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OVERVIEW

This thesis intends to contribute to two different strands of logic-based Artificial
Intelligence (Al) research.

In Part 1 of the thesis, we investigate logics of distance spaces: a family of know-
ledge representation formalisms aimed to bring a numerical, quantitative concept of
distance into the conventional qualitative representation and reasoning.

The second part is complementary to the first: since knowledge representation re-
quires to capture different aspects of the world, like temporal, spatial, or epistemic
aspects, there is a strong need, having specialised formalisms for each of these aspects
at hand, to reintegrate them in a way that allows those different aspects to interact,
and, ideally, such that reasoning mechanisms for the component formalisms can be
used to support reasoning within the combined formalism. Combining knowledge
representation formalisms, however, is difficult, since the computational behaviour of
the resulting hybrids is often much worse than the behaviour of the combined com-
ponents.

Thus, in Part 2 of the thesis, we are concerned with the study of £-connections, a
combination methodology for logical formalism that is widely applicable, and which
is very well-behaved computationally.

To conclude the thesis, we will summarise our main achievements, mention a

number of open problems, and discuss directions for future research.

The two sections that follow contain brief descriptions of the contents of (the two
parts of) this thesis. More detailed introductions can be found, respectively, in Sec-
tions 1.1 and 4.1.

Logics of Distance

In Part 1 of the thesis, we systematically investigate first-order, modal, and Boolean
modal languages intended for reasoning about distances, where the concept of ‘dis-
tance’ is understood in a wide, not necessarily spatial sense. The structures in which
these languages are interpreted are metric spaces, or more general classes of distance
spaces satisfying only a subset of the conditions of metric spaces.

Chapter 1 introduces the first-order languages LF[M], their two-variable frag-
ments LF,[M], as well as a family LOp[M] of modal languages parametrised by sets
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2 OVERVIEW

O of distance operators being primitive in the language, and by parameter sets M of
subsets of the reals, i.e., the distances that formulae can explicitly refer to. Over dif-
ferent classes of distance spaces, we compare the expressive power of the first-order
languages with the modal distance languages, as well as with a variant LOB[M] of
Boolean modal languages. It is shown that the modal language LO[M] is expressively
complete over metric spaces for the two-variable fragment L3, [M].

Chapter 2 investigates the computational behaviour of these languages. We show
the two-variable fragment of first-order logic to be undecidable when interpreted in
metric spaces, and single out an expressive and decidable fragment LOp[M] of LO[M]
that has the finite model property.

In Chapter 3, we study logical properties of the modal distance logics introduced.
We give complete axiomatisations of modal distance logics, amongst them the coun-
terpart of two-variable first-order distance logic interpreted in metric spaces, and dis-

cuss compactness, and the (mostly failing) interpolation property.

E-Connections

Part 2 of the thesis is concerned with a new combination technique for logics,
called €-connections.

In Chapter 4, we introduce abstract description systems as a framework for study-
ing combinations of logics, introduce the methodology of £-connections, and provide
a number of examples.

Chapter 5 studies the computational behaviour of €-connections. It is shown that,
unlike for instance products of logics, £-connections exhibit an extremely stable com-
putational behaviour: the basic £-connection of any number of decidable logical sys-
tems is again decidable. This result can be refined to show that £-connections of cer-
tain subclasses of decidable logics remain decidable, even if the interaction between
the component logics is enriched in various ways.

In Chapter 6, we begin by comparing £-connections with the related combina-
tion methodology of distributed description logics (DDLs). We show that DDLs can
be understood as a special case of E-connections. We then briefly start an investiga-
tion into the expressiveness of £-connections by lifting the concept of bisimulations
to €-connections, and apply this theory to show that certain properties are not defin-
able by basic £-connections. It is shown, however, that such undefinable properties
can be added as ‘first-order constraints” to €-connections in a way that, again, pre-
serves decidability. Finally, we discuss the relationship between £-connections and
other combination methodologies such as multi-dimensional products of logics, inde-

pendent fusions, fibrings, and description logics with concrete domains.
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Part 1

LOGICS OF DISTANCE






CHAPTER 1
Languages, Logics, and Expressivity

1.1. Introducing Logics of Distance

Logics of distance spaces were conceived as knowledge representation formalisms
aimed to bring a numerical, quantitative concept of distance into the conventional
qualitative representation and reasoning [Sturm et al., 2000, Kutz et al., 2003b]. The
main application area of these formalisms envisaged was spatial reasoning. However,
the notion of “distance” allows a wide variety of interpretations.

Distances can be induced by different measures. We may be interested in the phys-
ical distance between two cities a and b, i.e., in the length of the straight (or geodesic)
line between a and b. More pragmatic would be to be concerned about the length of
the railroad connecting a and b, or even better, the time it takes to go from a to b by
train (plane, ship, etc.). But we can also define the distance as the number of cities (sta-
tions, friends to visit, etc.) on the way from a to b, as the difference in altitude between
a and b, and so forth. A more abstract notion of distance is obtained by assuming the
distance between two points to be induced by a similarity measure: we may say that
two points have distance 1 if they share a certain number of properties, distance 2 if
they share a certain smaller number of properties, etc.

The standard mathematical models, capturing common features of various notions
of distance, are known as metric spaces. A metric space is a pair (W, d), where W is
a set (of points) and d a function from W x W into the set R* (of non-negative real

numbers) satisfying, for all x,y,z € W, the following axioms:

(1) dx,y) =0 < x=y;
2) d(x,y) = d(y,x);
®) d(x,z) < d(x,y) +d(y,z).

We refer to (2) as symmetry of the metric, to (3) as triangularity, and call the
value d(x,y) the distance from the point x to the point y. Axiom (1) is related to
the Leibnizian principle of the indiscernibility of identicals and is assumed throughout.
Clearly, the distance from a point to itself should be zero in any sensible interpretation

of “distance’.
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Note, however, that the axiom also implies the converse, namely the identity of in-
discernibles: if we assume the distance function to measure similarity, perfect similarity;,
i.e. distance zero, implies identity.!

Perhaps the most well-known metric spaces are the n-dimensional Euclidean
spaces (R",d,) with the metric

n

dn(%,7) = () Y (xi —yi)%

i=1
Although acceptable in many cases, the concept of metric space is not universally
applicable to all interesting measures of distance between points, especially those used

in everyday life. Consider, for instance, the following three examples:

(i) d(x,y) measures the flight-time from location x to location y;
(ii) d(x,y) measures the 'fuzzy distance” between locations x and y, i.e., is one of
‘short’, ‘medium’, and ‘long’;
(iii) d(x,y) measures the similarity of scientific topics x and y identified with some
subset of keywords from a list K, i.e., computes the ratio of non-shared to

shared keywords.

In (i), d is clearly not necessarily symmetric, just book an arbitrary flight from x
to y and back, and stop the time. In (ii), note that to represent these measures we
can, of course, take functions d from W x W into the subset {1,2,3} of R™ and define
short := 1, medium := 2, and long := 3. So we can still regard these distances as
real numbers. However, for measures of this type the triangular inequality (3) usually
does not hold: short plus short can still be short, but it can also be medium or long.

As concerns (iii), assume K is some list of keywords, and topics x, y are identified with

some non-empty subset of K. If xNy = &, we may want to define d(x,y) := |K|.
Otherwise, we may set
(xUy)\ (xNy)
d(x,y) = 0y o,
x|

using the set-theoretic symmetric difference to count the number of keywords on
which x and y disagree, and intersection to count the number of keywords on which
they agree. This measure clearly satisfies (1) and (2), but it does not satisfy the trian-

gular inequality (3). For instance, take K to be the index of terms of this thesis and

{Euclidean spaces, metric spaces};

{metric spaces, frame-companions};

y

V4

{frame-companions, compactness}.

1On the other hand, it does make sense to allow for the situation where the distance between points
x and y is zero (because, e.g., they share all properties in question) and where x and y still denote distinct

points. The investigation of such kinds of models is left for future work.
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Then d(x,y) = 2,d(y,z) = 2, butd(x,z) = 182, since x and z share no keywords at all

and |K| = 182.

Metric spaces as well as more general distance spaces (W, d) satisfying only axiom
(1) are the intended models of the languages we will construct and investigate. We
will denote the class of all metric spaces by MS or D™; the class of symmetric distance
spaces satisfying (1) and (2) by D?; the class of all triangular distance spaces satisfying
(1) and (3) by D'; and, the class of all distance spaces, still satisfying (1), by D4, or
simply by D.

This chapter is mostly concerned with the introduction of the syntax and semantics
of first-order, modal, and Boolean modal languages intended for reasoning about dis-
tances, and with studying and comparing their respective expressive power. We be-
gin, in Section 1.2, by formally introducing the first-order distance languages LF[M],
where M C IRJF,2 containing monadic predicates (for subsets of W), individual con-
stants (for points in W), and the binary predicates §(x,y) < aand d(x,y) =a,a € M,
saying that the distance between x and y is smaller than a or equal to 4, respectively.
Typical sets M of possible distances appearing in formulae—called parameter sets—
will be QT (the non-negative rational numbers) and IN (the natural numbers including
0). The following example will be used to illustrate the expressive power of our lan-

guages.

EXAMPLE 1.1. Imagine that you are going to buy a house in London. You then
inform your estate agent about your intention and provide her with a number of con-

straints:

(A)  The house should not be too far from your college, say, not more

than 10 miles.
(B)  The house should be close to shops and restaurants; they should

be reachable, say, within 1 mile.
(C)  There should be a “green zone” around the house, at least within

2 miles in each direction.
(D)  Factories and motorways must be far from the house, not closer

than 5 miles.
(E)  There must be a sports centre around, and moreover, all sports

centres of the district should be reachable on foot, i.e., they should
be within, say, 3 miles.

(F)  Public transport should be easily accessible: whenever you are
within 8 miles from your home, there should be a bus stop or a

tube station within a distance of 2 miles.

2Where M satisfies certain closure conditions, compare Definition 1.2 on Page 15.
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(G)  And, of course, there must be a tube station around, not too close,

but not too far either—somewhere between 0.5 and 1 mile.

The constraints in Example 1.1 can be formalised in LF[Q "] by the (conjunction of the)
formulae (A’)-(G') listed below. We use first-order constants college and house, as well
as unary predicates shop, restaurant, green_zone, factory, motorway, district_sports_centre,

public_transport, and tube_station.

(A" ¢ (college, house) < 10;
(B') Jx(&(house,x) <1 Ashop(x)), and

3x (8 (house, x) < 1 A restaurant(x));
(C') Vx(&(house, x) < 2 — green_zone(x));
(D) Vx(factory(x) V motorway(x) — &(house, x) > 5);
(E')  3x(8(house, x) < 3 A district_sports_center(x)), and
Vx (& (house, x) > 3 — —district_sports_center(x));
(F)  Vx(8(house,x) <8 — Jy(&(x,y) < 2 A public_transport(y)));
(G") 3x(&(house, x) > 0.5 A §(house, x) < 1 A tube_station(x)).

Similar to the fields of temporal, modal, and description logics, which avoid the
use of first-order quantifiers by replacing them with various kinds of modal operators
like ‘sometime in the future’, ‘it is possible’, and so on, the modal distance languages
we introduce are variable-free languages LOp[M], M C R*, which, instead of first-

order quantifiers, use some set O of distance operators from the list

{A7, A5, A7 AZT AT AT AZ) AZE AZ) sa,b € MY,

<b’ <pr

where, e.g., A= is understood as ‘everywhere in the circle of radius a” and A~? as
‘everywhere outside the circle of radius a’, and which, instead of first-order constants,
use nominals, i.e., atomic formulae that are interpreted by singleton subsets. The
language containing all these operators will be called LO[M], and, if nominals are not
present in the language, we denote the respective languages by Lo [M].

The constraints in Example 1.1 can be formulated in the language LO[IN] as fol-
lows. As before, we treat ‘house’ and ‘college” as constants representing certain points
in the space. In the modal context, this can be done with the help of nominals. Further,
‘shop,” ‘restaurant” and other unary predicates are now understood as propositional
variables interpreted as subsets of the domain of the distance space, and the operat-

ors E=? are, as in modal logic, the duals of the operators A<, i.e., ES? _ = A"
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A")  house — E='0college;
B”) house — (E='shop A ES!restaurant);

C") house — A<=’green_zone;

E”) house — (E=3district_sports_center A A~3—district_sports_center);
F")  house — AS8E=Zpublic_transport;

(
(
(
(D) house — —E=5(factories V motorways);
(
(
(G") house — EZ9°tube_station.

The intended meaning of the distance operators used in the example above is as fol-
lows. The formula E=!shop is true at exactly those points in the domain from which at
least one shop is reachable within 1 mile. Likewise, A=2green_zone is true at point x, if
the whole ‘neighbourhood” of radius 2 around x belongs to the green zone, whereas
E= tube station is true at those points that are located in a distance between 0.5 and
1 mile (excluding 0.5) from at least one tube station.?

By replacing quantifiers with distance operators we do not loose expressive power
as compared with the two-variable distance language LF;[M], i.e., the two-variable
fragment of LF[M)] consisting of all LF[M]-formulae with the variables x and y only.
In fact, after introducing and discussing the necessary terminology in Section 1.3,
we show in Section 1.4 that the language LOr[M]—containing distance operators
A=, AT, A>% AZ} and nominals—is expressively complete for LJ>[M] in the class
MS of all metric spaces, for any M C R* (Theorem 1.17). The proof of this theorem,
which is similar to proofs in Etessami et al. [1997] and Lutz et al. [2001b], and the
expressive completeness of Boolean modal languages enriched with converse modal
operators and the difference operator for (standard) two-variable first-order logic, as
shown in Lutz et al. [2001b], suggest that there is a close relationship between modal
distance logic and Boolean modal logic. Indeed, in Section 1.5 we introduce a natural
Boolean modal distance language and show it to be expressively complete for the lan-
guage LOr[M] and thus for the two-variable first-order distance language interpreted
in metric spaces. At the end of Section 1.5, the reader can find a table summarising the
relative expressiveness results obtained in this chapter.

In Chapter 2, we turn to an analysis of the computational behaviour of the form-
alisms constructed. As one might expect, the satisfiability problem for LF[Q"] and

LF[IN]-formulae in any class of distance spaces containing the class MS$ of all metric

3By the way, the end of the imaginary story about buying a house in London was not satisfactory.
Having checked her knowledge base, the estate agent said: ‘Unfortunately, your constraints (A)—(G) are

not satisfiable in London, where we have

E§3.5 (

tube_station — factory V motorway).

In view of the triangular inequality, this contradicts constraints (D) and (G”).”
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spaces is undecidable. This is shown by a reduction to the hereditarily undecidable
theory of graphs in Theorem 2.1 (i). In order to find decidable but still reasonably
expressive sublanguages of LF[Q™], we turn our attention to its two-variable frag-
ment LF>[Q"]. Note that all formulae in the example above belong to this fragment.
The two-variable fragment of classical first-order logic is known to be decidable* and
NEXPTIME—CompleteS. We use this result to show, in Theorem 2.15, that the satisfiab-
ility problem for L3, [Q"]-formulae is decidable

e in the class D of arbitrary distance spaces, and

e in the class D° of all symmetric distance spaces.

Unfortunately, this does not hold any more as soon as we add the triangular inequality
(3): we show in Theorem 2.1 (ii) that the satisfiability problem for LJ,[IN]-formulae is
undecidable both in

e the class M$ of all metric spaces and in

e the class D' of triangular distance spaces.

The proof shows that the undecidable IN x IN-tiling problem can be reduced to a satis-
fiability problem in the language Lr[IN] (not using nominals), and uses the expressive
completeness theorem (effectively) relating first-order and modal distance languages.
In fact, the proof makes it clear that seemingly weak fragments of Lr[IN] are already
undecidable. Roughly speaking, we loose decidability as soon as we are able to speak
about ‘rings’, as in constraint (G).

Note that the expressive completeness results also have interesting consequences
as concerns the computational behaviour of various sublanguages LOp[M] of LO[M],
i.e., languages containing different sets of distance operators. First, any (decidable)
fragment of LF,[M] can be obtained as a (decidable) fragment of LOr[M]. And
second, since the translation from LJ;[M] into LOp[M] is effective, decidable frag-
ments of LOp[M] have to be proper. In particular, LOr[IN] itself is undecidable when
interpreted in distance spaces satisfying the triangular inequality.

The main result concerning fragments of LO[M] is in Section 2.3. We show that
the rather expressive and natural fragment LOp[M]|—containing distance operators
A=?, A>% and nominals—has the finite model property (even for parameters from
R*, Theorem 2.8) and is decidable (if parameters are taken from Q*, Theorem 2.14).
Note that this language can still express all the constraint from Example 1.1, except

constraint (G).

4The decidability of the two-variable fragment without equality was proved by Scott [1962], and for
the language with equality in Mortimer [1975].

