if
k(y) is minimal among all complete alignments for e, i.e., there
isno y’ € Align(\V, e) s.t. k(y') < «k(y).

The cost of an optimal alignment for e with respect to N is
denoted by K,’(’}t(e). Given N, we denote the set of optimal align-
ments for e as Align® (N, e). Indeed, optimal alignments need
not be unique, as illustrated in Example 3 below after defining
specific cost functions.

Various metrics to evaluate process models against observed
behaviors in the log are conceivable. In this work, we use a
distance metric that guides the alignment procedure so that the
latter finds a model run that is as close as possible to the observed
trace. To this end, we formalize the distance between a log trace
and a process run as follows:

Definition 9 (Distance). Given a log trace e € £* and a process
run f € Runs(N), the distance between e and f is defined as
dist,(e, f) = miny, cajign(r,e) k(¥ )-
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In other words, the distance between e and f is the minimal
number of edits needed to align the process model behavior with
the one observed in the log. It is easy to see that optimal align-
ments can be formalized using the notion of distance: indeed, the
optimal alignment cost for e is given by the minimum distance
dist(e, f) between e and f, for all f € Runs(\).

In order to effectively compute an optimal alignment, we will
use a variant of the well-known notion of edit distance (also
known as Levenshtein distance), as is standard in conformance
checking [2]. This allows us in particular to adopt a similar SAT-
based encoding as used in the literature [20]. However, we adopt
a more general version of the edit distance that can be used
not only to represent the usual Levenshtein distance, but also
its variants such as the discounted cost function discussed in [17]
and distance functions previously used for multi-perspective con-
formance checking [8,9] (the latter we will call standard cost
function, as discussed below).

Our cost measure is parameterized by three penalty functions:

Pp:£€ —> N Py:FWN)—> N P_:&x FIN)—> N

respectively called the log move penalty, model move penalty,
and synchronous move penalty functions (cf. Section 2.2). These
functions naturally give rise to a cost function kg : Movesy —
R, by using P, for log moves, Py for model moves, and P_ for
synchronous moves. In this case we say that «g;; is a cost function
that has parameters Py, Py, and P_.

Definition 10. A cost function « is distance-based if it is defined
as k(y) = Z?:] Kkdise(€;, fi) for some kgise having parameters Py,
Py, and P, for all y = {(e1, f1), . ... (en, fu))-

In the sequel, we consider such distance-based cost functions.

Definition 11 (Generalized edit distance).

Given a DPN W, let e = (ey,...,ey) be a log trace and
f = (f1,...,fa) a process run of . For all i and j, 0 <i<m and
0 < j < n, the edit distance 5(e|;, f|;) is recursively defined as
follows:

S(e,e)=0
d(elir1, €) = Pi(eir1) + d(el;, €)
(e, fljr1) = Pufiz1) + 8(e, fl;)

P_(eiy1, fi+1) + 8(el;, fl;)

Pi(eip1) + d(el;, flj1)

Py (fi+1) + 8(€]it1, f];)

In fact, given a log trace e and a process run f, the edit distance

8(e, f) is exactly the distance dist(e, f) from Definition 9, taking
Kaise as cost function, as stated next:

8(ei+1, flj+1) = min

Lemma 1.
S(e, ).

This can be shown using known properties of the edit dis-
tance [17,21], and for our setting we will later on show optimality
directly.

We next demonstrate how by fixing the functional parameters
P_, P;, and Py, one can obtain concrete, known distance-based
cost functions are obtained.

Standard cost function. As defined in [8, Ex. 2] and [9, Def.
45], the following standard cost function is a “default” choice
that can be used, for example, for providing initial assessments
on the log conformance. To this end, we instantiate the distance
function from Definition 10 as follows:

Pub, o) =1

A distance-based cost function « satisfies dist, (e, f) =

0, if¢(t)=1
|write(t)] + 1, otherwise
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l{v € pom(e) | a(v) # B(v”

00, otherwise

P_((b. a), (t,ﬁ)):{ W, if €)= b

Example 3. Consider alignments 1, y», and y3 from Example 2.
Using the standard cost function «, we get the following:

e k(y1) = 0, since Py does not penalize moves with silent
transitions;

e k(y2) = 2, because P_ penalizes with 1 synchronous moves
with incorrect write operations and P; always returns 1 for
log moves (as in the previous case, model moves with silent
transitions are not penalized);

e «(y3) = 4, since, as in the previous case, we get 1 for each
of the log moves and no penalty for the silent model move,
but we get 2 for a non-silent model move that writes one
variable.

However, optimal alignments need not be unique. The trace e =
(b, {y — 1})) admits the two alignments

[ >
[afx" —

[by=>1 [>]

[ > [~ [>]
1}|b{ym’_>]}| T ‘ and

{
R =3l = 1] T |

which are both optimal with cost 2.

Levenshtein distance. Another natural way of estimating how
“far” two sequences are from each other uses the plain Leven-
shtein distance, computing the minimum number of edits needed
to transform one sequence into another. This measure can be
obtained by the following edit distance instantiation:

PL(b Ol) 1
Py(t,B)=1
, if ot
P-((b, ). (t. B)) { 0, otherw1se

Note that this measure is “data-agnostic” as it ignores transition
variable assignments.

Discounted cost function. Following the recent proposal in
[17], we slightly modify the P, and Py functions, and extend the
above Levenshtein distance with an ability to penalize more those
log and model moves that occur at early stages of the alignment
construction:

Pu(b, o, @) = 14 g~ 7&D)
Pu(t, B, f) = 14 o~m(ED

Here, & € R is a discount parameter, and m;(e, b) and my(f, t)
functions that provide positions at which b and t respectively
occur in e and f. In [17] it is suggested that with 6 = 2 the
discount becomes severe enough, as the edit at a given position
can cost more than the sum of all the following edits.

2.3. Satisfiability Modulo Theories (SMT)

Here, we introduce the main technical machinery exploited
in this paper: SMT solving. In order to describe it formally, we
assume the usual syntactic (e.g., signature, variable, term, atom,
literal, and formula) and semantic (e.g., structure, truth, satis-
fiability, and validity) notions of first-order logic. The equality
symbol = is always included in all signatures.

Formally, according to the current practice in the SMT litera-
ture [14,22], a theory 7 is a pair (X, Z), where X is a signature
and Z is a class of X'-structures; the structures in Z are the models
of T. A X¥-formula ¢ is T-satisfiable if there exists a X'-structure
M in Z such that ¢ is true in M under a suitable assignment
a to the free variables of ¢ (in symbols, (M, a) = ¢); it is
T-valid (in symbols, 7 F ¢) if its negation is 7-unsatisfiable.
Two formulae ¢; and ¢, are T-equivalent if ¢ <« ¢, is
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T-valid. The problem of (quantifier-free) satisfiability modulo the
theory 7 (SMT(T)) amounts to establishing the 7-satisfiability of
quantifier-free X'-formulae.

Intuitively, the Satisfiability Modulo Theories (SMT) prob-
lem [14] is an extension of the classic propositional satisfiability
(SAT) problem. The SAT problem asks, given a propositional
formula ¢, to either find a satisfying assignment v under which
¢ evaluates to true, or detect that ¢ is unsatisfiable. For instance,
given the formula (p v @) A (—p V 1) A (—r VvV —q), a satisfying
assignment is v(p) = v(r) = T, v(q) = L, where, as customary
in first-order logic, T stands for the truth value ‘true’ and L
stands for the truth value ‘false’. The SMT problem extends SAT
by asking to decide satisfiability of a formula ¢ whose language
extends propositional formulas by constants and operators from
one or more first-order theories 7. There exists a plethora of
solvers, called SMT solvers, able to solve the SMT problem: they
extend SAT solvers with specific decision procedures customized
for the specific theories involved. SMT solvers are useful both for
computer-aided verification, to prove the correctness of software
programs against some property of interest, and for synthesis, to
generate candidate program fragments. Examples of well-studied
SMT theories are the theory of uninterpreted functions £u/F, the
theory of bitvectors BV and the theory of arrays Ax [14,22]. All
these theories are usually employed in applications to program
verification. For this paper, only the theories of linear integer and
rational arithmetic (£Z.4 and £Q.A) are relevant. For instance, the
SMT formulaa > 1A(a+b =10V a— b = 20) A p, where g, b
are integer and p is a propositional variable, is satisfiable by the
assignment v such that v(a) = v(b) =5 and v(p) = T.

Another important problem studied in the area of SMT and
relevant to this paper is the one of Optimization Modulo Theories
(OMT) [23]. The OMT problem asks, given a formula ¢, to find a
satisfying assignment of ¢ that minimizes or maximizes a given
objective expression. SMT-LIB [22] is an international initiative
aiming at providing an extensive on-line library of benchmarks
and promoting the adoption of common languages and interfaces
for SMT solvers. In this paper, we make use of the SMT solvers
Yices 2 [16] and Z3 [15].

3. Conformance checking via SMT

This section describes the core of our approach, by presenting
the encoding building blocks used in the CoCoMoT framework.
We first explain how a bound on the length of a run in an
optimal alignment can be computed ( Section 3.1). This bound is
then used as the basis SMT-based encoding that we introduce in
Section 3.2 to solve the problem of finding optimal alignments. In
Section 3.3 we prove correctness, and in Section 3.4 we analyze
the computational complexity.

3.1. Length bound on optimal alignment

Given a DPN N and a log trace e, our approach aims to find
an optimal alignment by constructing a symbolic representa-
tion both of a process run and an alignment, and subsequently
“grounding” that representation to a concrete process run f and
an alignment y, using an SMT solver. Since the symbolic repre-
sentation is encoded using a finite set of variables, we need to
fix upfront an upper bound on the optimal alignment size. This,
in turn, amounts to fixing an upper bound ng on the symbolic
representation of the process run (that is, its length), so that there
is some y € Align®"(N,e) for which n¢g > y|y. Notice that
such an upper bound was already required in earlier SAT-based
approaches [17,20].

In general, the above upper bound strictly depends on the cost
function of choice. Hereinafter, for simplicity, we consider the
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standard cost function from Section 2.2. But even for this cost
function, computation of a suitable upper bound is considerably
more intricate in the presence of guards that manipulate data. We
elaborate on this in the next example.

Example 4. Consider the following DPN A/ :
bo
X" :nEx"’ =x"+1
t] t2

The initial and final markings are such that M; = Mg = [po],
and V = {x}, with ap(x) = 0 being the initial assignment. Let

e = (e,...,e), with e = (a,?) and |e] = m. Consider the
following two alignments:

y= ),=\ > | [ > Tal [a]
== =] I Y V] i (X 0] IEH A TN

For y4, we have that «(y1) = |e| = m, that is, the cost amounts
to the length of the log trace. In y;, every b-model move has cost
2 as only one variable is written, while the synchronous moves
have cost 0. Thus, «(y») = 2n. From that we can deduce that, if
m = |e| < 2n, then y; is optimal, while otherwise j, will be the
optimal alignment (as its cost will remain unchanged due to the
guard of t1). In fact, in the latter case, the length of the process
run associated with the optimal alignment is n + m.

In the following example we demonstrate how silent transi-
tions can further complicate the computation of the upper bound.

Example 5. Consider the following net N, a variant of the net
from Example 4:

Here, both the left and right cycles consist of k-silent tran-
sitions (depicted in gray). For e as in Example 4, y; is still a
valid alignment. Now consider a variant of alignment y5, denoted
y,, in which every model move and synchronous move in y; is
combined with k silent transitions. As silent transitions are not
penalized by the standard cost function, «(y,) = 2n. Thus, if
y, is optimal, the length of the respective process run y,|y is
(n+m)-(k+1). Note that even without data manipulating guards,
the length of the process run would be m - (k + 1).

These examples show that the length of a process run f as-
sociated with an optimal alignment may not only depend on
the length of the log trace and the length of paths on the net
graph, but also the data manipulating guards. However, we next
show that an upper bound for the length of f exists whenever
the standard cost function is used. Notice that a similar reasoning
applies when using the Levenshtein distance.

Lemma 2. Let N be a DPN, (fi,...,f,) be a process run of N
such that ¢ = ZJL] Py(f;) is minimal, and k the length of the
longest acyclic path of silent transitions in N. Then there is some
y € Align® (N, e) for e w.r.t. the standard cost function such that
lyiml < (2le| +c+ 1) -k

Proof. Consider yo = ((e1,>), ..., (em, >), >, f1), ..., fa))s
which is a valid alignment for e = (eq,...,e,) that satisfies
k(y0) = m + c. By optimality, x(y) < k(o) must hold. Observe
that y can have at most |e| synchronous moves, with the best
case cost of 0 (when all write operations match), so that y|y has

2 Both in y; and y, moves containing label a appear m times.
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the same number of corresponding transitions. Since every model
move with a non-silent transition has at least cost 1, y|y can
have at most m + ¢ non-silent transitions (otherwise, we would
have «(y) > «(y)). Thus y|y has at most 2m + c¢ non-silent
transitions used in synchronous and model moves of y. However,
there may exist a process run composed of all the transitions
from (fi,...,f;) and silent transitions appearing between every
one of these, as well as before and afterwards such that: (1) the
order of firing of non-silent transition is the same as in the run
from above; (2) the cost of the eventual alignment is not affected
by the silent transitions. This is similar to the case illustrated in
Example 5. Thus, since silent transitions do not write variables,
the number of such silent transitions can be bound by the length
of the longest acyclic path constructed of silent transitions in N.
Like that, we obtain that the length of y |y is at most (2m+c+1)-k.

For safe nets, shortest paths are known to be computable in
polynomial time [24]. The quantity ¢ in Lemma 2 corresponds
to a weighted shortest path problem, and is hence computable
accordingly. In fact the bound proven in Lemma 2 is conservative
and in practice often unnecessarily high. E.g., optimal alignments
need not contain silent transitions at all, but they may be required
to get an optimal cost alignment (cf. Example 5). However, the
crucial point here is that a computable upper bound exists. More-
over, the bound of Lemma 2 will exclude optimal alignments with
loops composed of silent transitions only. This is not a problem
since another optimal alignment without such loops exists whose
length is within the bounds.

3.2. Encoding

We now describe the building blocks of our encoding. It is
inspired by the SAT-based approach presented in [17,20], but
significantly differs from it as it works also for nets with arc mul-
tiplicities and unbounded nets, beyond the safe case considered
in [17].

Given a log trace e = (e, ..., ey) and a DPN A with ini-
tial marking M;, initial state variable assignment «g, and final
marking Mp, we want to construct an optimal alignment y €
Align®* (A, e). To that end, we assume throughout this section
that the length of the process run associated with y is bounded by
some number n. In the interest of a more succinct presentation,
we also assume that the given net A/ has a silent wait transition in
the final marking, as also done in [20,25]. However, we comment
on the end of this section that our approach can also be adapted
to the case where this is not possible because the final marking
is empty (cf. Remark 1).

Our approach comprises the following four steps: (1) rep-
resent the alignment symbolically by a set of SMT variables,
(2) set up constraints ¢ that symbolically express optimality of
this alignment, (3) solve the constraints ¢ to obtain a satisfying
assignment v, and (4) decode an optimal alignment y from v. We
next elaborate these steps in detail. An overview over the SMT
variables and other notational shorthands related to the encoding
are provided in Table 1.

(1) Alignment representation. We use the following SMT
variables:

(a) transition step variables S; for 1 <i<n of type integer; if
T = {t1,..., iy} then it is ensured that 1 <S3; <|T|, with
the semantics that S; is assigned j iff the ith transition in
the process run is t;;

(b) marking variables M; , of type integer for all i, p with 0 <
i < nandp e P, where V;, is assigned k iff there are k
tokens in place p at instant i;

(c) data variables X; , for all ve V and i, 0 <i < n; the type of
these variables depends on v, with the semantics that X; ,
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Table 1
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Notation used to describe the SMT encoding. Here, m is a log trace length and n is the (maximal) length of the

process run associated with a computed alignment y.

symbol description

Si transition step variables encoding the process run (1 <i<n)

Mip marking variables (1 <i<n and p € P)

Xiv data variables encoding process variable assignments (0 <i<n and veV)

d;; distance variables encoding the alignment cost of the prefixes e|; and f|; (0 <i<m and 0 <j <n)
tids(a) the set of transition indices corresponding to label a

lab(s, a) a formula encoding that the value assigned to S corresponds to a transition labeled with a

v satisfying variable assignment to all the variables in the SMT encoding

f, process run decoding for a satisfying assignment v

is assigned r iff the value of v at instant i is r; we also write
X; for (X,‘,v1 S, X,‘,Uk):

(d) distance variables d;; of type integer for 0 < i < m and

0 <j < n, where d;; is to represent the alignment cost of
the prefix e|; of the log trace e, and prefix f|; of the (yet to
be determined) run f.

Note that variables (a)-(c) comprise all information required
to capture a process run with n steps, which will make up the
model projection of the alignment y, while the distance variables
(d) will be used to encode the alignment.

(2) Encoding. To ensure that the values of variables corre-
spond to a valid run, we assert the following constraints:

The initial marking M; and the initial assignment «q are
respected:

/\Mo,p = Mi(p) A /\ X0,y = ao(v) (@init )
peP veV

The final marking M is respected:

/\ Mn,p = Me(p) ((pﬁnal)
peP

Transitions correspond to transition firings in the DPN:

/\ 1 =< Si =< |T| (‘ptrans)
1<i<n
Transitions are enabled when they fire:

/\ /\ (8i=j)— /\ Mic1p = %41, (@enabled)

1=izn 1<j=T| pecy
where |'tj|p denotes the multiplicity of p in the multiset °¢;.

We encode the token game:

NN == A\ My =Ny =151 — 16l

1<i<n 1<j<|T| peP

(@mark)
where |tj'|p is the multiplicity of p in the multiset ¢;°.
The transitions satisfy the constraints on data:

AN\ Gi=i) o guardit)x A N\ iy =X,

1<i<n 1<j<|T| vgwrite(tj)
(‘pdam)

where the substitution x uniformly replaces V" by X;_; and
V¥ by X.

The encoding of the edit distance depends on the penalty
functions P_, Py, and P;. We illustrate here the formulae ob-
tained for the standard cost function in Section 2.2. First, for
T ={t1,...,t} and a € A, we write tids(a) = {i | £(t;) =a}
for the set of transition indices corresponding to label a;
and for a transition variable S, lab(S, a) = \/keﬁds(a)S:k

expresses that the value assigned to S corresponds to a tran-
sition labeled a. Given a log trace e = (bq, 1), ..., (bm, am),
let the expressions [P;], [Pu];, and [P=];; be defined as
follows, for all i and j:

[P]=1

[PM]j = ite(sj =1, Cu)(tl ), cee ite(sj = ‘Tl -1, Cw(tlTl—l)v Cw(tITI)) o )
[P_1i; = ite(lab(S;, b;), Y ite(cri(v)=Xi,. 0, 1), 00)
vewrite(b;)

where the write cost ¢, (t) of transition t € T is 0 if £(t) =
7, or |write(t)] + 1 otherwise, and ite is the if-then-else
operator. It is then straightforward to encode the data edit
distance by combining all equations in Definition 9:

doo=0 dip10=I[Pl+dio  doj+1 = [Pulj+1 + doj
Aip1j+1 = Min([P=livr i + dig, [P+ dijer, [Pulivn + diga )

(ps)

In this way, we will see that d , gets assigned the cost of an
optimal alignment for the given trace.