5Consult Fiirer [1984], Gréddel et al. [1997], and, for more information, Gridel and Otto [1999], Borger
et al. [1997].
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To prove these results, we first give a relational representation of metric spaces
with respect to the language LOp[M] in Theorem 2.7, which shows that a formula from
the language LOp[M] is satisfiable in some metric space if and only if it is satisfiable
in a certain kind of Kripke frame, called D-metric frames. By performing a complex
filtration and “frame-repair” procedure, we then show that this class of Kripke frames
has the finite frame property, and that we can construct an adequate metric space from
a frame. Finally, analogous results are shown for weaker classes of distance spaces not
necessarily satisfying the symmetry condition in Theorem 2.17.

Table 1.1 summarises the main decidability results we obtain in Chapter 2: + (—)
means that the satisfiability problem for the corresponding language in the corres-
ponding class of structures is decidable (undecidable). The results do not depend on
whether the parameters are from IN or Q.

| D] 2| 2|

LR /NI [ -]-] -
LHIQ/N] [+ + |- | -
LOp[QT/IN] |+ | + | — | —
LOp[Qt/N] |+ | + | + | +

Table 1.1: The satisfiability problem for distance logics.

In Chapter 3, we investigate logical properties of distance logics like axiomat-
isability, compactness, and interpolation. Logics of distance spaces are understood
semantically, that is, we identify the logic MSOL[M] (MS5H[M)]), i € {d,s, t, m}, with
the set of validities in the language LOo[M] (Lo[M)]) interpreted in the class D' of
distance spaces. In Section 3.1, we present Hilbert-style axiomatisations of the logics
MSH[M], i € {d,s,t,m}, in the languages L p[M] not containing nominals. To prove
completeness in Theorem 3.3, we employ the relational representation for these lan-
guages given in Section 2.3 and use Sahlqvist completeness theory as well as variants
of the filtration and ‘frame-repair” techniques used to prove the decidability of the
satisfiability problem for these languages in Chapter 2.

In Section 3.2, we draw our attention to the modal distance logic MSOr[M], whose
language we show in Section 1.4 to be expressively complete for the two-variable
fragment L3, [M] interpreted in metric spaces. We show that even for this (undecid-
able) language, an elementary relational representation of metric spaces can be given
that captures theoremhood (Theorem 3.12). To axiomatise the corresponding class
of frames—called F-metric frames—in the language LOr[M], we make use of some

rather general completeness results from hybrid completeness theory (Theorem 3.24).
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Finally, Sections 3.3 and 3.4 discuss several themes related to the (frame) represent-
ation theorems for languages LOp[M] and LOr[M]. We start by showing that while
F-metric frames can capture theoremhood in LOr[M], the local consequence relations
with respect to metric spaces and F-metric frames differ in that the latter is compact,
while the former is not. We proceed by showing that the frame representations can be
used to derive corresponding representation theorems for a variety of sublanguages
of the full modal distance language LO[M], and provide sound and complete axio-
matic systems for the respective logics. We close our investigations on distance logics
by deriving a few results on Craig interpolation: we show that while languages con-
taining some subset of {A=?, A<%} as distance operators have Craig interpolation (The-
orem 3.29), failure of interpolation is the norm in distance logics. When operators of
the form A~ are present in the language, failure of interpolation can be traced back to
the failure of interpolation in languages containing the difference operator D, where
a formula D¢ is true at a point w of a Kripke model if ¢ is true at some point v # w
[de Rijke, 1992]. But even if we leave out this operator, languages like Lp[M] and
Lp[M] fail to have interpolation, which can be shown by an argument similar to the
proof of failure of interpolation in Humberstone’s inaccessibility logic [Humberstone,
1983, Areces and Marx, 1998] (Theorem 3.34).

The idea of constructing logical formalisms capable of speaking about distances is
not new. For example, somewhat weaker spatial ‘modal logics of distance” were in-
troduced in Rescher and Garson [1968], von Wright [1979], Segerberg [1980], Jansana
[1994], and Lemon and Pratt [1998]. However, their computational behaviour has
remained unexplored. More attention has recently been devoted to metric (or quant-
itative) temporal logics,® which clearly reflects the fact that temporal logic in general
is more developed than spatial logic. For example, starting with Kamp’s classical
result on the expressive completeness of temporal logic with respect to monadic first-
order logic [Kamp, 1968], an elegant theory comparing the expressive power of first-
order, second-order and temporal languages for trees and linear orderings has been
developed [Gabbay et al., 1994, Rabinovich, 2000]. To our knowledge, nothing like

this has been done for spatial logics.

We hope our investigations—grown up from earlier work in Suzuki [1997], Sturm
et al. [2000], Kutz et al. [2002a] and Kutz et al. [2003b]—will help to fill the gap.

6See, e.g., Alur and Henzinger [1992], Montanari [1996], Henzinger [1998], and Hirshfeld and Ra-
binovich [1999].
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1.2. First-Order and Modal Languages

All the languages we introduce will be defined with respect to some set of para-
meters from R that may appear in formulae. These sets are called parameter sets and

are defined thus:

DEFINITION 1.2 (PARAMETER SETS). Let M C IR™ be a set of non-negative real num-

bers. M is called a parameter set, if the following two conditions are satisfied:

(PS1)  0e M;
(PS2) Ifa,b € M and there exists c € M such thata +b < c,
thena+b € M;

The sets R*, Q" and IN are natural candidates for parameter sets, but they are all
infinite. It should be obvious, however, that finite parameter sets do exist, for instance,
M=1{0,1,2,...,n},forn € N.

As for the semantic structures, the languages will be interpreted in different classes
of distance spaces as introduced in the last section. We are going to use the following

abbreviations:

e D9 or simply D denote the class of all distance spaces, satisfying (1);

e D° denotes the class of all symmetric distance spaces, satisfying (1) and (2);
e D! denotes the class of all triangular distance spaces, satisfying (1) and (3);

e D™ or simply MS stand for the class of all metric spaces, satisfying (1)—(3).

1.2.1. First-Order Distance Logics. The most obvious choice of a language to talk
about metric or weaker distance spaces is probably a standard first-order language.
Let M be a parameter set. The language LF[M] of first-order distance logic contains a
countably infinite set c1, ¢y, ... of constant symbols, a countably infinite set x1, x, . ..
of individual variables, a countably infinite set P, P», ... of unary predicate symbols,

the equality symbol =, two (possibly infinite) sets of binary predicates
(—, —)<a and 6(—, —)=a (aeM),

the Booleans (including the propositional constants T for verum and L for falsum),
and the quantifier Jx; for every variable x;. Thus, the atomic formulae of LF[M] are

of the form
T, 1, é(tt)<a, & t)=a t=t' and Pt),

where t and t' are terms, i.e., variables or constants, and 2 € M. The compound
LF[M]-formulae are obtained from the atomic ones by applying the Booleans and

quantifiers in the usual way:

@ i=atom | =@ | @1 A @2 | Tx;p.
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We use J(t1,t2) > a as an abbreviation for = d(t1,t2) < a A —=0d(t1,t2) = a. LF[M]
denotes the two-variable fragment of LF[M], that is, the set of all LF[M]-formulae
containing occurrences of at most two variables, say, x and y. Sometimes we are in-
terested in only those formulae in LF,[M] that contain precisely one free variable,
denoted by LF3[M], or those that contain no free variables, denoted by LF3[M]. The
formulae in LFI[M] are also called sentences.

LF[M]-formulae are interpreted in structures of the form
A= <w,d,Pf‘,...,c%,...>,

where (W, d) is a distance space, the P? are subsets of W interpreting the unary pre-
dicates P;, and the c? are elements of W interpreting the constants ¢;. An assignment
a in 2 is a function assigning elements of W to variables. The pair 9t = (2, a) will be
called an LF[M]-model, or simply a first-order model. For a term ¢, let t”* denote c?*
if t is the constant c;, and a(x) if f is the variable x. Now, the truth-relation 9t = ¢, for

an LF[M]-formula ¢, is defined inductively as follows:

e METand ME L;

e MES(h, ) <a = d{tT', 1) <a;

ME S(ty, 1) =a <= d(tT, ) =a;

MEH =t < =8,

ME P(t) — tMe P

MEIx; ¢ < (A, b) F ¢ for some assignment b in A that may differ from a

only on x;;
e ME P M F @;
e MEPANY <= ME pand M F .
The notions of validity and satisfiability are defined as in standard first-order logic, but
respect the class of intended models.

DEFINITION 1.3 (VALIDITY AND SATISFIABILITY). Let D', i € {d,s,t,m}, be a class
of distance spaces, M a parameter set, and ¢ € LF[M]|. The formula ¢ is called satisfiable
in D', if there is a model 9N based on a space (W,d) € D' such that M & ¢. ¢ is valid on a
distance space (W,d) € D', if for all models 90 based on (W, d) we have MM E ¢. Finally,
¢ is valid in the class D', if ¢ is valid on every (W,d) in D'.

We can now introduce first-order logics of classes of distance spaces:

DEFINITION 1.4 (FIRST-ORDER DISTANCE LOGICS). Let D', i € {d,s,t,m}, bea class
of distance spaces and M a parameter set. Then FM'[M] denotes the first-order distance
logic of the class D', i.e., the set of formulae of LF[M] that are valid in the class D'.
Likewise, the logics FM5[M)] are defined as the sets of formulae of the two-variable fragment
LF>[M)] of LF[M] that are valid in the class D'.
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Unfortunately, from the computational point of view, the constructed logics turn
out to be too expressive. In the next chapter, more precisely in Theorem 2.1, we will
prove that the satisfiability problem for LF[IN|-formulae is undecidable in any class
of distance spaces containing the class M8, and, moreover, that even the satisfiability
problem for the two-variable fragment £LJ5[IN] is undecidable in the class of distance
spaces satisfying the triangular inequality.

For this reason, we need more fine-tuned languages, languages that are still reas-
onably expressive, but less expressive than the full first-order language. We follow
this idea in the next section by introducing ‘modal” languages that allow only for some

kind of restricted quantification.

1.2.2. Modal Distance Logics. We begin by introducing a number of proposi-
tional modal and hybrid languages. Let M be a parameter set. The languages we
define, then, will depend on such a set M, on the collection of distance operators
being considered as primitive, as well as on the presence of nominals and the univer-
sal modality. Following similar conventions from the field of description logics, we
use ‘O’ to indicate that nominals are present in the language. To avoid confusion we
should note, however, that in the languages we define nominals always come with the

universal modality as a ‘binding device’. Here are the details:

DEFINITION 1.5 (SYNTAX). Suppose M C R™ is a parameter set. The alphabet of a
language LOo[M)] consists of a denumerably infinite list Var = {p; : | < w} of proposi-
tional variables, a denumerably infinite list Nom = {i; : | < w} of nominals, the Boolean
connectives A\ and —, the propositional constants T and L, the universal modality W,
as well as a subset O C O[M], called operator set, of the following set O[M] of distance

operators, depending on M:

{A", A=Y, A7 NS AT AZE AZE AZE AZL | a,b e MY

<b’ "<b’

The set of well-formed formulae of such a language is constructed in the standard way; it will
be identified with LOp[M]. Furthermore, by Lo[M)] we shall denote the language that is con-
structed just like LOo[M], with the exception that there are neither nominals nor a universal

modality in the language. The full language LO gz [M] will simply be called LO[M].

Usually, when a parameter set M has been fixed, we will omit it from the notation
since most of the questions we are interested in do not depend on the particular choice
of M. Some logical properties, like axiomatisability, do not depend on the choice of
M.” However, compactness does depend on whether or not M is infinite, and to prove

decidability, we obviously require that M is a recursive set.

"That is, when parameter sets satisfy minimal closure conditions as specified in Definition 1.2.



18 1. LANGUAGES, LOGICS, AND EXPRESSIVITY

Other Booleans as well as the dual distance operators E=?, E<? etc. and the uni-
versal diamond ¢ are defined as abbreviations, e.g., E=* = —=AS7—, etc. We use lower
case Latin letters p, ¢, 7, ... to denote propositional variables, i, j, k to denote nominals,
lower case Greek letters x, ¢, 1, ... to denote formulae, and upper case Greek letters
A%, 0,. .. to denote sets of formulae. Next, we will give the semantics for these lan-

guages:

DEFINITION 1.6 (SEMANTICS). We distinguish two kinds of models: Firstly, a full

model, or simply a model, is a structure of the form:

B = <W,d,p0%,p§3,...,io%,il%,...>,

where (W, d) is a distance space, the pP are subsets of W and nominals i are interpreted by

singleton subsets iP. Secondly, a nominal-free model is a structure

B = <W,d,p0%,p1%,...>,

as above, but without providing interpretations for nominals. Obviously, full models will be
used to interpret languages of type LOo[M] for some O, while nominal-free structures suffice
for languages Lo [M].

The truth-relation (B,w) E ¢, for B a full model, LO[M] formulae ¢ and a point
w € W, is defined inductively as follows:

o (Bw)EFp — wep%;

o (B,w)Fi — {w}=i%

o (Bw)FeNY < (B,w)F ¢and (B,w) F ¢,

o (B,w)F ¢ = (B,w)F ¢,

o (B,w)FMp < (B,u)EFgforalluecW.

o (B,w)FEAp < (B,u)F ¢forallu e Wwithd(w,u) < a;

o (B,w)EASY < (B,u)F ¢forallu e Wwithd(w,u) < a;

o B,w)EFAp <— (B,u)E ¢forallu e Wwithd(w,u) > a

o (B,w)EA9 — (B,u)E ¢forallu € Wwithd(w,u) > a;

o (B,w)EFATp <= (B,u)F ¢forallu e Wwithd(w,u) =a;

o (B,w)FAZjg < (B,u)F ¢foralluec Wuwitha <d(w,u) <b;
. <%,w>l=A§Z <~ (B,u)Eforallu e Wwitha <d(w,u) <b;
o (B,w)FAZjg <= (B,u)F ¢foralluc Wuwitha < d(w,u) <b;
. <SB,w>I=A§Zq) — (B,u)Egforallu c Wwitha <d(w,u) <b;

(B, w) is called a pointed model.

As usual, a formula ¢ is said to be valid in a model, B = ¢, if it is true at every point
of the model; ¢ is valid in a distance space (W,d), if it is valid in every model based on
(W, d). We sometimes use q)‘B to denote the truth-set or the extension of ¢, that is, the set
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of all w € W such that (B,w) E ¢. Finally, ¢ is valid in a class K of models (or distance
spaces), if it is valid in every model (respectively, distance space) of K.

Since the notion of truth of a formula is defined pointwise, there are two differ-
ent versions of consequence, namely local and global consequence. Both will play
a role, but mostly we will be interested in global consequence since this is more nat-
ural in the context of spatial reasoning. The definition is completely analogous to the
corresponding definition in modal logic.

DEFINITION 1.7 (GLOBAL AND LOCAL). Let D', i € {d,s,t,m}, bea class of distance
spaces, M a parameter set, and let T be a set of formulae and ¢ a formula of LO[M]. We say
that ¢ follows locally from T with respect to D', in symbols T E} ¢, if for every model B
based on some (W,d) € D' and every point w in B it holds that:

(B,wyET = (B,w) F ¢.

Further, ¢ is said to follozg globally from T with respect to D', T lZi, @, if for every model B
based on some (W,d) € D' it holds that:

BET = BEg.

i is called the D'-local consequence relation and |=; the Di-global consequence rela-
tion. If we write just T E' @, we always mean global consequence. If the class of distance

spaces is clear from the context, we leave out the qualifying superscript i.

Clearly, if ¢ follows locally from T, it also follows globally, but not conversely.
Note that the full language LO[M] is clearly redundant in the sense that some distance
operators are definable® from others. For instance, the operator Aif, can be defined by

A2

S =AZL AATT AATY

However, we have given the semantics for the full set O[M] of distance operators since
we are primarily investigating languages where different subsets of O[M)] are taken as
primitive, and where nominals and the universal modality may or may not be present.
Let us define some of those fragments. According to Definition 1.5, all languages we
define agree on the presence of the propositional variables and all Boolean connect-
ives. To determine a language, we thus just need to specify interesting operator sets,

i.e., subsets of O[M].

DEFINITION 1.8 (THE LANGUAGES LOpF, Lf, LOp, AND Lp). Fix a parameter set M
and let:

(1) F[M] := {A<%,A>%, A=, A0 | a,b € M};

8We will discuss definability of operators in a precise way in Section 1.3.
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(2) D[M] := {A=?, A" | a € M};

This defines the languages LOpny, Lrmy, LOpimy, and Lpy. Again, we will usually sup-

press the dependence on the parameter set M and will talk about operator sets F, D, etc.

Note that in LOp[Q™T] we can express all constraints from Example 1.1, save (G).

The formula

(G) house — E>%5tube_station A E<'tube_station
is clearly not equivalent to

(G) house — E?])'5tube,station,

for (G)' is already satisfied if there are two tube stations located, say, at distances 1.2
and 0.2, while (G) requires a single tube station being located at a distance between 0.5
and 1.0.