(3) Solving. We use an SMT solver to obtain a satisfying as-
signment v for the following constrained optimization problem:

Dinit /\ Pfinal /\ Ptrans /\ Penabled /\ Pmark \ Pdata \ Ps

minimizing dm,n
(@)

Next, we illustrate the encoding on our running example.

Example 6.

We illustrate the encoding on the DPN from

Example 1, and the log trace e = ((a, {x — 2}), (b, {y — 1}))

from

Example 2. For simplicity, we assume that the maximal

length of the process run in the optimal alignment is n = 3.
We add an additional silent transition from ps to itself (cf. the
remarks at the beginning of Section 3.2), called f. For readability,
the silent transition from p, to ps is called ¢, and the transition

from
1,2,

p1 to ps is called e; and we write a, b, ..., f for the integers
..., 6 when referring to transition numbers. First, we get the

following constraints for the process run:

1<i<3

A

1<i<3

Moo =1A M1 =My =Mg3=0 A Xp=Xo,y=0 (@init)
M3g=M31=M3,=0AM33=1 (@finat)
/\ (Si=avSi=bvSi=cvSi=dvSi=eVSi=f (Qums)
(Si=a—>Mi10=21)A(Si=b—>M_11>1)
ABi=c—= Mi_12=>1)A
(Bi=d —> M_1321)A(Si=e—>M_112>1)
A(Si=f— Mi_13>1) (@enabled)

(Si=a— Mi—1,0Mo=1AM1-M_;=1

1<i<3



P. Felli, A. Gianola, M. Montali et al.

Information Systems 117 (2023) 102230

di,1 = min(do,o + [P=]1,1,do,1 + 1, d1,0 + [Pu]1)
dip = min(do,1 +[P=l1,2,do2 + 1, d1,1 + [Pu]2)
di,3 = min(do 2 +[P=]1,3,do3+ 1, d1 2 + [Pul3)

dy,1 = min(dy,o + [P=]2,1,d1,1+ 1, da0 + [Pul1)
dyp = min(dy 1 + [P=]22, d12+ 1, d2,1 + [Pul2)
dy 3 = min(dy + [P=]23,d13+ 1,da 2 + [Puls)

Box 1.

AMi2=Mi_12 AMiz=Mi_13))
/\ (Si=b— Mi_11—M1=1AM—M_12=1
1<i<3
AMio=Mi_1,0 AMiz=Mi_13))
/\ (Si=c— Mi—12—Mi2=1AM3—M_13=1
1<i<3
AMio=Mi_1,0 AMj1=Mi_11))
/\ (Si=d — Mio=Mi_10 AMj1 =M1
1<i<3
AMip =Mi_12 AMj3=Mi_13))
/\ (Si=e = Mi—1,1—M1=1AM3-M_13=1
1<i<3

AMio=Mi_1,0 A M2 =Mi_12))

/\ (Si=f— Mio=Mi—10 AMj1=Mi_11

1<i<3
AMj 2 =Mi_12 A My 3=Mp3)) (@mark)
N (Si=a— Xix=0AXiy=Xi1,))
1<i<3
/\ (8i=b— (Xiy>0AXiy=Xi1,))
1<i<3
/\ (Si =Cc —> (X,;]yx <3A Xiflyy <4
1<i<3
ANKix=Xi_1x A Xy =Xi—1y))
/\ (Si=d = (Xiy =Xi—1y+1 A Xix=Xi—1x))
1<i<3
/\ (Si=e = Xi—ix=<3AXiy=Xi1y AXix=Xi—1x))
1<i<3
/\ (Si=f— Xix=Xi—1x A Xiy= Xi—l,y)) (@data)

1<i<3

It remains to add constraints for the alignment cost. Using the
standard cost function, we set [P, ];=1 for all i; [Py]; =ite(S; =
cVvSj=e,0,1)forall j to give model moves cost 0 if they use a
silent transition and cost 1 otherwise; and

[P:]U = itE(Sj = a, ite(Xj,X =2,0, 1), OO)
[P:]z,j = itE(Sj = b, itE(Xj,y = ], 0, ]), OO)

Then, we get from (¢s) the equations d;o = iforall 0 <i < 2,
doj = 14 dp— forall 0 < j < 3, and the equations in Box L.

One possible solution to the constrained optimization problem
is the assignment v such that v(Mgo) = v(My1) = v(M2) =
V(M3 3) = 1 and all other M;; are assigned 0; v(S;)=a, v(S;)=Db,
and 1(S3)=c; v(Xox)=1(Xoy)=1(X1,)=0, v(X1)=v(Xox)=
V(X3 x)=2, and v(X,,)=1v(X3,)=1. The relevant distance vari-
able assignments are v(dg o) =v(d1.1)="v(d22)=0, so the cost of
the alignment is 0. This corresponds to the optimal alignment y,
shown in Example 2.

(4) Decoding. Assuming that the set of transitions T = {t1, ...,
tir} is ordered following the order already used for the encoding,
for a satisfying assignment v for (&), we can obtain a process
run decoding £, = (f1,...,fy), where f; = (t,g;), i) and the
transition variable assignment §; is procured as follows: Let the
state variable assignments «;, 0 <j<n, be given by «j(v) =
v(Xjy), for all v € V. Then, Bi(v") = ai_1(v) and Bi(v*) = i(v),
for all v € V. Next, we use properties of the edit distance [21] to
decode an alignment y = y;,, of e and f, = (fi, ..., fp). To that
end, consider the (partial) alignments y;; recursively defined as
follows:>

Yir1,0 = Yio - (8ir1,>>)  Yojr1 = Yo - O, fi+1)
Vij+1 - (€1, ) ifv(diprjp1) = v([P] + dijt1)
Yig1j - (>, fix1)  if otherwise v(diyq j41)

= v([Pmlj+1 + dit1y)
otherwise

Y0,0 = €

YVit1,j+1 =

Yij - (€ir1, fir1)

We will show in Section 3.3 that the alignment constructed
in this way is indeed optimal.

As remarked at the beginning of this section, our approach
so far assumed that the final marking of the DPN has a silent
wait transition. While this is not possible if the final marking
is empty, we next explain that our encoding can be adapted to
accommodate this case:

Remark 1. To avoid fixing the length of the process run in the
alignment to exactly n, and allow instead a process run that has
at most length n without adding artificial wait transitions, the
encoding can be adapted as follows: we use an additional SMT
variable 1en of type integer to represent the length of the process
run, add a constraint 0 < len < n, and modify ¢g,q to state that
the run is final at instant len:

n
/\ len=j — /\Mj,p = Mg(p)
j=0

peP
and the minimization objective is modified to perform a case
distinction on len:
ite(len=0, dp o, ...ite(len=n—1,dmn—1,dmn)...)

While this modified encoding is always sound, it is in general
preferable to add silent transitions on final states if possible, as
nested ite expressions may negatively impact solver performance.

3.3. Correctness
In this section we prove key formal properties of the decoding
defined above. First, we show that the process run decoding is

indeed a valid run.

Lemma 3. Let N be a DPN, e a log trace and v a solution to ().
Then the process run decoding satisfies f, € Runs(\).

3 Here, given x = (xq, ..., Xn), its concatenation with an element x’ is defined
as X X = (X1,..., Xn, X').



P. Felli, A. Gianola, M. Montali et al.

Proof. Let M; be the marking such that M;(p) = v(M; ), for all
peP, and «; the state variable assignment such that o;(v) =
v(X; ), for all v € V and i, 0 <i <n. First, we show by induction
on n that for the process run f, = ({(fi,...,f,) it holds that

fy
(Mls aO)_)(Mns an)-
Base case. If n = 0, then f, is empty. As v satisfies @i, it must

be that My = M; and «q is the initial assignment, so the
claim trivially holds.

Inductive step. Assume that f, = (fi, ..., fy41) and for its pre-
fix f = (fy,....f,) it holds that (M, ag)>(Mn, ay). If
fay1 = (t, B) for some j s.t. 1<j<|T|, then, by con-

struction of f,, we have that v(S,;) = j. Since v is a
solution to (@), it satisfies @enqpiea SO that t; is enabled
in M,. Moreover, as v satisfies @mgr and @gqq, it holds

fi . . .
that (M, an)—'i’L(MnH, an41)- This concludes the induction
proof.

Finally, given that v also satisfies @fnq, the last marking must be
final and hence f, € Runs(\).

Next, we demonstrate that the above decoding yields an opti-
mal alignment.

Theorem 1. Let N be a DPN, e a log trace and v a solution to ().
Then ym.n € Align® (N, e).

Proof. By Lemma 3, f, € Runs(N'). We first note that [P_],
[P;], and [Py] are correct encodings of P_, P, and Py from
Section 2.2, respectively. For P; this is trivial. For Py, the case
distinction encodes the number of written variables depending
on the value of §;. For P, lab(S;, b;) is true iff the value of S;
corresponds to a transition that is labeled b;. If the labels match,
the expression Zvewrite(bi) ite(ej(v) =X, 0, 1) encodes the num-
ber of mismatching data values, as stipulated by the standard cost
function.

Let d;j = v(d;;), for all i, jsuch that 0 <i <mand 0 <j <n.
We show the stronger statement that y;; is an optimal alignment
for e|; and f, |; with cost d;j, by induction on (i, j).

Base case. If i=j=0, then y;; is the trivial, empty alignment
of an empty log trace and an empty process run, which is
clearly optimal with cost d; ; =0, as defined in (¢s).

Step case. If i=0 and j> 0, then the optimal alignment is a
sequence of model moves with cost [Py]q + - - - + [Pu];, as
stipulated in (¢;), and the optimal alignment is defined as
Yo = (> fi), ..., (> )

Step case. If j=0 and i> 0, then the optimal alignment is a
sequence of log moves with cost [P;] 4+ --- + [P.], again
as stated in (gs), and the optimal alignment is defined as
Yio = {(e1,>>), ..., (e, ).

Step case. If i,j > 0, then, since v satisfies (¢s), d;; is the mini-
mum of v([P_]i;) + di_1,j—1, v([PL]) + di_1;, and v([Py];) +
d; j—1. By the induction hypothesis, di_1 j_1, di—1, and d;_q
are the costs of the optimal alignments for e|;_; and f,|;_1;
eli_1 and f,|;; and e|; and f,|j_;, respectively. As [P],
[P;], and [Py] are correct encodings of P_, P;, and Py,
respectively, by definition of a distance-based cost function
(Definition 9), d;; is thus the optimal alignment cost of e|;
and f,|;, and it is clear from the construction of y;; is an
alignment that has exactly this cost.

3.4. Complexity

In this section we show that the decision problem associated
with the optimal alignment problem is NP-complete for relaxed
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data-sound DPNs with linear arithmetic, so that the complexity
of the approach presented in Section 3.2 is optimal. Let a cost
function « be admissible if it is distance-based, its parameter
functions P_, Py, and P; are effectively computable, and they can
be defined by linear arithmetic expressions and case distinctions.
For ¢ € N and an admissible cost function «, let ALIGN,: be the
problem to decide whether a relaxed data-sound DPN and a log
trace admit an alignment of cost c.

Lemma 4. For an admissible cost function, the problem ALIGN, is
NP-complete.

Proof. Given a DPN N, a log trace e, and some ¢ € N, the
encoding from Section 3.2 yields an SMT problem over linear
arithmetic that is satisfiable if and only if an alignment of cost
c exists, by adding the constraint d,; , = ¢ instead of minimizing
dm.n (cf. Theorem 1). The size of the encoding is polynomial in
the size of A/ and the length of e. Thus, since satisfiability of the
relevant class of SMT problems is in NP [26], our approach to
decide ALIGN, is in NP.

Next, ALIGN, is NP-hard since it is easy to reduce satisfiability
of a boolean formula (SAT) to ALIGNg: For a formula ¢ with
variables V, let A, be the DPN where V is the set of variables
in ¢ and the control structure is as follows:

tr:T
H@CE)M
ty "

Here ¢" is the formula obtained from ¢ by replacing all variables
v € V by v". The initial marking is {po}, and the final marking is
{p1}. The DPN W, is relaxed data-sound due to the transition t.
Let e be the log trace consisting of the single event (t,, #), and
k the standard (distance-based) cost function g (as defined in
Section 2.2). We have fy = (t1, @) € Runs(/N,,) and «(e, fo) = oo.
If ¢ is satisfiable by some assignment «, we also have f; =
((ty, Bw)) € Runs(N,), where B, is the assignment such that
Bu(”) = «a(v) for all v € V, and «(e, f;) = 0. Thus, e admits
an alignment of cost 0 if and only if ¢ is satisfiable.

The proof shows that our approach to decide ALIGN, is in
NP, whereas the method presented in [8,9] is exponential in the
length of the log trace.

3.5. Possible extensions

In this section, we discuss how our SMT-based approach can
be extended towards the support of numerous background theo-
ries not mentioned in this paper so as to constrain the data objects
manipulated by the DPN as well as to express sophisticated cost
functions. Indeed, in the related literature [8,9], the guards of
DPNs are ‘linear boolean’ expressions, i.e., they combine arith-
metical operations with boolean operators; in our approach, we
can enrich the language of guards by employing every function
and relation symbol used in every first-order theory supported
by SMT solvers (e.g., arrays, lists, and sets). For example, the
use of relational predicates in DPN guards opens the possibil-
ity of natively extending our framework so as to model struc-
tured background information: this additional structure allows
us, e.g., to incorporate in the formal model full-fledged relational
databases from which data injected in the net are taken, following
the SMT-based approaches as in [27,28]: theoretically, this would
require to exploit, as background first-order theory, the theory of
uninterpreted symbols £/ F built on top of an arbitrary first-order
signature X If, additionally, one wants to admit the user to inject
external (possibly fresh) value data into the relational database,
such as integers or reals, then one can rely on the SMT theories
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for constraining arithmetic datatypes like £Z.4 and/or £LQA. The
integration of such datatypes with the predicates from the re-
lational database is guaranteed by the native flexibility of SMT
solvers to reason modulo the combination of different theories:
specifically, in this context, the underlying combined theory of
interest would be EUFULTA, EUFULOA or EUFULTIAULQA.

Considering more complicated background theories that can
model different kinds of datatypes opens several directions
towards possible extensions of the theoretical setting where
to perform conformance checking. Indeed, more sophisticated
frameworks for modeling data-aware processes that extend DPNs
in several ways have been studied recently: a notable one is
given by COA-nets [6,29], where, as it happens for DPNs, the
process component is formalized using a Petri Net-based model,
but where places contain tokens carrying unboundedly many
‘data’ tuples retrieved from a persistent storage, called catalog.
SMT-based techniques have been proved to be successful to verify
safety of COA-nets, which strongly suggests that the approach via
SMT presented in this paper can be effectively lifted to perform
conformance-checking tasks where the underlying process is
modeled using COA-nets instead of DPNs.

Finally, the background theory can not only constrain the data
object manipulated by the net, but also increase the expressive-
ness of the kind of cost functions that could be defined. In fact,
since sophisticated predicates are available in our language, one
can employ them, e.g., in the parallel move penalty function, so
as to model different examples of edit distance as the following
one (inspired by setting such as the one is [28,29]):

Example 7. Suppose that the background information of the
process is stored in a typed relational DB. In this DB, relations are
typed in the sense that each attribute has a specific type. Types
for relation attributes are usually of two different kinds: ‘id’ types
and ‘value’ types. The first ones account for identifiers of objects
contained in the DB relations, whereas the second ones are used
for injecting specific datatype values into the DBs, such strings or
integers. Let us assume that our DPNs interact with such a DB, in
the sense that variables can take values from the attributes of its
relations. Accordingly, variables are typed as well: for this reason
we assume that V := Vi W V,q, i.e,, every variable is either of the
‘id-type’ or of the ‘value-type’.

In such a context, we define the synchronous move penalty
as a combination of two different contributions, depending on
whether the variables has id or value type. Indeed, a natural
definition of P— would be:

P_((b, @), (t, B)) = |{v € poM(e) and v € Vjq |
=R(a(v)), RBOW" DI + Zici,

if £(t) = b, where R is some relation from the database DB and
¢; are integer numbers such that a(v;) := B(v;") + ¢, for every
v; € Vyq. This means that P_ is the sum of two contributions: the
first one applies to ‘id-type’ variables and counts the number of
write variables such that their values in the model run is stored
in the relation R whereas their values in the log trace are not;
the second one sums, for every ‘value-type’ variable, the discrete
distance between the values taken in the model run and in the log
trace. Notice that reasoning with such kinds of penalties requires
that the underlying SMT solver exploits combinations of theories:
specifically, for this example, we are leveraging the combined
theory EUF U LTA, where £UF is employed for the DB relation
symbols, while £Z.A allows us to use sums and integers.

4. Trace clustering

Clustering techniques are used to group together multiple
traces in a process log so as to simplify and optimize several forms
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of analysis [30], including conformance checking [18,31]. In this
section we introduce a novel form of clustering that is instru-
mental to simplify our multi-perspective conformance checking
technique. The idea is to partition the log into clusters, where all
traces within the same cluster are guaranteed to share the same
alignment cost. That is, the alignment cost has to be computed
only once for one (non-deterministically selected) representative
trace of the cluster, which can provide substantial computational
benefits for clusters with considerably many traces. We present
our clustering idea in two steps. We first introduce a general
equivalence relation on log traces, which thus identifies clusters
as equivalence classes. We then provide an instantiation of such
a relation that compares traces in the log by considering the
satisfaction of guards of the DPN, thus providing a sort of ‘data
abstraction-based’ clustering.

Definition 12 (Cost-based clustering). Given a DPN V, a log L, and
a cost function «, a cost-based clustering is an equivalence relation
= ot over L, where, for all traces e, e € L s.t. e = o e we have

that ;7 (e) = kP (e').

Notice that, being linked by an equivalence relation from
above, two traces are simply meant to belong to the same cluster.
With the above definition we add a condition that if two traces
are in the same cluster, they must have the same optimal align-
ment cost. This, however, does not mean that different clusters
necessarily correspond to different optimal alignment costs as
the clustering need not group all traces with the same optimal
alignment cost into the same equivalence class.

We now introduce one specific equivalence relation that
focuses on DPN guards performing variable-to-constant compar-
isons, and then show that this equivalence relation is a cost-
based clustering. By focusing on guards, one can in fact improve
performance of alignment-based analytic tasks. Indeed, variable-
to-constant guards, although simple, are extensively used in
practice, and they have been subject to an extensive body of
research [10]. Moreover, this class of guards is common in bench-
marks from the literature, is the one required to model decisions
based on the DMN S-FEEL standard, and is the target of guard
discovery techniques based on decision trees [13]. Note, however,
that we do not at all require that the considered DPNs use only
such guards — richer guards are simply not exploited in the
clustering.

Recalling that constraints are used in DPNs as guards associ-
ated to transitions, and that a constraint is in general a boolean
expression whose atoms are comparisons (cf. Section 2.1), we
write Atoms(c) to refer to the set of all atoms in a guard c € G .
Given a DPN W, a variable-to-constant atom is an expression of
the form x © k, where xeV" U V¥, ©® € {>,>,=},and k is a
constant in Z or Q. We say that a variable v € V is restricted to
constant comparison if all atoms in the guards of A that involve v"
or v are variable-to-constant atoms. For such variables, we also
introduce the set ats, = {v ® k | x ©® k € Atoms(c), for some c €
Gp, X € {v", v"}}, i.e,, the set of comparison atoms v®k as above,
this time expressed with non-annotated variables. The set ats,
can be seen as a set of predicates with free variable v.