As with first-order distance logics, modal distance logics are defined semantically,

that is, as sets of formulae of some language that are valid in a specified class of spaces:

DEFINITION 1.9 (MODAL DISTANCE LOGICS). Given a parameter set M C R™ and an
operator set O, we define the logics MSOL[M] (MS5[M]) as the sets of all LO[M]-formulae
(Lo[M)]-formulae) that are valid in the class D', fori € {m,t,s,d}.

For the most important case where D' = MS$, we denote the logics simply by MSOo[M],
respectively, M8o[M].

Obviously, we can also use standard Kripkean possible worlds semantics to inter-
pret the languages at hand. Let M be a parameter set. A polymodal M-frame for the

languages Lo or LOg is a structure of the form

f= (W, A{(Ryp)apent | 0 €0})

which consists of a set W (whose members are called “points’) and families (RZ| p)abeM
of binary relations on W x W for each operator symbol 0 € O. The notation R}, is
shorthand for the fact that some operators, e.g. A~?, are indexed by one parameter
a € M, while others, e.g. Azg, are indexed by two parameters, 2 and b. A model based
on a frame is of the form

m = <f,p3ﬁ,p??,...i3ﬁ,i?,...>,

where the p" are subsets of W and the i)' singleton subsets. If we work in languages
without nominals, the interpretations for nominals are omitted. The notions of truth
(in a pointed model) and validity in M-models and M-frames are the usual Kripkean

ones, with the addition that nominals are interpreted as singleton sets of worlds. For



1.2. FIRST-ORDER AND MODAL LANGUAGES 21

instance,

(M w) EAZLe < (M,u)k ¢forallu € W such that wRZju
Mw)Flep <<= (Mu)EgeforalluecW;
Muw)Fi «— " ={w.

Similarly for the other operators. It should be clear that the truth or falsity of a for-
mula at a point depends only on the propositional variables, nominals, and operators
appearing in it. Thus, given a sublanguage LOx/[M'] C LOp[M] with O’ C O and
M’ ¢ M and a frame

f= (W AR avem | 0 € O})

for LOp[M], we may define the frame-reduct f | (o sy of f as

Flonmny:= (W ARy )ayem | o €0'}).
\

We then have for every formula ¢ of LOo/[M'] and every model 9t based on f:

<f,]03ﬁ,---,i3n,w>':§0 = <HO/M' oW >':€9

This observation does not depend on the presence of nominals.

Surely, frames in general do not reflect any properties of distance or metric spaces.
However, as the following proposition shows, all the logics defined above can also be
characterised by classes of frames. But let us first introduce some helpful concepts.
For the following definition, recall that a normal modal hybrid logic, whose language
contains nominals, is defined just like a normal modal logic, except that it is closed
not under the usual uniform substitution of formulae for propositional variables, but
under sorted substitution, that is, arbitrary formulae may be substituted for proposi-

tional variables, and nominals for nominals.

DEFINITION 1.10 (FRAMES AND THEORY). Let L be a normal modal (hybrid) logic in
language L and F a class of frames for L. We define the expression Fr(L), the frames of L, as

Fr(L) :={f| fE L}.
Similarly, we define Th(F), the theory of F, as

Th(F):={p e L | FF ¢}.

It is well known from standard modal logic that the theory Th(F) of a class F of
frames determines a normal modal logic. Also, if the logics L and L' coincide, where
L' = Th(Fr(L)), then L is frame-complete with respect to standard Kripke semantics.
In a similar fashion we can show that all distance logics are complete with respect to

frame semantics.
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DEFINITION 1.11 (FRAME-COMPANION). Let S = (W, d) be a distance space and M a
parameter set. We define the M-frame-companion of S for language LOp or Lo as

fom(S) = (W', {(R)asem | 0 €0}),

by setting W' := W and, for all u,v € W:
UR v <= d(u,v) <a, UR- v <= d(u,v) >a,
UR_,v: <= d(u,v) =a, URZ{v: <= a <d(u,v) <b,
etc., for those operators appearing in O.
Further, if B = <W, d, p(?, pl%, eeey i(?, il%, .. > is a full model based on the distance space
S = (W, d), then the Kripke model 9o r1(B) based on the M-frame fo pm(S) is the structure

Mo,m(B) = <fo,M(S),p3”O'M(%),...,ignO'M(%’,...>,

B (B)

with pzﬁo’M( ) = pB and in°"®) = i for all n,m < w. Mo p(DB) is called the M-
frame-companion model of B for language LOo[M]. The same definition applies to lan-
guages Lo, but nominals are left out. As usual, if the parameter set M is fixed, we leave it out
in the notation.

PROPOSITION 1.12 (FRAME CHARACTERISATION). All the logics M85, [M] and
MSOL[M] for O C O[M], i € {m,t,s,d}, are characterised by classes of frames, i.e., for
some fixed parameter set M:

M8G, = Th(Fr(M8p)) and  M8O, = Th(Fr(M8Op)).

PROOF. That M85 C Th(Fr(M8})) and MSOL, C Th(Fr(MSO5)) hold should be
clear. So it suffices to show thatif ¢ ¢ M8, (¢ MSO%) then ¢ can be refuted in a frame
for M8k (MSOL).

First, by a straightforward structural induction we can show that for all (full)
models B based on some distance space S = (W, d), their frame-companion models
Mo,m(B), all formulae p € LOp[M] and points w € W:

(SB,w) E l/) < (‘,)JTO,M(SB),M E ¢

Hence, for every distance space S € D' we have fo i (S) € Fr(M85[M]) and if B is a
(full) model such that (B, w) ¥ ¢ then (Mo m(B), w) ¥ ¢. U

Thus, every class of distance spaces induces in a canonical way a corresponding
class of frames which generates the same set of tautologies.

We will use Kripke semantics in some detail when proving completeness results
in Chapter 3. In particular, it will turn out that the logics MSp and M8Or are complete

with respect to first-order definable frame classes.
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1.3. Comparing Languages

To compare the different languages introduced in some more detail and to transfer
results about decidability or the finite model property from one language to another,
we require precise definitions of notions like ‘definability’, ‘simulation of nominals’,
‘expressiveness’, and ‘satisfiability equivalence’; compare also Goranko [1990b], Bor-
gida [1996] and de de Rijke [1992]. We clarify all these notions and fix our terminology
in a series of definitions. Mainly, we will need to distinguish between two different
notions of ‘expressiveness’, one that is defined with respect to classes of models, and
one that is defined with respect to classes of distance spaces—all the other notions
mentioned above are then reducible to one of those two. In particular, note the ana-
logy to the model/frame distinction frequently employed in standard modal logic to
analyse expressivity etc.”

We start with the notion of expressiveness on the level of models based on distance

spaces:

DEFINITION 1.13 (EXPRESSIVE COMPLETENESS). Let M be some class of models based
on distance spaces. We say that a language L1 is as expressive as a language L, with respect
to a class M of models for L1 and L, if there is a translation F Ly — Lq such that, for
every B € M, point w in B, and formula ¢ € Ly:

(B,w)F o < (B,w)E (pﬁ.

Further, we say that L1 and L, are equally expressive or that L1 is expressively complete

for Lo with respect to M, if L1 is as expressive as Lo and Ly is as expressive as L.

Sometimes, we say that a language £ can define an operator () in a class of mod-
els M. This is understood to be synonymous to the assertion that the language L1 is
as expressive as the language L, that results from £ by adding the operator (.

If two languages L1 and L, are equally expressive over a class M and the trans-
lations are computable, we have established a very strong link between the two lan-
guages, making them basically interchangeable when interpreted in M (apart from
questions concerning the complexity of the translation and the related complexity of
reasoning problems for those languages). For instance, the satisfiability problem for
L1 in M is decidable if and only if the satisfiability problem in M is decidable for L,,
and £ has the finite model property (FMP) with respect to M if and only if £, has
the FMP with respect to M. One important example for such a strong link are the
languages LO[M] and LO¢[M]:

9For an extensive discussion of this distinction in modal logic, compare Blackburn et al. [2001].
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PROPOSITION 1.14 (EXPRESSIVE COMPLETENESS OF LOf[M] AND LO[M]).
The languages LOp[M] and LO[M] are equally expressive over the class of all models based

on distance spaces.

PROOF. It suffices to notice that, clearly, the additional distance operators of

LO[M] are definable by the equivalences
A s A< NAg,

AZhp = AZg NAT'9 AATg,
etc., which are valid in all distance spaces. U

For many languages that are of interest, however, the notion of expressive com-
pleteness over models is too strong. In particular, note that the notion of equal ex-
pressiveness over models actually makes no sense when one language contains nom-
inals and the other does not. Since nominals can be understood as ‘proper names’,
there is no means for the language L without nominals ‘to know” to which point a
nominal i refers to in a given model 8. In fact, we cannot expect any expressive com-
pleteness result even for languages £; and L; that both have nominals, but which
use syntactically different sets of names. We thus require a weaker notion of express-
ive completeness, namely, one that abstracts from interpretations and is defined over

structures:

DEFINITION 1.15 (STRUCTURAL EXPRESSIVE COMPLETENESS). Let K denote some
class of distance spaces. L1 is structurally as expressive as a language Lo with respect to K
if there is a translation . : Lo — Ly such that, for every S € K, formula ¢ € L, and point

w € S we have:
(S,w) E ¢ <= (S,w)F ¢

We then say that L1 and L, are structurally equally expressive or that Ly is structurally
expressively complete for Ly with respect to K if Ly is structurally as expressive as Lo and
Ly is structurally as expressive as L.

Clearly, expressive completeness over a class M of models based on structures
from a class K implies structural expressive completeness over K. Also, we clearly
have that if £1 and L, are (structurally) equally expressive over some class M (K),
then they are (structurally) equally expressive over any class MCM (K C K).

Yet, it is important to note that structural expressive completeness is a strictly
weaker notion than expressive completeness over models. For instance, we show be-
low that the languages LOr and Lr are structurally equally expressive over the class

D of all distance spaces, but they are not equally expressive simpliciter, that is, over
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the class of pointed models based on distance spaces. This fact is closely related to the
presence of nominals in the language LOF.

On the other hand, structural expressive completeness of two languages £, and
L, with respect to computable translations still allows us to transfer, e.g., decidability
and FMP with respect to a class of structures from one language to the other. More
specifically, we can transfer results about properties of satisfying (refuting) models,
i.e., if we can refute a formula ¢ in a specific point w of a structure S, then we can
refute its translation ¢* in the same point of the same structure.

If a language L1 is structurally as expressive over K as the language L] that results
from L1 by adding nominals, we sometimes say that £; can simulate nominals over
K. The following proposition gives two important examples of structural expressive
completeness, namely, for distance logics containing the F and D operator sets.

PROPOSITION 1.16 (SIMULATION OF NOMINALS).
(i) The languages LOp and Lp are structurally equally expressive over the class D of all
distance spaces. In particular, Lp can simulate nominals and define the universal modality
and the difference operator.
(ii) The languages LOr and L are structurally equally expressive over the class D of all
distance spaces. In particular, Lr can simulate nominals and define the universal modality

and the difference operator.

PROOF. We prove (i) and (ii) simultaneously.
Let us first show that the universal modality can be defined in the languages Lr
and Lp. Fix an a € M and define for each formula ¢ € Lr(Lp):

om = AP ANA g,

where the operator A= is primitive in Lp and defined as A< _ AA=? _ in Lp. We

then have for any nominal-free model B and point w:
(B,w) Flp <= (B,w)F ¢n.

Similarly, the difference operator can be defined by setting ¢p := E>%¢. Then
(B,w) EDp <= (B,w) F ¢p.

Next, since Lr € LOf and Lp C LOp, to prove that LOr (LOp) is structurally
as expressive as Lr (Lp), we can pick the constant maps as translations from Lr(Lp)
to LOp(LOp). To prove that Ly (Lp) is structurally as expressive as LOr (LOp), we

have to give translations:

.+F . LOF — LF and .+D . LOD — LD
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such that for all ¢, € LOk(k = F, D), distance spaces S and points w € S:
(&) (S,w)E g <= (S,w)F g™

We show (&) just for k = F; the argument for k = D is the same. Let us introduce
the abbreviations i), := p; A A0 pj, where p; is some propositional variable. Clearly,
we can single out an infinite set {i), | p; € Va N} such that Var \ VarV is still infinite.
E.g., set VarY := {p; | i = 2n for some 1 € w}. Now, by definition of the operator A>?,

we clearly have, for any nominal-free model 8* and point w:
(B, w) Fi, <= (ip)%* = {w}.

Hence, the formulae ip,p€ VarY, can be used, in a sense, as nominals in £ rand Lp.
But note that this definition still allows for ‘non-denoting’ nominals. That is, we
may have that for some model B*, (i,)® = @, in which case (B*,w) ¥ i, for any w.
So we have to be careful when treating the i, as proper logical nominals. For instance,
on the level of validity on distance spaces, we have that for any distance space S, point

w and nominal 7:
S 4i,but S ¥~ ¢i,.

Given a formula ¢ € LOF, we write ¢(i,), with i, = (i, ...,i,_1), to indicate that
the nominals appearing in ¢ are among the n nominals in 7,. Denote by @ (ipi) / ik)

the result of substituting the formulae i, ;) for the nominals 7}, appearing in ¢, where

p(ix)
we assume without loss of generality that the i,;,) contain no propositional variables

appearing in ¢. We can now define the translation, for ¢ = ¢(i,) € LOF, as

9" = (\ ¥ipi) = Pliyiy /i)
i€y
Clearly, we have that for any full model 8 and formula ¢ € LOp[M] there is a

nominal-free model 8" based on the same metric space such that for all w:
(B,w) F o <— (B",w)FE (p*F,

by setting, for every nominal i appearing in ¢, (p(i))®" :=i® and p® := p® for those
propositional variables appearing in ¢. This shows the implication from right to left
in (&). Conversely, if B* is a nominal-free model based on S such that, for some w,
we have (B*,w) ¥ ¢'F, then

(B",w) F (/\ $ipi) A=@(ipiy /i),
i€iy

B+

and so the i,; ‘denote’, ie., i%&) = {w;}, and we can again set i® := (p(i))® and

p
p® := p®’, thus obtaining a full model B such that (B, w) ¥ ¢, which proves the

implication from left to right in ().
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The same construction can be carried out for the languages Lp and LOp. In fact,
by Proposition 1.14, all the languages £0O, LOr and Lr are structurally expressively
equivalent over D, by appropriately replacing any of the distance operators of £LO not

appearing in Lr. U

As a consequence of Propositions 1.14 and 1.16, every formula ¢ of LO is logically
equivalent to a formula @' of LOf and to a formula ¢t of Lr C LOf not containing
nominals or the universal modality. So the corresponding logics are equivalent in the

sense that, for every formula ¢ € LO, we have
P e MSO' — ¢ e MSOL = ¢t ¢ MSE, fori e {d,s,t,m}.
Again, a similar equivalence holds true for the languages LOp and Lp, i.e.
@ € MO, = ¢ € MSh, foric {d,s, t,m}.

Hence, since the respective translations F, Yand ! are computable, we can, for in-
stance, give an axiomatisation of M8Or and obtain ‘axiomatisations” for MSO and
MSF automatically in the sense that we can enumerate the tautologies. We will axio-
matise the logic M8OF using hybrid completeness theory in Section 3.2 and the logic
MS8p using more traditional techniques from standard modal logic in Section 3.1.

A similar equivalence holds true for definability of classes of distance spaces,
where we call a class K; of distance spaces definable relative to a class K, O K

in language L, if there is a set I of formulae of £ such that
Ki={S | SET}NKy;

It should be clear from the definitions that if two languages £; and L, are (structur-
ally) equally expressive, then they can define precisely the same classes K; of struc-
tures relative to a class K. E.g., if the set I' of formulae of L, defines Kj, then the set
I'? of formulae of £ defines K; as well, and conversely. We will make some observa-
tions about definability of distance spaces in connection with definability of frames in
Section 2.3.1.

1.4. Expressive Completeness of Modal Distance Logic

Let us now turn to a comparison of the expressive power of the first-order lan-
guage L3F, more precisely, its two-variable fragment L33, with the modal language
LOr (which we have just shown in Proposition 1.14 to be expressively equivalent to

LO over the class of models based on distance spaces). Every LF[M]-structure

2(:<W,d,P§‘,...,c%‘,...>
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gives rise to its LO[M] counterpart
A= (Wd,pl, i),

where pkm* := P¥ and i?}j := {c}} for all k. This correspondence is clearly bijective,
whence we can safely assume that these languages are interpreted in the same classes
of structures, thus, circumventing the problem of syntactically different sets of nom-
inals by identifying the first-order constant c; with the nominal i, . If an LF[M]-struc-
ture (or an LF[M]-model) is based on a metric (symmetric) space, we call it a metric
(symmetric) LF[M]-structure (LF[M]-model).