Intuitively, given a cost function as in Section 2.2, the optimal
alignment of a log trace does not depend on the actual variable
values specified in the events in the log trace, but only on whether
the atoms in ats, are satisfied. In this sense, our approach can be
considered as a special form of predicate abstraction. Based on this
idea, trace equivalence is defined as follows.

Definition 13. For a variable v that is restricted to constant
comparison and two values uy, up, let uy ~%. u, ifforallv O k €
ats,, u1 Ok holds iff u, ®k holds. Two event variable assignments o
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and o’ are equivalent up to constant comparison, denoted o ~ «’,
if boM(«r) = poM(e’) and for all variables v € boM(«), either (i)
a(v) = o'(v), or (ii) v is restricted to constant comparison and
a(v) ~5 o' (v).

Iy

This definition intuitively guarantees that o and «’ “agree on
satisfying” the same atomic constraints in the process. For exam-
ple, if @(x) = 4 and «'(x) = 5, then, given two constraints x > 3
and x < 2, we will get that « =x > 3 and «’ = x > 3, whereas
aEx<2aswellaso fEx < 2.

Definition 14 (Equivalence up to constant comparison). Two
events e = (b, ) and ¢ = (b, «’) are equivalent up to constant
comparison, denoted e ~, €,if b = b and @ ~, «'. Two
log traces e, e’ are equivalent up to constant comparison, denoted
e ~. €, iff their events are pairwise equivalent up to constant
comparison. That is, e (e1,...,en), € = (e},...,e,), and
e~ e;foralli, 1<i<n.

Example 8.
comparison, while y is not. Since ats, = {x > 0, x
traces eq ((a, {x — 2}),(b,{y — 1})) and e, ((a, {x —
31, (b, {y — 1})), satisfy e; ~. e,, but for e3 = ((a, {x —
4}), (b, {y — 1})) we have e; 7. e; because 3 % 4, and
ey ((a,{x = 3}),(b,{y — 2})) satisfies e; #. e4 since
the values for y differ. The equivalent traces e; and e, have the
same optimal cost with respect to the standard cost function from
Section 2.2: for the alignments

In Example 1, variable x is restricted to constant
< 3}, the log

. Jaxm2 [by—>1 [>] . Jaxe3 [by—>1 [>]
o sy e1lr] Y2° e e3by =1 |
. [ax—4 [oy—1 [>]
V3t A ey 1]

we have «7'(e;) = «k(y1) = 0 and «¥'(e;) = «(y2) = O.

Note, however, that the respective process runs y;|y and ys|y,
differ. On the other hand, y5 is an optimal alignment for e3; but
K(ys) = i (e3) = 1.

Moreover, e; and e3; show that for trace equivalence it does
not suffice to consider model transitions with activity labels that
occur in the traces: all events in e; and e; correctly correspond
to transitions with the same labels in A, but for a later transition
the value of x makes a difference. This motivates the requirement
that in equivalent traces ( Definition 14) the values of a variable v
that is restricted to constant comparison satisfies the same subset
of ats,.

We next show that equivalence up to constant comparison
is a cost-based clustering, provided that the cost function sat-
isfies certain mild requirements. To that end, we consider a
distance-based cost function « from Definition 9 and call it
comparison-based if the following conditions hold: 1. P,(b, o) does
not depend on the values assigned by «, and Py(t, 8) does not de-
pend on the values assigned by 8; 2. the value of P_((b, @), (t, 8))
depends only on whether conditions b = £(t) and «(v) = B(v")
are satisfied or not.

Note that this requirement is satisfied by the cost functio-
ns in Section 2.2. Indeed, in the standard cost function, P.(b,
o) = 1 and thus it does not depend on «. Moreover, the seco-
nd condition is clearly satisfied, as in P_((b, ), (t, B))
[{v € pom(e) | @(v) #£ B(v™)}|, for b £(t), we only need to
check whether «(v) # B(v™).

Theorem 2. Equivalence up to constant comparison is a cost-based
clustering with respect to any comparison-based cost function.

Proof. We need to show that for any two traces e; and e, such
that e; ~, e, and a comparison-based cost function «, it holds
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that e; = oy €. For a partial process run o, let a5, (o) be the state
variable assignment after the last transition firing of the partial
process run o. Note that since e; ~ e,, the lengths of the two
traces as well as their sequences of executed activities coincide.
To prove the claim, we verify that if e; has an alignment y; with
cost k(y;) = é(eq, f;) for some process run f; = y4|, then there
is a process run f, such that §(e,, f,) = «(y4), and hence there is
an alignment y, with y»|; = ey, 2|y = £ and «(y2) = 8(ey, ).
More precisely, let |e;| = |e;| = m, f; = y1|y, and |f;| = n. Then,
we show by induction on m + n that there exists a process run f;,
such that |f;| = n, d(eq, f1) = &(ey, £3), and o, (F1) ~cc asp(fr).

Base case (m = n = 0). In this case all of 1, e;, and f; are empty.
By taking the empty run also for f,, the claim is trivially
satisfied as 8(e, €) = 0.

Step case (m > 0, n = 0). By definition, (e, €) = P((e1)m) +
d(e1lp_1,€). As 1 ~¢ € implies eq|p_1 ~c €2]p_1, WE
can apply the induction hypothesis to obtain §(eq|,,_1, €)
3(ez |, €). By the assumption « is comparison-based, and
activities in e; and e, coincide, so P ((e1)n) = Pi((e2)n). It
follows that &(ez, €) = Pr((€2)m)+3(€2]p_1, €) = Pr((€1)m)+
5(e]|m71, E) = 8(9], 6).

Step case (m = 0, n > 0). Similar as the previous case, using the
fact that Py((f;),) = Pum((f2),) because x is comparison-

based.
Step case (m > 0, n > 0). Let e; = (b, 1) = (eq)n (resp. e; =
(b, ) = (ez)n) be the last event in e; (resp. e;), and

f = (t, B1) the last transition firing in f;. According to
Definition 9, &(eq, f;) is defined as a minimum of three
expressions. Reasoning as in the previous two cases shows
that there are process runsAfz, f, such that P;(e;)+58(e; lm—1
fi) = Pi(e2) + d(ezl,_q,f2) and Py(f) + (e, fil,_1) =
Pyi((£2)n) + 6(ey, £5],_1). We now show that there is also a
process run f, such that

P_(e1,f)+8(e1lm_1, f1ln—1) = P=(e2, (F2)n) +8(e2] 11, B2l;—1)
(M

so &(eq, fr) S(ey, fp) follows. As e; ~. e, implies
€1|m_1 ~cc €2|m_1, by the induction hypothesis there exists
a process run f, such that |f,| = n—1, §(eq|,,_q, fil,_1) =
5(62|m_], f,z)v and asv(fl |n—l) ~cc asv(flz)-

We set f, = f, - (t, B2), where B, is defined as follows:
for all v eV, By(v") = ag(f,)(v), and By(v*) is defined as
either B(v*) = B1(v™) if v is not restricted to constant
comparison, or otherwise

ax(v) if Bi(v") = o (v)
Bo(v"”) = { a1(v) if B1(v") # a1(v) and B1(v™) = az(v)
B1(v") otherwise

(2)

We now show that (i) B, satisfies guard(t), (ii) as,(£1) ~cc
asy(f2), and (iii) P=((b, a1), (t, B1)) = P=((b, &2), (t, B2)).

For (i), note that ag,(fi1],_1) ~c o5 (f,) implies that for all
v eV, either B1(v") = Bo(v"), or v is restricted to constant
comparison and B4(v") ~¢. B2(v"). Moreover, by definition
of B, we have for all v eV, either S;(v*) = Br(v"¥), or v
is restricted to constant comparison and by Eq. (2) one of
the following holds: B,(v") = az(v) ~¥ a1(v) = B1(v™), or
Ba(v”) = an(v) ~& aa(v) = Bi(v”), or B1(v”) = Ba(v");
where we use a1(v) ~7. ay(v), which follows from e; ~
e,. Thus, we have the following (x): 81 and B, coincide on all
variables that are not restricted to constant comparison, and
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satisfy B,(v") ~g. Pi(v") otherwise. It follows that since
~c-equivalent assignments satisfy the same constraints,
and 81 = guard(t), also B, = guard(t). Item (ii) then follows
from (%) and the construction of a state variable assignment
after a transition firing.

For (iii), we observe that for all variables v such that 8;(v")
# Bo(v"), i.e,, B2(v™) is defined by one of the three cases
in Eq. (2), one can check that 8;(x") = «4(x) if and only if
Ba(x") = aa(x). As k is a comparison-based cost function, it
follows that P_((b, a1), (t, B1)) = P—((b, a2), (t, B2)).

From (i) we obtain that f, is indeed a (partial) process run
in WV, and (iii) implies Eq. (1). O

An interesting byproduct of the constructive proof of
Theorem 2 is that given y € Align®”*(\/, e), an optimal alignment
y for a log trace e, for every trace €’ in the same cluster (i.e., e ~
€’) an optimal alignment is easily computed from y, e, and €’ in
linear time.

All in all, we thus get that our clustering technique allows us
to compute faithful conformance metrics on logs by calculating
alignment costs only on a single representative trace per cluster.

5. Extended conformance checking artifacts

We next demonstrate how the CoCoMoT framework accom-
modates further conformance checking tasks studied in the pro-
cess mining literature, notably multi- and anti-alignments. We
again assume a distance-based cost function «.

5.1. Multi-alignments

Multi-alignments leverage the concept of alignments to a set
of traces, by asking for one process run that minimizes the dis-
tance to all traces in the set. They are for instance of interest to
find a representative full run of a model for a given portion of a
log [18]. The following definition is based on [25].