The theorem we are about to prove shows that, when speaking about metric or
symmetric spaces, LOp[M] is expressively complete for the (sentences of the) two-
variable fragment L, with respect to metric or symmetric LF[M]-structures. But note
that we can translate any LOr[M] formula into an equivalent LJ, sentence with re-
spect to arbitrary LF[M]-structures A, whereas we need the additional condition that
2 is a symmetric structure for the converse translation of an L3, sentence into an
LF[M]-formula.

By w/x we denote any assignment a with a(x) = w.

THEOREM 1.17 (EXPRESSIVE COMPLETENESS OF LOF FOR LF)).
(i) For every LOp[M]-formula ¢ there exists a LFy[M]-formula @' with at most one free
variable z such that its length is linear in the length of ¢ and, for any LF[M]-structure A and

point w in A, we have
Aw/z)F et — (A, w)E .

(ii) For every LI 5[ M]-formula ¢ with at most one free variable z there is an LOp[M]-formula
@} such that its length is exponential in the length of @ and, for any symmetric LF-structure
2 and point w in A, we have

QAw/z)Fe — (A, w)kE et

(iii) The languages LOF[M] and LF} are equally expressive over the class of symmetric mod-
els, and, a fortiori, LOp[M] and LF9 are structurally equally expressive over the classes of

symmetric and metric spaces, respectively.

PROOF. We fix some parameter set M.

(i) The proof of the first claim is pretty standard; cf. Gabbay [1981]. We inductively
translate all formulae of LOF into LF,-formulae with at most one free variable and
which use only two variables, say, x and y.

Let z and z’ be metavariables ranging over {x,y}. The notation [z'/z] denotes

the operation of substituting the variable z’ for the variable z, if z is free, and doing
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nothing otherwise. The translation ' is defined inductively as follows:

To be precise about variable usage, if z is free in a formula IIJ+(Z), we choose z # 7/,
and if " (z) contains no free variable, we choose z = y and z’ = x.

We can now check inductively that for all points w:
(A, w/z) E q)*(z) —= (A, w)F e

First, the atomic and Boolean cases are trivial. If ¢ = E<?, then (2, w) F ¢ if and
only if there is a u such that d(w,u) < a and (2., u) F ¢ if and only if (A, w/z’) F
3z(8(2,z) < a Apt(z)), where the variable 2’ is the (possibly) free variable of ". The
other distance operators are treated similarly. So suppose (2., w) = BMy. This is the
case if and only if ¢ holds globally in 2, i.e. we have (2., u) F ¢ for all u, which,
by induction hypotheses, is equivalent to (2l,u/z) F ¢'(z) for all u which in turn is
equivalent to (2, w/z) F Vz(y'(z)).

Finally, it is obvious that the size of ¢ is linear in the size of ¢.

(ii) To define the converse translation, we first observe that the following trans-
formations of an LF,-formula ¢(x,y) result in an equivalent formula with respect to
symmetric spaces.

Every occurrence of equality t; = t; can be replaced by §(t1,t,) = 0. Further:

O(t,t) =0by T; d(t,t) <0by L;

O(t,t) =aby Lifa>0; 6(t,t) <aby Tifa>0;
o(y,t) =abyd(ty) =a; S(y,t) <abyd(ty) <a;
O(t,x) =abyd(x,t) =a; 6(t,x) <abyd(x,t) <a.

In what follows, we assume that these transformations have been applied to all
our formulae, in particular, to ¢. As a result, we can assume that ¢ does not contain

equality and that in occurrences of (1, f>) we always have t; # t, and the variable x
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always appears first, y second. Note that we needed only symmetry and Axiom (1) of
metric spaces, but not the triangular inequality, to perform these transformations.

We distinguish between three types of atomic formulae in £J,: binary atoms are
of the form §(x,y) < aor J(x,y) = a (they have two free variables); unary atoms are of
the form §(x, cx) < a, d(x,cx) = a, Pi(x), Pi(y), (¢, y) < aor §(ck, y) = a (having only
one free variable); atoms without free variables, P;(cx), d(ck,c;) < a or (c, ¢;) = a,
can be called nullary.

We inductively translate all LJ,-formulae ¢ with at most one free variable to LOp-
formulae ¥:

(1) If ¢ = Pi(cx) then ¢t = B(ix — p;);

() If pis §(cy, ;) = a (k] < w) then P = W(iy — E=4)) .

(3) If pis &(ck, ;) < a (k] < w) then P+ = W(iy — E<%)).

(4) Ify € {Pi(x), P;(y)} then y* = p;;

(5) Ifp € {&(x,cx) =a, S(cx,y) =a | k < w} then Yt = E=%;

6) Ifp € {&(x,ck) <a, 5(ck,y) <a | k< w}then Pt = E<%;.

(7) If p = x1 A x2 then pF = )d /\)(%.

(8) If = —x then ¥ = = (x¥).
The remaining cases of { = Jyx(x,y) and ¢ = Ixx(x,y) are more sophisticated. We
consider only the former. The formula x(x,y) can be regarded as a Boolean combin-

ation of binary atoms ; and formulae v;(x) (including the nullary atoms) and ¢;(y)
with at most one free variable. Denote this Boolean combination by x, i.e.,

x(xy) = xk(Br,- - Briv1(x), - 0(x), E1(Y), -+, Gs(y)-

Let us first move all components in x without free y out of the scope of the outmost
Jy in ¥. Then ¥ can be equivalently rewritten as

Voo (BB B G ) G AN (i) < ).
(Vi) €{T, L} 1<i<l

Now let 0 = a9 < a1 < --- < a, be the list of all numbers occurring in i together with
0. So this list is non-empty. Consider the set R containing the following formulae:

e J(x,y) =a; fori <mn;

o a; < d(x,y) <aj, fori <mn;

° 5(x,y) > ay.
For every B € Ry and every binary atom f; in ¢, we have either B F B; or B F —8;. In
other words, by assigning a truth-value to some f in Ry, we fix the truth values of all
binary atoms in . Let ﬁfj = Tif B F Bi,and ,ij = 1 otherwise. Then 1 is equivalent
to the formula

\/ (\/ Hy(ﬁ/\x(ﬁﬁ,...,,Bg,vl,...,vl,Cl,...,CS))/\ /\ (vi(x)<—>vi)).

(1, vy €{T, L} BERy 1<i<li
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Next, we replace each p € R, with the distance operator f* defined by taking

o (§(x,y)=a;)* =E7", fori <m;

o (a; < d(x,y) <ai1)*=EZg fori<n;

e (6(x,y) >an)* =E"M,
delete the quantifier 3y and recursively compute the values of vf and Cli This yields
the formula y* which is

Voo (Ve el d)n A ef ).

V1, vy €{T, L} BERy 1<i<li
It should be clear from the construction that, in the worst case, the size of the formula
¢t is exponential in the size of ¢ and that, for every metric structure 2 and point w in

2 we have
AMw/z)Fo = (A, w)kE ¢,
which proves (ii). Item (iii) is a consequence of (i) and (ii). U
The following examples illustrate the translation given in the proof of (ii).

EXAMPLE 1.18. Consider the LF,-sentence
9 = Iy (3x(8(x,y) > 0AP(x) A=Pi(y)).
Let & (y) = 3x(8(x,y) > 0A Pi(x)) and &(y) = —Pi(y). Then we represent ¢ as
3y (&1(y) A G2(v))
which is equivalent to
F(3(x,y) = 0AG(y) A &a(y) VY (8(x,y) > 0N G(Y) A G2 (y)),

since Ry = {d(x,y) = 0,0(x,y) < 0,0(x,y) > 0} and the missing formula
Jy(8(x,y) < 0A&1(y) A&a(y)) is inconsistent. Thus, we obtain the LOp-formula

ot =E(E A e VE S A g,

where (jf = E=0(L A p;) VEZUT A p)) or, equivalently, éf = E>%;, and (j% = —p;. So
the resulting translation (with rearranged conjunctions for better readability) is:

ot = E=0(=pi NE7Op;) VEZO (mpi AE7Op)).
Using the universal ¢, we finally obtain
¢t = #(-pi NE7'p)).

The reader can easily check that ¢ and ¢* indeed say the same when the distance

function is assumed to satisfy symmetry. Similarly, the formula

¢(y) = 3x(8(x,y) > 0AP(x)) A—P;(y)
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with one free variable y corresponds to —p; A E>%p;, for we have, for all models 2 and

points w
@Aw/y)Eoly) <= (A, w)E-pANE ;.

However, note that in non-symmetric spaces ¢* does not correspond to ¢ but to

¢ = EIy(EIx(J(y,x) > 0APi(x)) A ﬂPi(y)),

where we have swapped the variables in é(x,y) > 0. We indicate in the next section

how this deficit in expressivity of the language LOr can be overcome.

1.5. Boolean Distance Logics

An analysis of the expressive completeness result from the last section and in par-
ticular the expressiveness of the ‘ring operators’ of the form A~} suggests that the lan-
guage LOr is closely related to Boolean modal logic. For instance, while the formula
AZp g is clearly not equivalent to a conjunction of the form A~"¢ A A<l g, the operator
AZ} does coincide with a Boolean modal operator [-; A <] build from a conjunction
of the symbols >, and <; being interpreting by the distance function d in the obvious
way, i.e., given a model ‘B based on a distance space (W,d), we have, for all points
ueW:

(B, u) E[-4a N <plp < (B,v) F ¢pforallv € Wwithd(u,v) >aand d(u,v) <b.

Yet, unlike in the case of ‘standard” Boolean modal logic, the natural ordering
of parameters from R* imposes additional structure on Boolean distance operators

defined by allowing arbitrary Boolean combinations of symbols from the set
{~a,<a,-a | a€ M},

and hence restricts the number of ‘new’ operators obtained in this way.

Furthermore, Boolean modal languages with similar expressive capabilities as the
language LOf, namely Boolean modal logic enriched with converse modal operators
and the difference operator, have been shown to be expressively equivalent to the
two-variable fragment of first-order logic, compare Lutz et al. [2001a] and Lutz et al.
[2001b].

In this section we show that, indeed, the language LOr is expressively equivalent
to a natural variant of Boolean modal logic (over the class of all distance spaces) and
thus expressively equivalent to two-variable first-order logic interpreted on symmetric
distance spaces.

Let us start by defining the language of Boolean distance logic:
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DEFINITION 1.19 (BOOLEAN DISTANCE LOGIC). Let M be a parameter set and define
a set of modal parameters as follows:

M := {~,, <, a € M}.

Then, let B(IM) be the set of all Boolean combinations of symbols from IM. Now, the language
LOB[M] consists of a denumerably infinite list {p; : | < w} of propositional variables, a
denumerably infinite list {i; : | < w} of nominals, the Boolean connectives N and —, the
propositional constants T and L, the universal modality W, as well as the following set

of Boolean distance operators depending on M:
{[6] : 6 € B(M)}.

The set of well-formed formulae of this language is constructed in the standard way; it will be
identified with LOB[M)|. As usual, we often omit the parameter set M in the notation.

Again, other Booleans as well as the dual Boolean distance operators (J) and the

universal diamond ¢ are defined as abbreviations.

DEFINITION 1.20 (SEMANTICS FOR BOOLEAN DISTANCE LOGIC). As before, the
models for the language LOB are full models of the form:

B — <w,d,p§*,p1%,...,z'g*,i?,...>,

where (W, d) is a metric space, the p? are subsets of W and nominals i) are interpreted by
singleton subsets i

We just have to define the truth-relation for the new distance operators: let B be a full
model, w a point in W and [8]¢p a LOB formula with 6 € B(M). First, we define the exten-
sion of § with respect to a point w € W, abbreviated as |||/, as follows:

|6I|“ :=={ve W] (w,v)Ed},

where (w,v) F ¢ is inductively defined as follows:

o (w,v) Fry <— w=u;

v
° 0

)
(w,v) F<, <= d(w,v) < a;
o (W,v)EINY < (w,v)Edand (w,v) F 7,
o (w,v)F -~y < (w,v)F1.

Now set:

o (B,w)F[fl¢ <= forallv e ||0||“ we have (B,v) F ¢.

Let us introduce the notion of satisfiability for the Boolean distance operators. A
combination J can be called satisfiable, if there is a model 8 and a point w such that

|0]|“ # @. Deciding satisfiability of a given ¢ is a very simple problem, we just have
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to check whether or not a system of equalities and inequalities in one variable, i.e. of
the form x = a;, x # a;, x < a, x > a;, has a solution.
Clearly, all the distance operators of LOr[M] and the universal modality are defin-

able in LOB[M)] with respect to all distance spaces, namely we can translate them as

follows:
. (A7) = [l
o (A~9)* = [<a]o%;
o (A7) = [(=a V =0)]@* = [0 <4 A0 =] @%;
o (AZi@)" = [~(=a V =)\ <pl@* = [0 <0 Am =~ A <3975

o (Mp)" = (A™"9)" A (A"9)" A (A"9)".
Note that, in the translation of the LOr[M]-operators, we only needed atomic negation
and conjunction. Note also that for each formula of the form [\/,_, é;]¢ we have for all
models B and points w:
(B,w) [\ alp < (B,w) = /\lbe
I<n I<n

Hence, as far as expressivity goes, we can do with atomic negation and conjunction in
the definition of Boolean distance operators by bringing ¢ in disjunctive normal form
(DNF) and by replacing the disjunction in J in favour of conjunctions of formulae.
(This procedure, however, can result in an exponential blow up of formulae length
and is thus not inert with respect to complexity issues, cf. Lutz and Sattler [2002])

We can now show that the languages LOr and LOB are equally expressive over
the class of all models based on distance spaces. The central argument is, in essence,

the same as in Theorem 1.17.

THEOREM 1.21 (EXPRESSIVE COMPLETENESS OF LOB FOR LOF).
The languages LOp[M] and LOB[M] are equally expressive over the class of all models based

on distance spaces.

PROOF. We have already shown that all the distance operators of LOr as well
as the universal modality are definable in LOB, so LOB is as expressive as LOr. It
remains to show that there is a translation ." : LOB — LOF such that for all formulae
¢ € LOB, models B, and points w in B, we have:

(B,w)Fep <= (Bwk qo*.

As sketched above, we can assume without loss of generality that all Boolean distance
operators are defined by conjunctions of literals of modal parameters. The translation
is defined inductively. As usual we define
t_ .
* Pi =Pi
o ij =iy
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o (WA =9 AxY
o ()" =-yh.
The remaining case of = [J]), § a conjunction of literals, is more difficult. We distin-
guish several cases.
First we check whether ¢ is satisfiable. If it is not we have ||| = @ for any model

B and point w, so we can set:

e ([0]@)t = T,if § is inconsistent;
For the remaining cases we assume J is satisfiable. If ~;€ J for some a, then for any
model B and point w € W we have |0/ = || =, ||. Hence we can define

e ([0]@)t = E=%¢", if ~,€ J for some a and ¢ is consistent.

It remains to consider the case where
S =" Ao A R, A =<p, Ao A =< A = A A =g
withn,mk>0anda <...<au, b <...<byandc; < ... < ¢ Assume first that
m = k = 0. Then we can translate
o ([0]g)F =A<t AAZLQT AL AAZD 9T A AT,

We can without loss of generality assume that m, k < 1. Namely, if m, k > 0 set
b :=max({b; | = <p,€ 0})
and
c:=min({c; | <€ 6}).
Then ¢ is equivalent to ¢’, where

O =g Ao AR, A = A <

Moreover, since ¢ is satisfiable, we can assume that the parameters are ordered as

follows

b<ap<ar<...<a,<c.

It should be clear now how we have to translate the remaining cases. For simplicity,
we use the operators AEZ etc. that are definable in LOp:
o ([0lp)t = Aila’l PP AAZR QY AL AAZ ot AAZI QY if n,m, k> 0;
@)t = AEL’I PP AAZL O AL AAZT ot ANt if n,m > 0,k = 0;
o)t =A<t AAZRLT A LA AZ7 ot AAZT @Y, if k> 0,m = 0;
@) = Azt if mk > 0,n=0;
@)t =A<t ifn,m =0,k > 0;
)t =AZlot,ifn,k =0,m > 0;
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Similar to Proposition 1.16 we could as well show that LOB is structurally express-
ively complete over the class of all distance spaces for a language LOB™ that is like
LOB, but without nominals or the universal modality. Also, by Theorem 1.17, LOB
is as expressive as the 2-variable first-order language L3, over symmetric models. To
obtain languages L0} and LOB" that are as expressive as LF, over models based
on arbitrary distance spaces, we had to add inverse distance operators like A< etc.,
defined by

(B,w) EE="9p < (B,u)F ¢forallu € Wwithd(u,w) <a,
to the language LOr, and inverse Boolean operators
(B,w) F [6]_¢p < forallv e ||§||¥ wehave (B,v) F ¢,

where ||6||Y := {v e W | (v,w) F 6}, to the language LOB, similarly to what has been
done in Lutz et al. [2001b], but we leave the details of these enrichments to the reader.

To close this chapter, we present an overview of the results on expressiveness ob-
tained. An entry in Table 1.5 for languages £ and L, indicates the respective strongest

property we were able to proof for these languages. We use the abbreviations EC’

| £92, LOF, LOBY | £O, LOF, LOB | Ly, LOB™ | LOp | Lp |

LF,, LOF, LOBT — EC® SEC® AE? | AE?
L0, LOF, LOB ECS — SEC AE? | AE4
Lp, LOB™ SECS SEC — SAE? | AE?
LOp — — — — | SECY
Lp - - — SEC? | —

Table 1.2: Expressiveness for distance logics.

(i € {d,s, t,m}) for expressive completeness with respect to the class of models based
on spaces from Di, SEC! (i € {d, s, t,m}) for structural expressive completeness with
respect to the class DI AE! (i € {d,s, t,m}) for L; being as expressive as L over the
class of all models based on spaces from D', and SAE' (i € {d,s,t,m}) for L; being
structurally as expressive as Ly over the class D', where j is the row, and k is the
column. Those languages for which we were able to prove expressive completeness
with respect to the class of all models based on distance spaces are identified, thus the
(empty) diagonal might be read as ECY.

Some of the results mentioned in the table have not explicitly been proved, but are
easy corollaries. For instance, notice that if £ is structurally expressively complete for
L over DY and L, is expressively complete for L3 over symmetric models, then L is

structurally expressively complete for L3 over D°.



CHAPTER 2

Computational Properties of Distance Logics

2.1. Undecidable First-Order Distance Logics

From the computational point of view, first-order distance logic L3 as well as its
two-variable fragment L3 turn out to be too expressive, at least when we are primar-

ily interested in metric spaces. We have the following undecidability result.

THEOREM 2.1 (UNDECIDABILITY IN LF AND L3?).
(i) Let K be any class of distance spaces containing M8. Then the satisfiability problem for
LF[IN]-formulae in (models based on spaces from) K is undecidable.
(ii) The satisfiability problem for LF,[IN|-formulae in any class K of distance spaces such that
K C D'and (R? d,) € K is undecidable as well. In particular, LF>[IN| satisfiability is
undecidable in the classes D' and MS.

PROOF. To prove the former claim, it suffices to observe that LF[IN] is powerful
enough to interpret the theory of graphs (i.e., the theory of structures (W, R), where R
is a symmetric and reflexive binary relation on W), which is known to be hereditarily
undecidable’ [Rabin, 1965]. Indeed, let ¢(x, y) be the formula

d(x,y) =1V d(x,y) =0.
Given a graph (W, R), we can define a metric space (W, d) by taking, foralla,b € W,

0, ifa=1",
d(a,b) = <1, ifa +# bandaRb,
2, ifnot aRb.

We then clearly have (W,d) F ¢la, b] if and only if aRb. For a formula v in the sig-
nature of graph theory, denote by *® the result of replacing every occurrence of an
atom R(x,y) in 7y by ¢(x,y). Obviously, 7* is an LF[IN]-formula and, for every graph
(W, R), the formula 1 is satisfiable in (W, R) if and only if 7* is satisfiable in (W, d).
Now consider the set I' of formulae 7 in the signature of graph theory such that *
is true in all LF[IN]-models based on distance spaces in K. Clearly, every v € I'is a
theorem of graph theory, so I' is a subtheory of graph theory. By the result of Rabin
[1965] mentioned above, the theory I' is undecidable, which yields (i).

IThis means that every subtheory of graph theory is undecidable.

37
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(ii) follows from Theorems 1.17 (i) and 2.2 to be proved below. O

2.2. An Undecidable Modal Distance Logic: MSr

We now show that the satisfiability problem for Lr[IN] is undecidable in natural
classes of spaces satisfying the triangular inequality. The proof below can be carried
out with a number of variations of the language Lr, all containing distance operators
like EZ; details of this may be found in Kutz et al. [2003b].

THEOREM 2.2 (UNDECIDABILITY IN Lpr).
Let K C D! contain (IR?,dy). Then the satisfiability problem for L [IN]-formulae in (models
based on spaces from) K is undecidable. In particular, Lp[IN| satisfiability is undecidable in
the classes D' and M8, and L p[IN] does not have the finite model property.

PROOF. The proof is by reduction to the undecidable IN x IN tiling problem (see
van Emde Boas [1997], Borger et al. [1997] and references therein). We remind the
reader that the tiling problem for N x IN is formulated as follows: given a finite set of
tile types T = {T1,..., T1}, i.e., squares T; with colours left(T;), right(T;), up(T;), and
down(T;) on their edges, decide whether the grid IN x IN can be covered with tiles,
each of a type from 7, in such a way that the colours of adjacent edges on adjacent
tiles match, or, more precisely, whether there exists a function 7 : IN x N — 7 such
that, for all n, m € IN, we have

right(t(n,m)) = left(t(n+1,m)),
up(t(n,m)) = down(t(n,m+1)).

So suppose a set of tile types T = {Tj, ..., T;} is given. Our aim is to construct an
Lr[IN]-formula which is satisfiable in K if and only if T can tile N x IN.
For convenience we use again operators like A<? etc. that are definable in L¢[IN].

Take propositional variables p1,...,p;, qo,...,qaand ro, ..., r4. Let
Xij = A= (ping;), forij<4,

and let I' be the set of the following formulae, where i,j <4 and k < I:

(4) piAG; = E¥Xij Xij — AZ0Xije Xij — ~Xmn (i) # (m,n));
(5) Xi,j - \/ Aﬁgrk’ rm — _‘rn (Tl # m);

k<l
(6) Xij ATk NESP(ES2000 5 A Xiga1,i A \ m);

right(Ty)=left(Ty)

ES22(E520x;, A Xijis1 A AV Y
up(Ty)=down(Ty)

) Xij N1k —
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where +5 denotes addition modulo 5.2 The first formula in (4) is satisfied in a model
B if and only if the truth-set (p; A q]')% is the union of a set of spheres of radius 9. The
second one is satisfied in 9B if and only if the distance between any two distinct centres
of spheres of radius 9, all points in which belong to (p; A ¢;)®, is more than 80, while
the third formula guarantees that the sets X%} are pairwise disjoint. We think of the
truth-sets X;%v fori,j < 4, as a finite family of infinite sets making up the grid for the
tiling (see Fig. 2.1). The formulae in (5) ensure that every point of the grid is covered by
some tile and that different tiles never cover the same point. Finally, formulae (6) and
(7) ensure the tiling conditions in the horizontal and vertical directions, respectively.

Note that if (B,w) F yx;; then, in view of (6), there exist points u,v € W with
(B, u) F xiys1,; and (B, 0) F x;,; for which d(w,u) < 20 and d(u,v) < 20. But then,
by the triangular inequality, d(w, v) < 40, and so, by the second formula in (4), w = v.
The situation in the vertical direction is similar.

We are going to show that the conjunction of formulae in {—=(xo0 — L)} UT is

satisfiable in K if and only if T can tile N x IN. This will be done in two steps.

LEMMA 2.3. If T tilesIN x IN, then {—(xo00 — L)} UT is satisfiable in the 2-dimensional
Euclidean space (IR?,d5).

PROOF. Suppose T : N x N — T is a tiling. For r € R?, put
S(r) = {y € R?: dy(r,y) <9}.
Define a model B on (IR?, d,) by taking, fori,j <4and k <1,
p? = |J S(20(5n+1i),20m),

mmneN

gf = |J S(20m,20(5m +j)),
mmneN

= |J S(20n20m).
T(n,m)=Ty

It is not difficult to see that this model satisfies {—(xo0 — L)} UT; see Figure2.1. [

LEMMA 2.4. Suppose that a model B based on a space (W,d) € D' satisfies the conjunc-
tion of {—(xo00 — L)} UI. Then there exists a function f : IN x N — W such that, for all
i,j <4and ki, ko € N,

(@) (B, f(5ky +1,5k2 + 7)) F xij;
(b) d(f(ki,ka), f(k1+1,ka)) <20and d(f (ki +1,k2), f(k1,k2)) < 20;
(©) d(f(k1, k2), f(kr, k2 +1)) <20 and d(f (ki, k2 + 1), f (k1, k2)) < 20.

’The first conjunct in the right hand sides of (6) and (7) is redundant if K consists of symmetric

spaces only.



40 2. COMPUTATIONAL PROPERTIES OF DISTANCE LOGICS

q1 L]z q3 44 4o

320

220

120
100
80
60
40

20 --@@@ @@ @@@@@@@@@@@@ @@@ ol

(0,0) 20406080100' 10 '280' 380

Figure 2.1: Building the grid.

The map T : N x N — T defined by taking
T(n,m)=Ty: <= (B, f(n,m)) Ery forallk <landalln,m € N,
is a tiling.

PROOF. We define f inductively. Pick some f(0,0) with (B£(0,0)) F xo0,0. By (6),

we can then find a sequence w, € W, for n € IN, such that

e wy = £(0,0),

o (B, wsk, i) F xipforalli <4andk € N,

o d(wy, wyi1) <20and d(wy,41, w,) < 20.
We put f(n,0) = w, for all n € IN. Similarly, by (7), we find a sequence v, for n € IN,
such that

e vy = f(0,0),

. <SB, U5k+j> F xojforallj <4and k € IN,

o d(v,,v,41) <20and d(vy,41,v,) < 20.
Put f(0,m) = vy, for all m € IN. Suppose now that f has been defined for all
(m',n’") with m" +n’ < m + n so that it satisfies conditions (a)—(c). Without loss
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of generality we can assume that n = 5k;, m = 5k, + 1, for some ki,k, € IN.
Then (B, f(n,m —1)) F xo0, and hence (B, f(n,m —1)) F ES?xg;. So we can
find a w' € W with (B,w') F xo1 and such that d(f(n,m —1),w') < 20 and
d(w', f(n,m —1)) < 20. We then put f(n,m) = w'. It remains to prove that f
still satisfies (a)—(c). To this end it suffices to show that d(f(n —1,m),w’) < 20 and
d(w', f(n—1,m)) <20. We have (B, f(n —1,m)) F xa1, and so there exists a w”’ € W
with (B, w") E x01 and such thatd(f(n —1,m),w"”) <20and d(w”, f(n —1,m)) < 20.

Thus it is enough to show that w’ = w”. Suppose otherwise. Then we have

o d( w”, f(n—1,m)) < 20;
d(f(n—1),m), f(n—1,m—1)) < 20;
(f(n —1,m—-1),f(n,m—1)) <20;
d(f(n,m—1),w') < 20.
By the triangular inequality, it follows that d(w”,w’) < 80, contrary to the second

formula in (4). It is readily seen now that 7 is a tiling. O

This completes the proof of Theorem 2.2. ]

2.3. A Decidable Logic of Metric Spaces: MSp

Our main concern in this section is to establish that, when interpreted in the class
MS of all metric spaces, LOp[IR"] has the finite model property (FMP), i.e., every sat-
isfiable formula of LOp[R™] is satisfiable in a finite metric space, and that satisfiability
in LOp[QT] is decidable over the class MS. However, in Proposition 1.16 (i) we have
shown that LOp[Q*] and Lp[Q™] are structurally equally expressive over the class of
all distance spaces, i.e., for every formula ¢ of LOp there is a formula q)* of Lp such
that ¢ is satisfiable in a point w of a full model based on a distance space (W,d) if
and only if ¢' is satisfiable in w in a nominal-free model based on (W,d). We will
therefore, for purely technical reasons, work with the language Lp, i.e., assume that
no nominals iy or the universal modality occur in formulae—thus proving the results
first for the language Lp and then transfer them to the language LOp via the following
simple corollary.

COROLLARY 2.5. Fori € {d,s,t,m}, the following hold:

(1) LOp[R*] has the EMP over the class D' if and only if Lp[R*] has the FMP over
the class D'

(2) Satisfiability of LOp[Q]-formulae in D' is decidable if and only if satisfiability of
Lp[Q*]-formulae in D' is decidable.

PROOF. By Proposition 1.16 (i). U
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But before turning to the details of the proof, we give a relational representation of

metric spaces that enables us to use tools and techniques from standard modal logic.

2.3.1. Frame Representation for Lp[M]. As we have two kinds of distance oper-
ators in the language Lp[R™], namely, A" and A~*, the frame-companions of distance

spaces S = (W, d), as defined in Definition 1.11, are structures of the form

8) fD(S) = <W, (Rga)aEMz (R>a)a€M> ’

where (R<;),er+ and (Rs,),cr+ are two families of binary relations on W defined by
UR<,v <= d(u,v) < aand uR-,v < d(u,v) > aforalla € R" and u,v € W.
Moreover, in Proposition 1.12 we have shown that for every distance space model
B = (W,d,pf,...)and its frame-companion model M = (§p(S), p, . . .) we have, for
all formulae ¢ in Lp[R"] and points w € W:

©) (B,w) F ¢ = (ip(S),w)F ¢

We can, therefore, understand the relations uR<,v and uR- ;v as stating that ‘v is
at most a (units) away from #” and ‘v is more than a (units) away from u’, respectively.

Our next aim is to describe in a more analytic way a suitable class of Kripke frames
comprising all frame-companions of metric spaces for the language Lp, where by
‘suitable” we mean a class of frames that suffices to characterise theoremhood in the
language Lp. Let us impose a number of restrictions on the accessibility relations and
say that an M-frame f of the form

(10) f = <WI (Rga)aeM/ (R>a)aeM>
is D-metric, if the following conditions hold for alla,b € M and w,u,v € W:

(D1) R<;UR-,=WxW,

(D2) ReqNReg = 2;

(D3) If uR<,vand a < b, then uR-;v;
(D4) uR<pv <= u=v;

(D5) uR<;v <= vR<,u;

(D6) If uR<,v and vRpw, then uR—,,,w, whenever a + b € M.

Properties (D4), (D5) and (D6) reflect Axioms (1)—(2) of metric spaces. Thus, we call
an M-frame f D-standard, if it satisfies (D1)—-(D4); we call it D-symmetric, if it satisfies
(D1)—~(D5); and we call it D-triangular, if it satisfies (D1)-(D4) and (D6).

Note that all D-metric frames satisfy the additional properties:
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D7) IfuR<,vand uR-,,,w then vR.,w, whenevera +b € M;
D8) IfuR-,vanda > b, then uR.,v;
D9) uR.,v <= vR.,u;

D10) uR<,vand uR-,w, then vR-yw,

where (D7) is a consequence of (D1), (D2) and (D6); (D8) follows from (D1), (D2) and
(D3), (D9) from (D1), (D2) and (D5), and (D10) from (D1), (D2) and (D4). Thus, all D-
standard frames also satisfy (D8) and (D10), all D-triangular frames also satisfy (D7),
(D8) and (D10), and all D-symmetric frames also satisfy (D8), (D9) and (D10). Note
also that condition (D10) is the special case of condition (D7) for b = 0.

We shall denote by 7[M], 3°[M], F*[M] and F"[M] the classes of all D-standard,
D-symmetric, D-triangular, and D-metric M-frames, respectively.

The reason why we will sometimes assume these 'redundant’ conditions is that
condition (D2) is not definable in the language L p when interpreted on Kripke-frames,

namely we have the following;:

PROPOSITION 2.6 (UNDEFINABILITY IN Lp).
There is no set ® of Lp[M]-formulae such that, for all M-frames f, we would have

fED® <= fsatisfies condition (D2).

PROOF. By the Goldblatt-Thomason Theorem, a first-order definable class of
frames is modally definable, that is, characterised by the validity of some set ® of
modal formulae, if and only if it is closed under taking p-morphic images, generated
subframes, disjoint unions and reflects ultrafilter extensions, cf. Goldblatt and Thoma-
son [1974] or Goldblatt [1993].

e~ 7 T~
f1 vR>au< )uR>av Q*Q f2

Figure 2.2: (D2) is not definable on frames.

Hence, to prove the lemma, it suffices to give a frame f; satisfying (D2) and a

surjective p-morphism 7t : f; — {2 such that (D2) does not hold in f,.
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Figure 2.2 illustrates two such frames. The M-frame f; in Figure 2.2 (where a
ranges over M) clearly satisfies (D2). The depicted map 7t is obviously a p-morphism
from f; onto the M-frame f,, but f, does not satisfy (D2). O

In fact, f; satisfies all the properties (D1)-(D10), which means that none of the
classes 7, 75, 5!, and F" is Lp [M]-definable. Basically, this is due to the fact that we
treat all our distance operators as standard modal operators. If we would interpret
E~? as a logical modality, namely as the difference operator, then we could simulate
nominals and define the universal modality, and thus define (D2). This would, how-
ever, not simplify the proof of the finite model property, as will be clear from the proof

below.

It is easily checked that, for every metric space S = (W, d) (distance space, sym-
metric space, triangular space) and parameter set M, the frame-companion fp(S) is
a D-metric M-frame (D-standard, D-symmetric, D-triangular). Moreover, we have

the following representation result.