Definition 15 (Multi-alignment). For a DPN N and a finite set
of log traces S, an optimal multi-alignment is given by a process
run f € Runs(N) that minimizes the quantity maxecs dist(e, f)
representing the maximal distance to any log trace in S, that is, f
is a solution to argmin,cg,y,sn) MaXecs dist(e, u).

Note that, instead of the maximum, one can use different
aggregation functions such as the sum, cf. [18, Def. 4]. The next
example illustrates the problem:

Example 9. Consider the DPN from Ex. 1 and the log traces e; =
((as {X = 2})7(ba {y = ]})> and € = ((37 {X = 2})5 (dv {y —
2})). On their own, both traces can be aligned with cost 0. The
situation changes if one considers instead multi-alignments, for
instance the following ones:

V1o Jafx— 2} b{y— 1} >
af{x— 2} > d{y— 2}
a{x" 2} [b{y"m— 1} d{y” — 2}

Y2: Jafxr 2} b{yr— 1} >
a (X — 2} > diy— 2}
alx" =2} b{y"— 1} >

In yq, the cost of the alignment for both e; and e, is 2
according to the standard cost function, as both contain a model
move that writes one variable. On the other hand, in y;, the
cost of the alignment for e; is 0 and for e, it is 1. In fact, the
latter is an optimal solution to the multi-alignment problem, with
multi-alignment cost 1.
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Encoding. Suppose one aims to solve the multi-alignment prob-
lem for a DPN A and a finite set of log traces S = {eq, ..., e}.
First of all, in a similar way as described in Section 3.1, we can
obtain an upper bound on the length of the process run. Let n be
this bound. For each i, let (ga(';) be the instantiation of the formula
(¢s) in Section 3 with respect to e;. Let moreover m; = |ej|
and d;n,-,n be as defined in the equations (‘/’é)- We abbreviate by
@run = @init N Pfinal N\ Prrans /\ Penabled N Pmark N\ Pdata the part
of the encoding that represents the process run. To solve the
multi-alignment problem for A" and S, we consider the following
optimization problem:

n
Orun A /\(pg minimizing m’f:-lx dfnv n (DPmutei)
i=1 =t

Here, the maximum over a finite set can be encoded in SMT
by nested if-then-else-expressions. Given a satisfying assignment
for (@), we can apply the decoding from Section 3 to obtain
a process run f and k alignments y4, ..., y, that solve the multi-
alignment problem. Note that it is also easy to adopt a definition
of multi-alignments that uses the sum as aggregation function
(cf. [18, Def. 4]), by changing the optimization objective in (@)
to Z:’C:I S;n,-,n'

Note that the cost-based clustering technique as presented in
Section 4 is compatible with multi-alignments, in the following
sense: suppose that a set of log traces S contains different traces e
and e’ such that e ~ €, and let S’ = S\ {e’}. Then the costs of an
optimal multi-alignment for S and an optimal multi-alignment for
S’ coincide, i.e., MaXecs dist, (e, f) = maxecs dist, (e, f): Indeed,
the proof of Theorem 2 shows that every alignment y of cost k
for e corresponds to an alignment y’ of cost k for e’.

5.2. Anti-alignments

The conformance checking artifact of anti-alignments was in-
troduced to measure the precision of a model, by quantifying
how much the model’s behavior may differ from the behavior
observed in a log. To that end, one seeks a model run that deviates
as much as possible from all traces in a given log [32,33].

We first give the definition of anti-alignments from [25],
which can be seen as an “inversion” of multi-alignments in that
minimum and maximum are swapped:

Definition 16 (Anti-alignment). For a DPN A and a finite set
of log traces S = {eq,...,e,}, an optimal anti-alignment of S
is given by a process run f € P, that maximizes the quantity
Minecs dist, (e, f) (which represents the minimal distance to any

log trace in S), i.e,, f is a solution to argmaxy¢p,, Minecs dist, (e, u).

However, as also stated in [25], anti-alignments according to
Definition 16 are in general not defined in processes with loops.
We therefore consider the following variation, which restricts to
runs of bounded length, and assume the standard cost function
from Section 2.2.

Definition 17 (n-anti-alignment). For a DPN W/, a finite set of log
traces S, and n € N, an n-anti-alignment is given by a process run
f € P of length at most n such that minecs dist (e, f) is maximal,
that is, f is a solution to argmaxyep,, juj<n MiNees dist, (e, w).

Example 10. Consider the DPN from Ex. 1 and the log trace
e = ((a, {x = 2}), (b, {y — 1})). A 3-anti-alignment for S = {e}
is e.g. the following one, with cost 4 (cost 1 for a synchronous
move with incorrect write operation, cost 1 for a log move, and
cost 2 for a model move that writes one variable):

ax—>2 by [ > |
" =>1 >

> ]
[z [diy"~ 1]
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Note that the solution is not unique, as x could be assigned a
different value.

Encoding. We again abbreviate by ¢mun = @init A @final A Qerans A
Denabled N Pmark N\ Pdata the encoding of the process run. To solve the
n-anti-alignment problem for A" and S, we consider the following
optimization problem:

n k

i P . i
Orun A /\903 maximizing Illllln din,
i=1 -

((pann’)

The minimum over a finite set can be encoded by nested if-
then-else-expressions. Given a satisfying assignment for (@),
we can apply the decoding from Section 3 to obtain the desired
process run f and k alignments y1, ..., Y.

In the literature, also the notion of a (d, n)-anti-alignment for
a set of traces S is used, which asks to find a run of length exactly
n that has distance at least d to all traces in S [32]. CoCoMoT
can also accommodate this task, by replacing the maximization
objective in (@) by hard constraints /\f‘:l ( ;'ni’n =d). The task
thus becomes a satisfaction rather than an optimization problem.

Finally, we note that just like the cost-based clustering tech-
nique from Section 4 is compatible with multi-alignments, it is
also compatible with anti-alignments, for the same reasons as
given in Section 5.1,.

6. Implementation

In this section we report on the DPN conformance checking
tool cocomot, a proof-of-concept implementation based on the
encodings in Section 3.2 and Section 5. We focus on the imple-
mentation, optimizations, and experiments on benchmarks from
the literature. Source code and data sets are publicly available.*

6.1. Implementation

The tool cocomot is a Python command line script: it takes
as input a DPN and a log, and computes an optimal alignment,
using the standard cost function from Section 2.2. To this end,
the following standard input formats are supported:

e For process models the PNML® format is used, which sup-
ports DPNs by allowing to specify the data variables along
with their types, as well as transition guards involving
linear arithmetic expressions. E.g., the PNML representa-
tion of the DPN from Example 1 can be found in the tool
repository.®

o The log is expected to be in the XES format.” E.g., the trace
from Example 2 can be found in the tool repository.

Alternatively, instead of computing the optimal alignment for
every trace in the log, cocomot can also produce multi- or anti-
alignments for a sublog. For efficiency, cocomot first prepro-
cesses the log to a sublog of unique traces, and second applies
trace clustering as described in Section 4 to further partition the
sublog into equivalent traces. The conformance check is then run
for one representative from every equivalence class.

The tool uses pmdpy [34]° to parse traces, and employs the
SMT solvers Yices 2 [16] and Z3 [15] as backends, using the bind-
ings provided by the respective Python interfaces. Since Yices 2

https://github.com/bytekid/cocomot

https://www.pnml.org/
https://github.com/bytekid/cocomot/blob/main/tests/test9/net.pnml
https://xes-standard.org/
https://github.com/bytekid/cocomot/blob/main/tests/test9/trace1_0.xes
https://pm4py.fit.fraunhofer.de/
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has no built-in optimization, we implemented a minimization
scheme using multiple satisfiability checks. Every check is run
with a timeout, to avoid divergence on large problems.

Encoding optimizations. To facilitate faster solving, and prune
the search space, we modified the encoding presented in
Section 3.2 in several ways. We report here on the most effective
changes.

(1) We perform a reachability analysis in a preprocessing step.
This allows us to restrict the range of transition variables S;
in (¢gans), as well as the cases S; =j in (@enaviea) and (@mark)
to those transitions that are actually reachable. Moreover,
if a data variable v € V cannot be written in step i because
no respective transition is reachable, we set X; , identical
to X;_1, to reduce the number of variables that represent
data values, for i > 0.

If the net is 1-bounded, the marking variables V;, are
boolean rather than integer, as done in [20].

Recall that the optimization objective d,; , in (@) is to be
minimized. Therefore, the equations of the form djyq 41 =
min(eq, e, e3) in (¢s) can be replaced by inequalities d; 1 j+1
> min(ey, ey, e3). The latter is equivalent to diyqj11 >
e1Vdiy1j+1 > e Vdip1j41 > es, which is processed by the
solver much more efficiently since it avoids an if-then-else
construct.

Numerous subexpressions are replaced by fresh variables
together with defining equations (in particular when oc-
curring repeatedly).

(2

—

3

=

(4)

We conclude this section by illustrating CoCoMoT on a real-
world example.