THEOREM 2.7 (REPRESENTATION OF METRIC SPACES FOR Lp).
(i) For every finite parameter set M and D-metric M-frame § (D-standard, D-symmetric,
D-triangular) there is a metric space S (distance space, symmetric space, triangular space)

such that f is its frame-companion, i.e., f = fp m(S). In particular, if § is finite, so is S.

(ii) For an arbitrary parameter set M we have: An Lp[M)]-formula ¢ is satisfiable in a met-
ric space model (distance space, symmetric space, triangular space) based on a set W if and
only if it is satisfiable in a model based on a D-metric M-frame (D-standard, D-symmetric,

D-triangular) based on W.

PROOF. Let us first prove (i). Let M = {0,431, ...,a,_2,} be a finite parameter set
with ¢ = max(M) and let

f= (W, (R<a)aem, (R>a)aem) -
Let
D:={aj+aj— | aj+a; > yandaj;a; € M}
and set € := min(D U {1}) > 0. The definition of ¢ guarantees the following property:
(11) Ifa,be Manda+b < y+e¢ thena+b <.

Thus, by (11), a,b € Mand a+b < v+ ¢ implies a+ b € M, since M is a parameter
set. Define a function d : W x W — R* by setting for all u,v € W:

d(u,v) =min({y+etU{a e M | uR<v}).

As M is finite, d is well-defined. Next, we show that if f is D-standard then d is a dis-

tance function. If § is D-symmetric, then d satisfies symmetry, and if { is D-triangular,
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then d satisfies the triangular inequality. Thus, if f is D-metric, then, indeed, 4 is a

metric. Clearly, the range of d is M U {y + ¢}.
(a): d(u,v) = 0if and only if uR<(v if and only if u = v, by condition (D4).

(b): We assume condition (D5) of D-symmetric frames: suppose d(u,v) = a. If we
have a = 7 + € then ~uR,v for all b € M, and so, by condition (D5), -vR<,u for
allb € M, hence d(v,u) = 7+ ¢. Similarly, if 2 = min({b € M | uR-,v}) and so
d(u,v) = a, then vR<,u by (D5), and —~vR<.u forall c < a,sod(v,u) = a.

(c): We assume condition (D6) of D-triangular frames: suppose d(u,v) = a and
d(v,w) = b. We have to show that d(u,w) < a + b. Suppose first thata +b > v +e.
Then, since the range of d is M U {7y + ¢}, we have d(u, w) < a+b.

So we may assume thatd(u,v) =a < v,d(v,w) =b < y,anda+b < y+e. By (11)
we have a + b € M. By condition (D6) it follows that uR,,w. Thus, by the definition
of d, we have d(u,w) <a+b.

Thus we can define a distance space S := (W, d). It remains to prove that, indeed,
fp,m(S) = f. To this end, we have to show that

(A) d(u,v) <a <= uR<,v, foralla € M, and
(B) d(u,v) >a <= uR-.,v, foralla € M.

Let us first prove (A): Suppose d(u,v) < a. Then, by the definition of d, there is a
b € M with b < a such that uR-,v. By condition (D3) we obtain uR<,v. Conversely, if
uR<,v, then d(u,v) < a by definition of d.

To prove (B), assume first that d(u,v) > a. Then we have —uR<,v by definition of
d. By condition (D1) we obtain uR~ ,v. Conversely, if uR- ;v then -uR<,v by condition
(D2). Then, by condition (D3), we have ~uR-},v for all b < a. Thus, d(u,v) > a.

Note that the proof does not depend on whether or not the set W is finite, but only
on the finiteness of M.

We can now proceed to prove (ii). One implication is immediate. Suppose that ¢
is satisfied in the distance space model B = <W, d, po%, p‘lB, cee, io%, i(iB, .. > based on the
distance space S = (W, d), i.e., that (B, w) F ¢ for some point w € W. By Proposition
1.12, we have that ¢ is satisfied in the frame-companion model 9tp (*8). Moreover, it is
easily checked that the frame fp(S) underlying 9tp (B) is D-metric, i.e. satisfies prop-
erties (D1)—(D6), if S was a metric space, that it is D-symmetric, if S was a symmetric
space, etc.

Conversely, assume ¢ is satisfiable in the D-standard M-frame f. We first define a
finite parameter set M(¢) and a D-standard M(¢)-frame §', such that ¢ is satisfiable

in f if and only if it is satisfiable in §'.
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Let

Par(¢):={a € M | aoccursin ¢}

and let
v := max(Par(¢)) + 1.

Then define M(¢) as follows:
M(g):={aeM | a=a+---+a, <7, ay,...,a, € Par(¢), n < w}.

Clearly, M(¢) is a parameter set. For 0 € M(¢) andifa,b,c € M(¢)anda+b <c <y,
thena = a;+... +arand b = by + -~ + by with a;,b; € Par(¢), a+b € M, and so
a+b € M(¢). Further, M(g) is finite. For if y is the smallest positive number in
Par(¢), then the number k of summands inasuma; + ...+ a;isbounded by k- u < +.
Thus |[M(¢@)| <2+ |Par(¢)|", where v is the smallest natural number greater than %
Now we define the frame f' as the frame-reduct of § with respect to M(¢), that is

o= f Lipm(g)) -

As remarked on Page 21, since ¢ € Lp[M(¢)], ¢ is satisfiable in f if and only if it
is satisfiable in f |(p (). By (i) there is a distance space S such that it is its frame-
companion, i.e., fp m(g)(S) = | l(p,m(p))- By Proposition 1.12, ¢ is satisfiable in S,
which had to be shown.

O

In the next section we are going to proof that every satisfiable Lp[M] formula ¢
is satisfiable in a finite D-metric M'-frame, where M’ C M is finite, thus proving the
finite frame property with respect to D-metric frames. Note that in the presence of the
difference operator the finite frame property is, in general, not equivalent to the finite
model property [de Rijke, 1992]. The finite model property with respect to metric
spaces, however, is an immediate corollary by Theorem 2.7. Further, we can regard
the class of all D-metric (D-triangular etc.) M-frames as a relational representation
of metric (triangular etc.) spaces in the sense that a formula is satisfiable in a metric
(triangular etc.) space model if and only if it is satisfiable in a D-metric (D-triangular
etc.) M-frame. However, this correspondence does not carry over to infinite sets of
formulae, which will be discussed in more detail in Section 3.3, where we investigate
the compactness property. Note also that the technique used in the proof of Theorem
2.7 (i) does not apply to models with an infinite number of relations, that is, where the

parameter set M is infinite.
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2.3.2. The Finite Model Property. In this section we prove the following theorem:

THEOREM 2.8 (FINITE MODEL PROPERTY OF Lp IN METRIC SPACES).
An Lp[R*]-formula ¢ is satisfiable in a metric space model if and only if it is satisfiable in a
finite metric space model of size f(|¢|), where f(|¢p|) is effectively computable.

PROOF. The theorem follows from Proposition 1.12, Theorem 2.7 and the finite
frame property of Lp[R*] with respect to D-metric R*-frames, Theorem 2.9 to be

proved below. m

THEOREM 2.9 (FINITE FRAME PROPERTY). An Lp[RY]-formula ¢ is satisfiable in a
D-metric R -frame if and only if it is satisfiable in a finite D-metric Rt -frame. In particular,
@ is satisfiable in a finite D-metric M(¢p)-frame, where M(¢) C R™ is finite, whenever ¢ is
satisfiable.

PROOF. We first outline the idea of the proof which consists of three steps. Sup-

pose ¢ € Lp[RT] is satisfiable in some model 91 based on a D-metric R*-frame f.

Step 1. We replace the D-metric R*-frame § by a D-metric M(¢)-frame j* such that

¢ is satisfiable in a model 9" based on f' and M(¢) is a finite parameter set.

Step 2. The next step is to filtrate the model M through some suitable set cl(¢) of
formulae of Lp[M(¢)] (see, e.g., Chagrov and Zakharyaschev [1997]). The setcl(¢) isa
closure of the set SF(¢) of subformulae of ¢ under rules similar to those of the Fischer—
Ladner closure for PDL-formulae (cf. Harel [1984]). As a result of the filtration we geta
finite model M/ in which ¢ is satisfiable and which is based on a frame §/ that satisfies

all properties of D-metric frames except possibly (D2), and additionally (D7)—~(D9).

Step 3. Since }/ does not necessarily satisfy condition (D2), there may exist a
v € W/ such that ij;av and wRJ;,lv, for some w € Wf and a € M(g). To ‘cure’
these defects, we make copies of such ‘bad” points v and modify the relations ng . and
Réu in §/ obtaining a finite D-metric M(¢)-frame §* in which ¢ is satisfiable. Here, we
need the additional property (D7) satisfied by the frame §/ to establish the triangular
inequality for §*, i.e. (D6). (The ‘copying-method” was developed by the Bulgarian
school of modal logic; see Gargov et al. [1988], Vakarelov [1991]. Our technique fol-
lows Goranko [1990a].) Finally, we turn the frame {* into a D-metric R*-frame i, in

which ¢ is satisfiable.

Let us now turn to technical details. Suppose ¢ is satisfiable in a model 9t based on
the D-metric R-frame f = (W, (R<q)aer+, (R>a)aer+), 6. (M, w) E ¢ for some point
weW.
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Step 1. Define M(¢) as in the proof of Theorem 2.7 (ii). M(¢) is a finite parameter
set, v is the greatest number in M(¢), p is the smallest positive number in M(¢), and
M(¢) is bounded by |[M(¢)| < 2+ |Par(¢)|", where v is the smallest natural number
greater than ..

Further, define f' := § l(D,M(g)) s the frame-reduct of f with respect to M(¢). Then
forall p € Lp[M(¢)] and points u € W we have

<f,p8n,pzfn,...,u> Fyp — <f+,p8n,pzfn,...,u> F .

In particular, we have (§', pi", pJ%, ..., w) E ¢. Denote the model (j', pi", p7",...) by
omt.

Step 2. Let SF(¢) be the set of all subformulae of ¢. Define the closure cl(¢) of
SF(¢) as the smallest set T of formulae of Lp[M(¢)] such that SF(¢) C T and

(C1) T is closed under subformulae.

(C2) If € T, then A%y € T whenever ¢ is not of the form A<y

(C3) IfA<"p € Tanda > ay + - +ay, a; € M(¢) — {0}, then ASM . ASWyp € T.

(C4) If A>%p € Tand b € M(¢), then ~ASP=A>y € T.

(C5) If A% € Tand b > a (b € M(g)), then Aty € Tand ifa+b € M(g)
(b € M(@) — {0}), then ~A>*+P—A>4p c T,

Next, we show that cI(¢) is a finite set.
LEMMA 2.10. [cl(@)] < S(g) =272+ [SF(g)| - |[M(p) /.

PROOF. Observe that cI(¢) can be obtained from SF(¢) step-by-step as follows:

First, take the closure of SF(¢) under subformulae and (C5) and denote the result
by cli(¢). Second, take the closure of c/;(¢) under subformulae and (C4) and denote
the result by cl>(¢), which is still closed under (C5). Third, take the closure of cl,(¢)
under subformulae and (C3), denote the result by c/3(¢) and notice that cl3(¢) is closed
under (C4) and (C5). Finally, take the closure of c/3(¢) under (C2). This is closed under
(C1)—(C5).

The following is now readily checked:

e |cli(¢)| is bounded by [SF(¢)|-2" - |[M(¢)|", because the introduced formu-
lae are of the form (—=)A~%(=)A>%2(=)...(=)A~%t, with a; —a;;1 > p and
(=) marking a possible occurrence of —. The length k of such sequences of
parameters a; is bounded by v, because a1 < yandsok-pu < 7.

e |clx(¢@)|is bounded by 4 - |cl;(¢)| - |[M(g)].

e |cl3(¢@)| is bounded by |cl(¢)| - [M(¢@)|" because, as shown in the proof of
Theorem 2.7 (ii), no chains a; + ...+ a, < 7y of length > v exist in M(¢), so
no chain AS" ... AS% of length > v is introduced when taking the closure
under (C3).
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e [cl(¢)] is bounded by 2 - [cl3(¢)].
So we obtain that |cl(¢)| is bounded by S(¢) = 2V*3 . |SF(¢)| - |[M(¢)[**+1. O

We are now going to filtrate ' through ©® = cl(¢). Define an equivalence relation
= on W by taking

u=ov:e (Mu)kEyiff (M,0)Fyforally €O,

Let [u] = {v € W : u = v}. Construct a filtration 9t/ = <ff, pgﬁf,pglmf,...> with
§f = <Wf, (Réa)aeM(q,), (Rj;g)aeM(q,)> of M through @ by taking
o W= {[u]:uc W}
o p™ = {[u]:uep™}fori< w;
o [u]RJ;a[v] : <= for all formulae A"y € ©:
- (M, u) E AS"y implies (IM',v) F x and
- (M',0) E ASTx implies (M', u) F x;
o [u]RJ;a[v] : < for all formulae A%y € ©:
- (MY, u) E A>%x implies (M',v) F x and
- (M',0) E A>7x implies (MY, u) F x.
Since @ is finite, W/ is finite as well. We summarise the properties of M/ in the fol-

lowing lemma:
LEMMA 2.11. (1) For every ¢ € © and every u € W we have:
<zm+,u> Fy <sz, [u]> = .
) f satisfies conditions (D1) and (D3)—(D9) from Section 2.3.1.
(3) §/ is finite and |W/f| < 25(9),

PROOF. Claim (3) follows immediately from the definition of 9t/ as a filtration
through c/(¢) and the bound for the size of c/(¢) proved in Lemma 2.10.

Claim (1) is proved by an easy induction on the construction of .
To prove (2), let us check conditions (D1) and (D3)—(D9).

(D1): We have to show that Rj;a U Rj;a = W/ x W/, Let ﬁ[u]ngu [v]. Then —uR<,v,

and so uR-,v, since §' satisfies (i). Thus [u]Rf>a [0].

(D3): If [u]R.,[v] and a < b then [u]RL[0]. Let [u]RL,[v] and a < b, for b € M(g).
Suppose (M, u) F A<ty. By condition (C_Z3) in the definition of ® = cl(¢), AS"x € O,
and so (M',u) E AS"y. Hence (M',v) F x. In the same way we can show that
(M',0) E ALy implies (M, u) E x.

(D4): [M]RJ;O[U] <= [u] = [v]. The implication (<) is obvious. So suppose
[u}RJ;O[v]. Take some i € © with (MM, u) E . Without loss of generality we may
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assume that ¢ is not of the form A="x. Then, by closure condition (C2), A<’y € ® and
(M, u) E A=%. Hence (IM',v) E 9. In precisely the same way one can show that
forally € ©, (M',v) F ¢ implies (M',u) £ ¢. Therefore, [u] = [v].

(D5) and (D9): [w]RL,[u] <= [u]RL,[w] and [w]RL,[u] < [u]RL,[w] hold by

definition.

(D6): If [u]RL,[0] and [0]RL,[w], then [u]R. ,[w], for (a +b) € M(g). Suppose
(M',u) E AS*tbx. Then AS'A=ly € @ by (C3) and (M’ u) E ASTASlx. It follows
that (M, v) F ASly, whence (M',w) F x. Now suppose that (M’ w) F AS#+by.
Again, we have ASPA=%) € @by (C3) and (M', w) F ASPA="x. Then (M',v) £ A<y,

whence (MM, u) F x.

(D7): If [u]Réa[v] and [u]R];Hb[w], then [U]Rib[w], fora+b € M(¢p). Suppose
that (M',v) F A>Px. Then ~A="-A>'x € @ by closure condition (C4) and hence
(MF,u) E -AS"=A>bx. It follows that (M',u) E A>*"bx and so (M',w) F x. For
the other direction suppose (M',w) F A>’x. Then (M, u) E ~A>*t-A>bx and
—~A>1+b A=ty € @ by (C5). Hence (M, u) F A"y and so (M',0) F x.

(D8): If [u]R];a[v] and a > b then [u]Rj;h[v]. Let [u]RJ;a [v] and a > b. Suppose
(M',u) E A>Px. Then A>"x € © by (C5), (M, u) E A>%x, and so (M, 0) F .
Again, the other direction is treated analogously.

O

Step 3. Unfortunately, f/ does not necessarily satisfy condition (D2) which is re-
quired to construct a metric space from a relational model. It may happen that for
some points [u], [v] in Wf and a € M(¢), we have both [u]RJ;a [v] and [u]R’;a [v]. We

therefore have to perform some surgery on the model 9f. The defects form the set
DW/) = {ve W/ | 3a e M(¢) Fu € W (uRL,0 & uR. 0)}.
Let
W* = {(v,i) | ve D(WS),i € {0,1}}U{(1,0):uc W —DW/)}.