Example 11. Fig. 1 shows a DPN for a road fine management
process by the Italian police [8]. It was generated by automatic
mining techniques along with expert domain knowledge. Here,
guards v = ? express that variable v is written by this transition
to an arbitrary value. For the example trace

((create fine, {a — 36,t — 0,p — 0,d > nil}),

(send fine, {ds — 2879, e — 13}), (insert fine, @),

(appeal to prefecture, {dp — 192}), (add penalty, {a — 74}),
(send appeal, {d — #}))

the following optimal alignment is generated by cocomot:

create fine send fine insert appeal to add send >
fine  prefecture penalty appeal

ar— 36 ds+— 2879 dp— 192 a—~74 d— #

t—0 e— 13

p—0

d > nil

create fine send fine insert appeal to > send Tg
fine  prefecture appeal

a¥ +— 36 ds¥ +— 0 dp"” +— 192 d¥ +— G

tY+—>0 eYmr— 13

p¥+—0

d¥ +— nil

This alignment has cost 3 according to the standard cost function:
1 for the log move, and 1 for each of the two mismatching data
values in send fine and send appeal. Alignments identify steps
where cases do not follow the normative model, thus hinting at
aspects where the business process could be improved: in this
case, first, add penalty should have happened before send appeal;
second, the too high value for ds (a time interval) in send fine
indicates that this event occurred too late; and third, while the
assignment d — # is valid in send appeal, this choice causes the
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Fig. 1. DPN for road fine data set.
Table 2
Characteristics of data sets used for the experiments.
# traces # unique # non-eq avg med max length

(A) road fines 150370 35681 4290 5.6 6 20

(B) hospital billing 100000 4047 4039 8.9 8 217

(C) sepsis 1050 846 846 16.3 14 185

Table 3 Table 4
Characteristics of DPNs used for the experiments. Results of experiments: overview.
[Pl |T| |Tg| |L| |V|  Data variable types # traces oo enc solve  Kgg Kmed Kmax ProM

(A) road fines 9 19 11 13 8 4 int, 3 rat, 1 str (A) road fines 4290 0 75 293 1.8 2 7 107
(B) hospital billing 34 36 16 29 4 1 bool, 3 str (B) hospital billing 4039 182 197 31083 29 3 51 267
(C) sepsis 48 36 2 3 2 3 rat (C) sepsis 846 653 192 471446 32 3 5 16

process to be in a deadlock afterwards, which witnesses the fact
that this process model is not data-aware sound [11].

6.2. Experiments

In this section, we describe first the benchmarks used, and
then different experiments performed with these along with
our conclusions. Unless stated otherwise, tests were run single-
threaded on a 12-core Intel i7-5930K 3.50 GHz machine with
32 GB of main memory; we used Yices 2; and a timeout of two
minutes per trace.

Benchmarks. We tested cocomot on three data sets used in
earlier work [8,9], which are publicly available:

e Dataset (A) is the log of road traffic fines [35] that was
presented together with the DPN from Example 11 shown
in Fig. 1.

e Dataset (B) is a hospital billing log [36], matched against
the DPN [9, Fig. 15.3], a normative model created by do-
main experts.

o Dataset (C) is a log of a triage process for sepsis patients in
a hospital [37], matched against the normative model [9,
Fig. 13.3].

Table 2 gives an overview over these datasets, listing the
number of traces, the unique number of traces, the equivalence
classes after applying the clustering technique from Section 4,
and the average/median/maximum trace length. Some of these
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data sets use string variables. In cocomot, they are represented
by integer variables, encoding the string literals in the model as
distinct natural numbers (cf. [9, p. 87]). Table 3 collects some
data about the respective DPNs, namely the number of places
|P| and transitions |T|, the number of transitions with guard |T|,
the total number of guard literals |L|, and the number of data
variables |V| with their type. All DPNs are one-bounded, and (A)
is even a transition system. The table shows that in data set
(A) the control-flow perspective is small but the data perspec-
tive is comparatively rich, whereas data set (C) has contrastive
characteristics, and (B) is somewhere in between.

Feasibility experiment. To evaluate feasibility, we ran coco-
mot on datasets (A), (B), and (C). Table 4 shows the results, listing
the number of processed traces (i.e., the equivalence classes after
clustering), the number of timeouts (120 s), the total encoding
time in seconds, the total solving time in seconds (including
timeouts), and the average/median/maximal cost of an optimal
alignment. We also compare our results to those provided by
the other existing alignment-based conformance checking tool
for DPNs based on [8,9] and implemented as a plugin in Prom.!°
We ran this plugin under the default settings over the datasets
from above and included its execution time in the last column of
Table 4.

Fig. 2 shows two diagrams for each data set: the left scatter
plots shows the computation time in seconds (y-axis) against
the trace length (x-axis); the right plots show how many traces

10 https://promtools.org/
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Fig. 2. Trace length vs. solving time, and number of problems solved within time limit.

(y-axis) were solved within different time limits in seconds
(x-axis).
We briefly comment on the results for each data set:

(A) The great majority of traces in this data set is relatively
short, with a median length of 6, and accordingly the
median optimal alignment cost is as small as 2. All optimal
alignments are discovered within at most 16 s, and in fact,
99.6% of the traces are handled within 1s. The encoding
time accounts for slightly more than 20% of the total time,
which seems comparatively high, but this is due to the
small computation time overall. Trace clustering was par-
ticularly effective for this data set, using the predicates
delaySend > 2160, delayJudge > 1440, delayPrefecture >
1440, points < 0, and points > 0. In fact, trace clustering
cuts down the time to process the alignment by a factor
of 8.

(B) While the median trace length is only 8, there are some
long outliers (up to length 217). Accordingly, also the me-
dian cost of the optimal alignment is 3, thus higher than
for data set (A), and the maximal cost encountered was
51. In fact, cocomot times out on 56 long traces, and for
some others the optimal alignment computation required
almost the given timeout. However, 78% of the traces were
handled within 1s, and 93% within 10 s. For this data set,
the encoding time was negligible in comparison to the
solving time, and comprised less than 1% of the overall
computation time. The benefit of clustering was small.

(C) This log has longer traces than the previous two data sets,
and the control structure of the respective DPN is far more
complex. cocomot here suffers from many timeouts. How-
ever, when increasing the timeout, we could find optimal
alignments for all except for 37 examples. For long traces,
the computation required up to two hours, with optimal
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alignment costs of up to 120. Also for this data set the en-
coding time was negligible compared to the solving time;
clustering was not applicable.

Overall, we see that cocomot performs reasonably well if
traces are not too long and the control flow structure is mod-
erately complex, even with rich data perspectives as in data sets
(A) and (B). In contrast, complex traces and control flow cause
a blowup in the search space and performance deteriorates, as
for data set (C). When comparing with ProM, this becomes even
more obvious. While ProM is faster than cocomot on all data sets,
for (A) the conformance checking times are roughly in the same
magnitude, whereas ProM outperforms cocomot by far on data
set (C). We attribute the relatively good performance of cocomot
on data set (A) to the rich data perspective, which requires the
approach implemented in ProM comparatively often to backtrack
and update assignments. On the other hand, the data perspective
in (B) and (C) are rather plain (transition guards are few and
simple), while the control flow is much more complex, involving
multiple tokens. In this case, the encoding-based approach does
not seem to be an advantage, as was also noted in earlier works
on conformance checking via SAT-based encodings [38]. How-
ever, we emphasize again the flexibility and modularity of the
CoCoMoT framework: it can easily be adapted to check e.g. anti-
and multi-alignments; whereas it is not clear how the approach
from [8,9] can be adopted for these tasks.

Scalability. To evaluate scalability of cocomot with respect
to model characteristics, we ran experiments with subsequently
enriched versions of the benchmarks (A)-(C), as follows. For each
of the three data sets, we selected a subset of traces for which
the conformance checking task can be accomplished by cocomot
in a couple of minutes. Precisely, for dataset (A) a representative
for every trace cluster in the log was taken (3856 traces); for (B)
all traces up to length 9 (2160 traces); and for (C) all traces up to



P. Felli, A. Gianola, M. Montali et al.

400

////‘

40

sec

0 20 60

Information Systems 117 (2023) 102230

4,000

3,000

. - encoding time
2,000 N 3
-~ solving time

- timeouts

timeouts

(A) Road fines

400

/\//
//

200

400

]

200

0

0 2 4 6 8

(B) Hospital billing

0 20 40 60 80 100
900 e
f\_/V,.,/o/'\V 40
600
20 =z
300 =1
o
o
31 g
8 £
] 0 ®
0 20 40 60 80 100

transitions added

100
9,000 ¢ 80

6,000 60

40

20

timeouts

0 2 4 6 8

copies added per variable

(C) Sepsis

Fig. 3. Scalability with respect to the control flow (left) and data perspectives (right).

length 7 (128 traces). Below, we refer to these sublogs by Ly, Lg,
and L.

First, we focused on scalability with respect to the control
flow: Given DPN N and some k € N, we generated an “obfus-
cated” DPN N by adding k silent transitions without guards, in a
way such that the set of valid runs is not modified as far as visible
transitions are concerned. The results for k = 0, 10,..., 100
are shown in the left column of Fig. 3, with the x-axes listing
the number of added transitions, and the y-axes on the left the
encoding (blue) and solving time (green) in seconds. For dataset
(C), the y-axis on the right shows in addition the number of
timeouts (red); for datasets (A) and (B) no timeouts occurred.
These results show that for datasets (A) and (B), the additional
states have only moderate impact on the performance as the
runtime increases linearly. Data set (C) is in general difficult for
cocomot as shown above, and due to the complex control flow
additional states cause a severe deterioration.

Second, we evaluated scalability with respect to the data per-
spective. Given a DPN W for one of the three data sets and some
k € N, we generated a modified DPN W\ as follows: for every
data variable v in A/, copies vy, ..., vx_1 were added; all v; are
written by all transitions that write v; every guard of the form
v" © e for some operator ©® and expression e was expanded to
V' = vy Ay = V] A--- Av_; ©e, and similar for constraints
v” © e. Given log L and k, a modified log L, was constructed by
creating for every assignment v > n, for some n, copies v; — n,
for all 0 < i < k. The left column of Fig. 3 shows the results for
k=0,1,2,...,9, with the x-axes showing k and the y-axes as
before. On data set (B), cocomot scales very well, likely because
there are only four variables and few guards. On data set (A), the
situation is different since the data perspective is rich; e.g., for
k = 4 the modified DPN has 32 variables and eleven guards of
size at least 19. However, for up to 20 variables the performance
seems reasonable. For data set (C), we attribute the moderate

scalability again to the fact that cocomot has in general difficulty
with the complex control flow.