So for each v € D(W/) we now have two copies (v,0) and (v,1). Define a new model
me = (7, pd, P, ..., ) with f* = (W*, (R%,)acM(p)s (R;u)aEM(¢)> by setting

o P = {(u,i) e W* | uep™}, foralli < w,
and by defining accessibility relations RZ, and R, as follows:

e if 7 > 0 then

(,i) R%, (v,) : <= either (uRL,0 & —uRL,v), or (uRL,0 & i = j);
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e if 4 = 0 then
<M,i> R*ga <Z),j> = <M,i> = <U,j>;
e R%, is defined as the complement of RZ , i.e.,
(i) R, (0, )+ = = (u, 1) R (v, ) -

LEMMA 2.12. §* = (W*, (R%,)sem(q), (REa)acm(q)) i a finite D-metric M(q)-frame
and |W*| < 2-25(9),

PROOF. The upper bound for W* is obvious. That {* satisfies (D1), (D2), and (D4)

follows immediately from the definition. Let us check the remaining conditions.

(D3) Suppose that (u,i) R%, (v,j) and b € M(¢) is such that a < b. If i = j then
clearly (u,i) RZ; (v, j). So assume i # j. Then, by definition, uR];uv and ﬂuRJ;uv. Since
i/ satisfies (D3) and (D8), we obtain uRJ;bv and ﬂuRJ;hv. Thus (u,i) RZ, (v, j).

(D5) follows from the symmetry of RJ; , and R’; 2, conditions (D5) and (D9).

(D6) Suppose (u,i) RZ, (v, ), (v,j) RL, (w, k) and a + b € M(¢). Then uRJ;ﬂv and
va;bw. As §/ satisfies (D6), we have uRf;wa. If i = k then clearly (u,i) RZ,,, (w,k).
So assume i # k. If i = j # k then, using (D7) for ff , ﬁuR/; 2 pW, since uRJ;av and
ﬁvR/; ,Ww- The case i # j = k is considered analogously using the fact that the relations
in {/ are symmetric.

O

LEMMA 2.13. Forall (v,i) € W* and ¢ € ®, we have:
O, (0,0)) = (M, 0) .
In particular, ¢ is satisfiable in 9", i.e., (M, (w,i)) F ¢,i=0,1.
PROOF. The proof is by induction on 1. The basis of induction and the case of
Booleans are trivial. The cases iy = A=y and ¢ = A~?x are consequences of the
following claims:

Claim 1: If uRJ;av and (u,i) € W* (i € {0,1}), then there exists a j such that

(,1) R (v, ).
Indeed, this is clear for i = 0. Suppose i = 1. If v was duplicated, then (v, 1) is as

required. If v was not duplicated, then ﬁuRJ;uv, and so (v,0) is as required.

Claim 2: If (u,i) RL, (v,]), then uRf;uv.
This should be obvious.

Claim 3: 1If uRf;av and (u,i) € W* (i € {0,1}), then there exists a j such that
(u, i) R, (0, ).
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Suppose i = 0. If v was not duplicated, then ﬁuRJ;av. Hence - (u,0) R%, (v,0). If v
was duplicated, then = (1,0) R%, (v, 1). In the case of i = 1 we have - (u,1) RY, (v,0),
ie., (u,1)R%, (0,0).

Claim 4: If (u,i) R%, (v,]), then uRJ;av.
Indeed, if i = j then ﬂuRj;av and so uRf;av. And if i # j, then uRéav. (]

Thus, we have shown that ¢ is satisfiable in the model 91" based on the finite D-
metric M(¢)-frame §*. It remains to transform §* into a D-metric R*-frame ft in which
@ remains satisfiable. By Theorem 2.7 (i), there is a metric space S based on the same
set W* such that f* is its M(¢)-frame companion, i.e. fp p(y)(S) = f*. By Proposition
1.12, ¢ is satisfiable in S. Take the R-frame companion of S, f# = fpr+(S). Then §* is
a D-metric R"-frame and ¢ is satisfiable in it.

This completes the proof of Theorem 2.9. U

2.3.3. Decidability. We can now derive the decidability of the satisfiability prob-
lem of formulae from the language Lp[Q™] in the class of metric spaces.

THEOREM 2.14 (DECIDABILITY OF Lp IN METRIC SPACES).
The satisfiability problem for Lp[Q]-formulae in the class M8 of metric spaces is decidable.

PROOE. Let ¢ be some Lp[Q"]-formula. By Theorems 2.9 and 2.7, ¢ is satisfiable
in a metric space if and only if ¢ is satisfiable in some finite and D-metric M(¢)-frame
f, where the size of f is at most f(|¢|) and M(¢) is finite. Thus, to decide whether ¢ is
satisfiable in the class M8, we first enumerate all D-metric M(¢)-frames of size at most
f(lo]) (clearly, it is decidable whether a finite frame of size 1 is a D-metric frame), of
which there are only finitely many, and then check whether ¢ is satisfiable in one of
them. O

2.4. Decidable Logics of Non-Metric Distance Spaces

Let us now consider the satisfiability problem in the class D¢ of arbitrary distance
spaces and its subclasses D° and D*. For D¢ and D* we can prove decidability even

for the language L5,[Q]. For D' we will consider the language Lp[Q™].

THEOREM 2.15 (DECIDABILITY OF L3> IN NON-METRIC SPACES).
The satisfiability problem for LF,[Q"|-formulae in D and D* is decidable. Moreover, both
problems are NEXPTIME-complete (for binary encoding of parameters), and, in both cases,
any satisfiable formula is satisfiable in a finite model.

PROOF. The proof is based on a simple reduction to the satisfiability problem for

the two-variable fragment of first-order logic. Recall that atomic formulae d(x,y) < a
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and é(x,y) = a canbe regarded as binary predicates P,(x,y) and P_,(x,y). Denote by
@™ the result of replacing all subformulae in ¢ of the form §(x,y) < aand §(x,y) = a
by P-,(x,y) and P—,(x,vy), respectively. Let

O=a<m<---<ay

be the list of rational numbers that occur in ¢, together with 0, and let I be the set of

the following formulae, for i < n:

Y,y (Pog,(x,y) =\ —Pea(x,y) A \ "P=o(x,y) A\ Peo)(x,y))

0<j<i i#] n>j>i

v,y (Peo,(x, ) — /\P<axy

i<j<n
Vx, y—Po(x,y);
v,y (P-o(x,y) < x =y).

We claim that the set I' U {¢ ™} (which is of size polynomial in the size of ¢ for binary

encoding of parameters) is satisfiable in a first-order structure
2 2 2 2
A = <W PR PP c1>

if and only if ¢ is satisfiable in a distance space model.
The direction (<) is clear. So suppose that 2 satisfies I' U { ¢ }. Define a distance
space structure
B = <w,d,P§‘,...,c%‘,...>

by taking, fora,b € W:
a; if AFE P_y(a,b);
d(a,b) == { =L GEAE ~P,(a,b) A Py, (a,b) A =Py, (a,b);
2-a, ifAE =P, (a,b)\N—-Py (a,b).

It is not difficult to see that B satisfies @, we just need to show that d is a well-defined

distance function and satisfies, for all a,b €¢ W:
d(a,b) <a;j <= AEP.,(a,b) and d(a,b)=a; <= AFE P_,(a,b).

But this is exactly what is guaranteed by A F T'.

Hence, to decide whether ¢ is satisfiable in a distance space model, it suffices to
check whether I' U { ¢} is satisfiable in a first-order structure. This proves the decid-
ability of satisfiability in D,

For D3, we take the set I's which is

T U{Vx,y(P<o,(x,y) < Pea (¥, X)), V2, y(P=,(x,y) < P, (y,x)) | i< n}.

It is readily checked that ¢ is satisfiable in D® if and only if I'; U { ¢} is satisfiable.



54 2. COMPUTATIONAL PROPERTIES OF DISTANCE LOGICS

Since the satisfiability problem for the two-variable fragment with unary pre-
dicates only is already NEXPTIME-complete, the satisfiability problem for £LF,[Q™]
is clearly NEXPTIME-hard. The remaining claims follow immediately from the
NEXPTIME-completeness of the two-variable fragment of first-order logic (with bin-
ary relations) and its finite model property, compare Mortimer [1975], Fiirer [1984] and
Grédel et al. [1997]. ]

In Theorem 1.17, we have shown that the first-order language £LF,[Q*] is express-
ively complete for the modal language LOr[Q"] over symmetric structures and that
LF,[Q7] is as expressive as LOp[Q™] over arbitrary distance spaces. We can now use
this correspondence to easily derive corresponding upper complexity bounds for LOF

over symmetric and arbitrary distance spaces.

COROLLARY 2.16. The satisfiability problem for LOp[Q"]-formulae (and all its sublan-
guages) is decidable in NEXPTIME (for binary encoding of parameters) in the classes D* and
D9. LOp[Q*] has the finite model property in the classes D® and DA,

PROOE. Since the translation from LOr[Q]-formulae to LF;,[Q]-formulae given
in Theorem 1.17 is polynomial and satisfiability preserving, LOp[Q™"] satisfiability is
decidable in NEXPTIME. Further, LOr[Q"] has the finite model property over both,
arbitrary and symmetric distance spaces, since LF,[Q] has the finite model property

over these classes by Theorem 2.15. O

We leave it as an open problem whether the complexity of the satisfiability prob-
lem for LOp[Q*]-formulae in symmetric and arbitrary distance spaces is NEXPTIME-
complete. Similarly to the situation in Boolean modal logic enriched with converse
operators and the difference operator, compare Lutz et al. [2001b], it might be the
case that satisfiability in LOp[M] is EXPTIME-complete for finite M, but NEXPTIME-
complete for M infinite, i.e., M = N, Q™.

Let us now consider the satisfiability problem in the class D' of spaces satisfying

the triangular inequality.

THEOREM 2.17 (DECIDABILITY AND FMP OF Lp IN TRIANGULAR SPACES).
(i) The satisfiability problem for Lp|Q]-formulae in D' is decidable.

(ii) Any Lp[QT]-formula ¢ satisfiable in D' is satisfiable in a finite member of D' of size at
most g(|@|), where g(|p|) is computable.

PROOF. The proof of (ii) is essentially the same as the proof of Theorem 2.8. Given
a formula ¢ satisfiable in a triangular space, we find a D-triangular R "-frame in which
¢ is satisfiable by Proposition 1.12. By Theorem 2.18 to be proved below, Lp[IR"] has

the finite frame property with respect to D-triangular R -frames. In particular, we
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find a D-triangular M(¢)-frame in which ¢ is satisfiable and such that M(¢) is a finite
parameter set. Finally, by Theorem 2.7 we find a finite triangular space S in which ¢

is satisfiable.

Claim (i) follows, as in the proof of Theorem 2.14, from the strong finite model
property together with the Representation Theorem 2.7. l

Next, we prove the finite frame property of Lp[R*] with respect to D-triangular

R*-frames.

THEOREM 2.18 (FINITE FRAME PROPERTY OF Lp IN F%).
A Lp[R*]-formula ¢ is satisfiable in a D-triangular R*-frame if and only if it is satisfiable
in a finite D-triangular R -frame. In particular, ¢ is satisfiable in a finite D-triangular

M(¢)-frame, where M(¢p) C R is a finite parameter set, whenever ¢ is satisfiable.

PROOF. The proof is quite similar to that of Theorem 2.9 and proceeds in three
steps. Steps 1 is as before. So we may assume that we have a model 9t based on
a D-triangular M(¢)-frame § such that (f, pJ", pT",...,w) F ¢ and M(g) is a finite
parameter set.

However, since models are now not necessarily symmetric, two important modi-
fications are required in Steps 2 and 3. One concerns the filtration, another the copying
technique:

Step 2. Let SF(¢) be the set of all subformulae of ¢. Define the closure c/(¢) of
SF(¢) as the smallest set T of formulae of Lp[M(¢)] such that SF(¢) C T and

(C1) T is closed under subformulae.
(C4) If A>ﬂlp S T and b S M(q)), then —|A§h_\A>HlP c T.

(C6) If A>*p € Tand b > a, for b € M(¢), then A>Py € T.

The closure cl(¢) of SF(¢) is defined in almost the same way as on page 48; the
only differences are that the last condition (C5) has been replaced with the condition
(C6), and (C2) is now not longer necessary since we define the relation RJ;O differently:
The filtration of M through © = cI(®) is modified in the following V\;ay. Define an

equivalence relation = on W by taking
u=v:<= forallp € ®wehave (M, u) F yiff (M, v) F .
Let [u] = {v € W : u = v}. Construct a filtration 0/ = <ff , pgnf’_ . > with the frame

§f = <Wf, (Réa)aeM((P), (Réa)ueM(¢)> of M through O by taking

o W ={[u]:ucW}
o p™ = {[u]:uepM}fori<w;
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e a>0: [u]RJ;u [v] <= A= € @ and (M, u) E AP implies (M, v) E ¥;

o a=0: [u]R.,[v] < [u] = [0];

e a>0: [u]Rj;a [v] <= AP € ®and (M, u) F A~ implies (M, v) F 9.
Since @ is finite, W/ is finite as well. Note also that we have that uR,v implies

[u]Rj;ﬂ [v], and uR- v implies [u]RJ;a[v].

LEMMA 2.19.
(1) For every € @ and every u € W: (M, u) E ¢ < (M, [u]) E ¢.
(2) §/ satisfies (D1), (D3)~(D4) and (D6)—~(D8) from Section 2.3.1, Page 42.

PROOF. (1) is proved by an easy induction; To prove (2), we have to check condi-
tions (D1), (D3)~(D4) and (D6)~(D8). The proof of (D1), i.e., RL, URL, = Wf x W/, is

as in Lemma 2.11.

(D3): if [u}RJ;a[v] and a < b then [u]RJ;b[v]. Let [u]RJ;a[v] and a < b for some b € M(¢).
Suppose (M, u) = A=b . By the definition of ©, (C3), A" € ©. Thus, since a < b,
(M, u) E A=¢. Then [u}Rf;u[v] implies (M, v) F ¢, and [u]Réb[v] follows.

(D4): [u]RJ;O[v] <= [u] = [v] holds by the definition of RJ;O.

(De): if [u]Réa[v] and [U]Réb[w], then [u]RfSHb[w], fora+b € M(¢). Suppose that
we have (9, u) F AS**Py. Then AS?A=ly € @ by (C3) and (I, u) F AS?A=by. So
(M, v) = Asby, whence (I, w) F ¢.

(D7): if [u]R ,[0] and [u]R., [w] then [0]R. [w], fora+ b € M(¢). Let (I, 0) = A>Vy
and A>’yp € ©. Then we have ~A=*=A>lyp € @ by (C4) and (M, u) F —AS=A>Dy,
for otherwise (since ® is closed under subterms) (9, u) F AS?=A>Yy together with
[u]Rj;u [0] would imply (9%,0) E —A>Yyp, which is a contradiction. Suppose that
uR- ., px for some point x € W. Since (I, u) F ~AS"=A>y, there is a point y € W
such that uR<,y and (9, y) F A>Pyp. As 9 satisfies (D7), it follows that yR-,x, and so

(M, x) E . Hence (M, u) E A~ which implies (9, w) F .

(D8): if [u}R/;a[v] and a > b then [u]RJ;b[v]. Let [u]Réa[v] and a > b for some b € M(¢).
Suppose (9, u) E A>'y. By the definition of ®, (C6), Ay € ©. Thus, since a > b,
(M, u) E A>p. Then [u}RJ;a[v] implies (91, v) F ¥, and [u]RJ;b[v] follows.

O

Step 3. We are now again facing the problem that / may not satisfy condition (D2).
To avoid this problematic case—the situation where for some points [u], [v] in W/ and
a € M(¢) both [M]ng 0] and [u]RJ;,Z [v] hold—we modify the copying technique in the

following way. The problematic points form the set

DW/) = {ve W/ | 3a e M(¢) 3u € W (uR.,0 & uR.,0)}.
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Let
W* = {(v,i) | ve DIWf), i€ {0,1,2}}U{(u,0) | ue W/ —DW/)}.

So for each v € D(W/) we have now three copies (v,0), (v,1) and (v,2). Define an
new model M* = (f*, pgﬁ*, .y with §* = (W*, (RE,) sem(p), (R%z)acm(g)) Dy setting

p? = {(u,i) e W* | ucp’ "1, foralli < w,

and by defining accessibility relations R% ; and R%, as follows:
e Ifa >0, then (u,i) RY, (v,j) : <= either
- uRf;uv and ﬂuRva, or
- uR];av and j =0, or
- (u,i) = (v,j) (then also uRJ;av).
e Ifa=0,then (u,i) R, (v,j) : &= (u,i) = (v,)).

e R%, is defined as the complement of RZ , i.e.,
(u, i) R, (v, j) : <= —(u,i) RZ, (v, ]) -

LEMMA 2.20. The frame §* is a D-triangular M(¢)-frame, i.e., satisfies conditions (D6)
and (D1)~(D4) .

PROOF. That §* satisfies (D1), (D2), and (D4), follows immediately from the defin-

itions of R%, and R . Let us check the remaining conditions.