7. Related work

To compare with the relevant literature, we single out three
kinds of related approaches:

e conformance checking techniques dealing with multiple
perspectives, paying particular attention to those dealing
with processes and data;

e conformance checking methods that, instead of using ad-
hoc algorithmic techniques, rely on encodings into general-
purpose symbolic Al technology, to the conformance check-
ing task is reduced; and

e work related to trace clustering.

Multi-perspective conformance checking. [39] proposed an
extension over the traditional alignment approach in which first
the process perspective was aligned, and afterwards additional
case attributes of the process were taken into account. This idea
was further developed in [40] into a framework using data Petri
nets as process models and solving the conformance checking
problem by, again, first aligning the process perspective only,
using off-the-shelf conformance checking techniques, and after-
wards addressing the data perspective by augmenting the already
computed alignment with write operations over process variables
by solving a mixed integer linear programming problem. Notice-
ably, the number of such problems to be solved is proportional
to the number of traces in the log. A further improvement of
the framework proposed in [40] was presented in [13]. There,
the authors proposed a faster A*-based technique which would
consider both process and data perspectives at once thanks to
a customizable cost function. The latter can be tweaked so as
to take into consideration concrete scenarios and, for example,
assign higher penalties to particular activities that enforce certain
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data modifications. The setting considered in our work is very
similar to the one proposed in [13], as we do not only use DPNs as
the process formalism, but also keep our cost function as abstract
as possible, leaving its instantiation to the end user. We also
discuss caveats that one must take into account when designing
a cost function within the CoCoMoT framework. Notice also that
our approach is in principle more expressive than the one in [13],
thanks to the flexibility provided by SMT-based techniques: as
discussed in detail in Section 3.5, one can enrich DPN guards
with more sophisticated languages and datatypes (in the SMT
spirit) than arithmetical ones. Indeed, any datatype supported
by SMT solvers can be exploited for our reasoning task and,
hence, incorporated into the language of DPN guards. Moreover,
our approach naturally extends to multi- and anti-alignments as
discussed in Section 5, while these tasks were not considered
in [13].

In [41], the authors suggested a more fine-grained taxonomy
for addressing data and process interactions so as to identify
a large range of deviations. By introducing so-called composite
moves, that pairwise match activities in a log and activities in
a process model together with the required operations on the
data, they devise a set of criteria for assessing the degree of
non-conformity. The approach is similar to the one in [39] in
that it first aligns the control flow, and only then addresses the
data dimension. However, the main difference (also with [13]
and our work) lies in the ability to discover links between data
manipulations and process activities, and can account for, for
example, data access operations executed outside log events.

A parallel line of research focuses on conformance checking
of declarative, multi-perspective processes enriched with data.
This traces back to seminal works like [42], which in case of
non-conformance only returns a coarse-grained output indicating
which constraints are violated, and by which events. The ap-
proach in [43] improves on such coarse-grained output, employ-
ing ad-hoc algorithms tailored to Declare patterns extended with
scalar data and metric temporal conditions. These algorithms do
not rely on alignments, but are instead based on the notions of
constraint activation and fulfillment, to compute counting metrics
on how many times a trace “interacts” with a constraint by
satisfying or violating it [44,45].

It is an interesting open question how the SMT-based ap-
proach presented here can be tuned to handle declarative, data-
aware constraints. This would pave the way towards conformance
checking for data-aware mixed-paradigm process models con-
taining both procedural control-flow patterns and declarative
constraints, which constitutes an compelling, recent line of in-
vestigation that was so far tackled only for a pure control-flow
setting [46].

Lastly, it is important to mention another work dealing with
multi-perspective conformance checking that does not use align-
ments and instead relies on a replay-based technique. In [47] the
authors propose a conformance checking technique for (a variant
of) colored Petri nets that does not only capture the control
flow dimension, but also considers objects with unique identity
that dynamically evolve throughout the process execution. The
proposed replay-based technique allows to detect deviations that
happen at the control flow level due to missing object identifiers,
violations of user-defined first-order rules (that can be evaluated
only “locally”, that is, given an event and a current marking),
and differences between modeled and observed object identifiers
in the log. While the class of Petri nets considered in [47] is
more expressive than DPNs (for example, a DPN can account
only for a predefined finite number of simultaneously evolving
objects), the replay-based conformance technique is different
from the one based on alignments. Specifically, the former only
searches for deviations and terminates whenever the first one
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has been detected, whereas the latter tries to find the “best”
process model run closest to a given trace by accommodating
encountered deviations in the computed alignment.

Symbolic Al techniques for conformance checking. Alterna-
tives to more traditional, A*-based approaches are various works
that exploit formal methods for checking conformance between
a process model and a log trace. The first family of approaches
relies on automated planning techniques. In [48], the authors
showed how, given a k-bounded Petri net and a log trace, one
can check conformance by encoding the entire problem into
PDDL. The encoded problem can then be solved by state-of-the-
art planners, with the resulting plan corresponding to an optimal
alignment. A planning-based approach was also recently used for
aligning data-aware declarative processes in [49]. There, the main
idea lies in transforming both declarative models and log traces
into finite constraint automata (for the declarative models this
is obtained using a known propositionalization technique), and
then encoding everything into PDDL. There are more works that
address the alignment-based conformance checking problem for
Petri nets without data guards using automata-based techniques
(for example, [50,51]).

In our approach, we build upon a series of works [20,52] using
SAT-based reasoning for conformance checking via alignments.
There, the whole conformance checking problem is encoded into
a set of clauses, with minimization objectives and weighted vari-
ables. Specifically, the clauses represent the underlying Petri net
together with its execution semantics, and encode a distance
function of choice, that embeds the alignment computation. Our
encoding is virtually done in the same vein and extended so
as to account for data manipulating guards. At the same time,
as opposed to the SAT encoding, our approach allows to ac-
count for potentially unbounded nets and consider other types of
data guards as well as more advanced variants of cost functions.
[38] proposed a new partial MaxSAT encoding for computing
alignments (using distance functions) as well as multi- and anti-
alignments. It is reported that the new encoding reduces the
memory footprint requirements and outperforms in solving time
the existing SAT encoding. It is subject to future work if and to
what extent such an optimized encoding could be lifted to SMT
and the data-aware setting studied here.

Trace clustering. Trace clustering is a wide area of investi-
gation in process mining. Traces are typically clustered to detect
outlier vs. common behaviors [53] or to improve the feasibility of
process discovery techniques, in terms of understandability [54]
and/or performance [2,18].

Alignment-based techniques (exploiting in particular the no-
tion of anti-alignment) have been used to cluster traces depend-
ing on their degree of conformance to a reference process model,
focusing on pure control-flow specifications without data [18,20].

The conceptual idea behind our clustering approach is to single
out traces that represent a set of traces that differ only in their
data values. Each such trace acts as a representative for a cluster
of multiple traces, all yielding the same alignment cost and
alignments that are easily reducible to each other (in the precise
sense detailed in Section 4). Differently from the approaches
mentioned above, we employ clustering here to tackle a radically
different problem, namely that of speeding up the computation
of conformance checking. This idea is closely related to the notion
of sampling introduced in [55], where conformance checking of
an entire log is simplified to conformance checking of a selected
subset of traces. In [55], this selection is based on statistical
relevance, with the goal of speeding up the conformance checking
computation by conducting it only on a portion of the entire log,
while obtaining a good approximation of the exact result that
would be obtained by exhaustively checking all the traces in the
log. Our approach, instead, is exact: clusters are used to group
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together traces with the same alignment cost, and alignments of
traces from the same cluster can be computed from one another
in linear time. We also provide (formal) guarantees that the
conformance checking result computed over the representative
traces faithfully reconstructs the one obtained for the whole log.

8. Conclusions

We have introduced CoCoMoT, a foundational framework
equipped with a proof-of-concept, feasible implementation for
alignment-based conformance checking of multi-perspective pro-
cesses. Besides the several technical results provided in the paper,
the core contribution provided by CoCoMoT is to connect the area
of (data-aware) conformance checking with that of declarative
problem solving via SMT. This comes with a great potential
for homogeneously tackling a plethora of related problems in
a single framework with a solid theoretical basis and several
state-of-the-art algorithmic techniques.

The CoCoMoT approach, due to its modularity, readily lends
itself to further tasks related to the analysis of data-aware pro-
cesses. First, following the idea of trace clustering based on multi-
alignments from [18,20], one can use CoCoMoT to partition a log
of DPN traces, as an alternative to the already employed cluster-
ing technique. Then, CoCoMoT can be also used in model repair
tasks: given a set of traces, multi-alignments can be leveraged
so as to minimize the sum of the trace distances, while replacing
some parameter of the DPN by a variable (e.g., the threshold value
in a guard). After that, from the satisfying assignment returned
by CoCoMoT we obtain the value for this parameter that fits the
observed behavior best.

As constraints (@inir)—(¢dara) Symbolically describe a process
run of bounded length, our encoding supports bounded model
checking. Thus one could also implement scenario-based confor-
mance checking, that, for a given trace, finds the best-matching
process run that satisfies additional constraints, such as that
certain data values are not exceeded.

While in this paper we consider simple linear arithmetics for
encoding cost functions in SMT, more complex theories, as well
as their combinations, can be considered, thanks to the generality
offered by SMT techniques. As discussed in Section 3.5, one can
capture more sophisticated cost functions involving background
knowledge coming from additional data sources or correctly ad-
dressing privacy related aspects (where one typically needs to
employ uninterpreted functions). Thanks to the aforementioned
modularity, our encoding could be readily extended with such
features. All this provides additional motivation for the use of
SMT as the operational counterpart of the framework and will be
studied in more detail in future work.
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