(D3) Suppose (u,i) R%,(v,j) and a < b, for b € M(¢). If (u,i) = (v,j), then
(u,i) R*gb (v,j) follows immediately from the definition. So assume (u,i) # (v,j). By
definition we have uRfS .0, and since i/ satisfies (D3), uRébv holds as well. If ﬁuR’;bv
then clearly (u,i) R%, (v,j). So suppose uRJ;bv. Since §/ satisfies (D8), we then have

uRj;ﬂv, whence j = 0 and so (u,i) RL, (v, j).

(D6) Suppose (u,i) RL,(v,j) and (v,j)RL, (w,k), for a,b,a+b € M(¢p). We
have to show that (u,i) RL ,, (w, k). First, 1f (u,iy = (v,j) or (v,j) = (w,k), then
(u,i) RL,,} (w, k) follows immediately from (D3), since a,b < a +b. So we may as-
sume that (u,i) # (v,j) and (v,j) # (w, k). Then by definition, uRf .0 and UR];bw
whence uRf LW, because i/ satisfies (D6). If ﬂuRf LW, then (u,i) RY , (w, k>_fol-
lows from the definition. So assume uRf ot W holds in # as well. From uRf .0 and
(D7) we obtain vRJ;bw, and so k = 0. But then again, (u,i) RZ,,, (w, k) follows from

the definition. O
LEMMA 2.21. Forall (u,i) € W*,i € {0,1,2} and all ¢ € ®, we have

O (i) EFy = <9:nf,u>|=¢.
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PROOF. The proof is by induction on ¢. The basis of induction follows from the
definition and the case of Booleans is trivial. The cases of = (A=%x) and ¢ = (A~"))

are consequences of the following claims.

Claim 1: If uRf;av and (u,i) € W¥, then there is j such that (u,7) R%, (v, ).

Indeed, if 2 > 0, we put j = 0, and (u, i) R, (v,]) follows from the definition. If

a =0, then u = v; so we can take i = j.

Claim 2: If (u,i) R%, (v,]), then uRJ;av.

This follows immediately from the definition of R%,.

Claim 3: If uRJ;av and (u,i) € W¥, then there exists j such that (u,i) R%, (v, ).

Fix some uR/;aU and (u,i) € W*. Suppose first that a = 0. If ﬂuRj;Ov we then
have u # v, since RJ;O satisfies (D4), and so we can choose j = 0. If uRj;Ov then v
has been copied, so we can choose j = i+ 1(mod 2) and (u,i) # (v,j), from which
(u,i) RY, (v, ]). Suppose now that a > 0. Consider two cases.

Case 1: ungav. Then v has been copied, i.e., W* contains (v,0), (v,1) and (v,2).
Then put j # 0,i which is always possible, because we have three copies of v.
But then all three defining properties of (u,i) R%, (v,j) are violated, which means
(i) R%, (0, ).

Case 2: —thj;av. Then u # v. So we can put j = 0, and again all three defining
properties are violated.

Claim 4: If (u,i) R, (0, j) then uR’ 0.

There are again two cases.

Case1: a > 0. If j = 0 then ﬁuRJ;gv, and thus uRéuv by (D1). If j # 0, then, since
the first defining property of R, is violated, uRfS ,0 follows again by (D1).

Case 2: a = 0. Then (u,i) # (v,j). If u # v, then ﬁuRJ;Ov and hence uRJ;OU as
required. If u = v and i # j, then u has been copied. So there are w € W/ and b € M

such that wa<bu and wRJ;bu. Since the latter can be written as wa>h o4, condition

(D7) yields uRJ;Ou, as required.

Now, consider the induction step for ¢ = A="x. Suppose (IM*, (u,i)) E Ay
and pick some v such that uRJ;uv. By Claim 1, there exists j € {0,1,2} such that
(u,i) RL, (v, j). Then (M*, (v, j)) F x and, by the induction hypotheses, it follows that
(M, v) E x. Hence (M/, u) E A<7x. Conversely, if (MMf,u) £ A<"x and (v, j) is such
that (u,i) RY, (v, ]), then by Claim 2, uRf;uv and <smf ,v) E x, and so by the induction
hypotheses, (M*, (v,})) F x, e, (M*, (u,i)) E AS"x.

The case of y = A~ follows analogously from Claims 3 and 4. U
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Thus, we have shown that the model 9" satisfies ¢, i.e.,, (9", (w,0)) F ¢, and
that the frame f* it is based on is a D-triangular M(¢)-frame. Again, it remains to
show that this frame can be transformed in a D-triangular R*-frame in which ¢ is
satisfiable, which can be done in precisely the same way as in Theorem 2.9, i.e., with
the help of Theorem 2.7 (i) and Proposition 1.12.

O






CHAPTER 3

Logical Properties of Distance Logics

This chapter studies logical properties of distance logics. We have introduced lo-
gics of distance spaces in Definition 1.9 semantically, that is, as the sets of formulae of
some language valid in some class of distance spaces. Let us begin our investigations

by stating the obvious:

PROPOSITION 3.1. All the logics MS5[M] (MSOL[M)]), where O C O(M) is some
operator set and i € {d,s,t, m}, are normal multi-modal (hybrid) logics.

PROOF. Let D', i € {d,s,t,m}, be a class of distance spaces. It easily follows from
the definition of the truth-relation that

(1) all propositional tautologies are valid in D,

(2) the K-Axioms

Olg = 9) = (09 — Ov),
for O € {M} UO(M) are valid in D, and
(3) that the rules of (sorted) substitution, modus ponens and necessitation, i.e.

P99y i
m (MP) Do (RN) O € {W;UO(M),

preserve validity. O

In the next section, we present Hilbert-style axiomatisations of the logics M8}, [M],
i € {d,s, t,m}, in the languages Lp[M] not containing nominals. To prove complete-
ness in Theorem 3.3, we employ the relational representation for these languages given
in Section 2.3 and use Sahlqvist completeness theory as well as variants of the filtra-
tion and ‘frame-repair’ techniques used to prove the decidability of the satisfiability
problem for these languages in Chapter 2.

In Section 3.2, we draw our attention to the modal distance logic MSOr[M], whose
language we showed in Section 1.4 to be expressively complete for the two-variable
fragment LJF,[M] interpreted in metric spaces. We show that even for this (undecid-
able) language, an elementary relational representation of metric spaces can be given
that captures theoremhood. To axiomatise the corresponding class of frames in the
language LOr[M], we will use some rather general completeness results from hybrid
completeness theory

61
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Finally, in Sections 3.3 and 3.4, we discuss several themes related to the (frame)
representation theorems for languages LOp[M] and LOr[M]. We first show, in Sec-
tion 3.3, that while F-metric frames can capture theoremhood in LOr[M], the local
consequence relations with respect to metric spaces and F-metric frames differ in that
the latter is compact, while the former is not. We then use the frame representations, in
Section 3.4, to derive corresponding representation theorems for a variety of sublan-
guages of the full modal distance language LO[M], and provide sound and complete
axiom systems for the respective logics. We close our investigations on distance logics

by deriving a few results on Craig interpolation.

3.1. Axiomatising M&p

In this section, we present Hilbert-style axiomatisations of the logics M8, for
i € {d,s,t,m}. As noted after the proof of Proposition 1.16, we have an effective
translation .f such that

¢ € MSOL, «— ¢f e M8, fori e {d,s,t m}.

Thus, the axiomatisations given can be understood as giving axiomatisations for the
logics including nominals, as well. Note again that, as proved in Proposition 1.16 (i),

the language Lp ‘contains’ standard modal operators like

e the universal modality: 0,9 = A<?¢ A A>?¢ (¢ holds ‘everywhere’),
e its dual: Oy = E=?¢ V E>?9) (¢ holds ‘somewhere’), and

e the difference operator D¢ = E>%¢ (¢ holds ‘somewhere else’).

as definable operators in the sense of Definition 1.13.
Since A=? and A~? are both normal modal operators, the operator [J, is normal as

well, for any a in a given parameter set M.

3.1.1. The Axiomatic Systems for MS},. We start by presenting the Hilbert-style
calculi for the logics M8 [M], M8, [M], MS5[M], and M8 [M], where the choice of
the parameter set M C R is arbitrary. The corresponding axiomatic systems will be
denoted by MS% [M], MS$,[M], MSh[M], and MS%[M].

As usual, given a logic L and an axiom schema ©, we denote by L' = L @ © the
smallest normal modal logic containing L and @. Let MS% be the axiomatic system
with the axiom schemata and inference rules listed in Table 3.1.

Let us make a few comments on the choice of those axioms: The schema (K()
reflects that we are dealing with standard normal modal operators, while the axiom
schemata (Mop<) and (Moa>) are sound, since d is a function and the values d(u, v) are
compared by the usual ordering on R". The Axiom (Tp<0) codifies the assumption

that the modality A=C satisfies reflexivity. Intuitively, it states that the distance from
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AXIOM SCHEMATA FOR MS%[M]

(CL) Axioms of propositional calculus;
(Ko) Op—=19)— (O — Oy),

where O) € {AS7,A>% | a,b € M}
(Mop<)  AS%@ — APy (a,b€ M, a>Db)
(Mop>)  A”%9 — Aty (a,be M, a<b)
(Ta<o) A= — ¢
(The) ¢ — A9

<0
(Dﬁff) ES?A>09 — A>%9 (a € M)
(U1) Uop — Uag (a € M)
(U2) Uagp — Dog (a € M)
(4p) Oap — Ol (a € M)
(Bo) ¢ — UaQap (a € M)

INFERENCE RULES:

The inference rules are modus ponens and necessitation for both AS? and A>%:

PP @ @
T (MP) A<ip (RN1) e (RN2) (a € M)

Table 3.1: The axiomatic system MS%[M].

a point to itself is zero. Conversely, Axiom (T, .,) states that this is never the case for
distinct points. Axiom (Diff) asserts a weak form of the triangular inequality, namely,
that if a point u is at most 4 far away, and a point v is more than a far away, then
the distance from u to v should be greater than 0. Axiom (U1) says that if ¢ holds
everywhere, then ¢ holds at all points whose distance is less or equal to a or greater
than a. Axiom (U2) is the converse of (U1). Finally, the last two Axioms plus item (4)
from Lemma 3.2 state that the modality [J, is an S5 modal operator. Here, to ensure
the soundness, we basically need that every pair of reals is assigned a distance.

The following lemma gives two simple theorems of MS% [M] which will be used in
the proof of Theorem 3.5.

LEMMA 3.2. For any ¢ € Lp[M] we have:
(EqD): '_MS% Da(P A Db(P (ﬂ,b € M)
(To): FMS% Lo — @ (ae M)

PROOF. (ad 1). This follows easily from (Ul) and (U2) and some propositional
reasoning. (ad 2). By (Eqq) it suffices to show that Fmst, Uog — ¢@. But this is a

weakening of Axiom (T p<o). O
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ADDITIONAL AXIOM SCHEMATA FOR MS$,[M], MS5,[M], AND MS#[M].

(Ba<) ¢ — ASTEStg (a e M)
(Ba>) ¢ — A”E”% (a e M)
(Trl) ASatby  ASIASD (a,b e M)
(Tr2) ESfA>l g — A>tDg (a,b € M)

THE AXIOMATIC SYSTEMS MS$,[M], MS[M], AND MS[M].

MSH[M] = MSHIM] @ (Ba<) @ (Ba>);
MSHIM] = MSY @ (Trl) @ (Tr2);
MSEM] = MS% @ (Ba<)® (Bax) @ (Trl) @ (Tr2).

Table 3.2: The axiomatic systems MS$,[M], MSh[M], and MSp[M].

To axiomatise M8}, [M], M8H[M], and MSp[M] ( = MS8}5[M]), we require four extra

axiom schemata as specified in Table 3.2.

For an Lp[M]-formula ¢ we write Fysung @, Fuss vy @ etc. if ¢ is a theorem of
MSPH[M], MS,[M] etc. To simplify notation, we will usually omit M and write MS7,
MS5, Fmsy @, Fus:, @) etc.

The main result of this section is the following:

THEOREM 3.3 (WEAK COMPLETENESS). Let MSh, i € {d,s, t,m}, be any of the axio-
matic systems and M8, the corresponding logic. Then for all Lp[M]-formula ¢:

'_Msﬁj ¢ = @eMSh

We begin the proof of this theorem by establishing the soundness of the axiomatic

systems.

LEMMA 3.4 (SOUNDNESS). Let MSh, i € {d,s, t,m}, be any of the axiomatic systems
and M8, the corresponding logic. Then for every L p[M]-formula ¢:

I—Msbq) implies @ € M8,

PROOF. (a) Let us start with the system MS% and the class of all distance spaces as
intended models. The validity of the K-schemata follows from the semantic definition
of the modal operators. The validity of the schemata (Moa<) and (Moa>) follows from
the K-Axioms (in the case of 2 = b) and the definition of distance spaces. For suppose
thata > band

(B, w) E AS @ NESP .
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Then there exists a u € W such that d(w,u) < b and (B,u) ¥ ¢. Butsince <is
the usual linear order on R, we have d(w,u) < a, and hence (8,u) F ¢, which is a
contradiction. The Axiom schema (Moa>) is considered analogously.

Consider now the Axiom (Diff). Suppose that (B, u) F ES?A>%¢. Then there is a
point v € W with d(u,v) < a such that for all points w with d(v,w) > 0 (i.e., w # v)
we have (B, w) F ¢. Now take any point w’ with d(u, w’) > a. Then clearly v # w’,
and hence (B, w’) F ¢, from which (B, u) F A~%¢.

The validity of the remaining axioms follows immediately from the definitions
(note that (B, w) F [, means that ¢ is valid in B), and it should be clear that validity

is preserved under the inference rules.

(b) Now assume that the distance function d is symmetric and consider Axiom
(Bas<). Suppose that (B, w) ¥ ¢ — AS"E=?¢. Then (B,w) F ¢ and there is a point u
with d(w, u) < asuch that (B, u) F AS?—¢. Since d is symmetric, we have d(u, w) < a,
and hence (B,w) F —¢, which is a contradiction. The validity of Axiom (Ba>) in

symmetric distance spaces is shown in a similar manner.

(c) Suppose that the distance function d satisfies the triangular inequality (3) and
(B, w) F AS**tp. Take any points u, v such that d(w,u) < a and d(u,v) < b. By (3),
we have d(w,v) < d(w,u) +d(u,v) < a+ b. Therefore, (B,v) F ¢, and so we obtain
(B, w) F AS*A=bp, which shows the validity of (Tr1) in triangular spaces. To show the
validity of (Tr2), assume that (B, w) F ES*A>tg, i.e., that there is a u with d(w,u) < a
such that (B, u) F A>?¢. Take any point v such that d(w,v) > a +b. We then have
a+d(u,v) >dw,u)+d(u,v) > dw,v) > a+b, from which d(u,v) > b, and hence
(B, w) F A" g,

(d) The case of metric spaces is a consequence of (a), (b) and (c). O

To prove completeness, we will use the representation of distance spaces by the
respective standard classes of M-frames, as given in Theorem 2.7.

3.1.2. Frame Completeness and Finite Frame Property. To proceed with the proof
of Theorem 3.3, we first show that our axiomatic systems are sound and complete with

respect to the classes (of finite frames in) F4, F5, Ft and F™, respectively.

THEOREM 3.5 (FRAME COMPLETENESS). Let MSh, i € {d, s, t,m}, be any of the axio-
matic systems and F the corresponding class of standard frames. Then, for every formula ¢ of
Lp[M)], we have:

Fus, @ == [ g, forall finitef € F.
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PROOF. ( = ) Suppose I—MSiD (pi, fori € {d,s,t,m}. Let M' D Par((pi) be a
finite parameter set containing the parameters occurring in ¢'. Then, given any (finite)
D-standard M-frame f' € F7, ¢’ is valid in {' if and only if ¢' is valid in the frame-reduct
fi Lip,m)):= (W, (R<a)aemr, (R>a)aemr). By Proposition 2.7 (i), i l(p,mr) is the frame-
companion of some distance space S, where S is a metric space if f' l(D,mr) is @ D-metric
M'-frame, etc. By Soundness with respect to the respective classes of distance spaces,
Lemma 3.4, ¢' is valid in the class D/, thus ¢' is valid in the respective class F' of
(finite) M-frames.

(<=) Let MSi,, i € {d,s, t,m}, be any of the axiomatic systems and M its canonical
model based on the canonical frame fi. As all axioms of MSZI'D are Sahlqvist formulae,
for i € {d,s, t,m}, by Sahlqvist'’s Theorem we have f = MSi,. It is not hard to see
that f' satisfies all the frame properties corresponding to F°, except perhaps (D1) and
(D2). (For instance, conditions (D3) and (D8) are first-order equivalents of (Mop<) and
(Moa>).)

As an example we consider condition (D7). Suppose that uR%,0, uR% w and
A>%p € v. Then ES"A>%¢ € u, for otherwise AS"=A~%¢ € u (since u is a maximal
consistent set of formulae), and so =A>%p € v by the definition of R%,, contrary to
v being consistent. By Axiom (Diff) we then have A”?¢ € u, whence ¢ € w by the
definition of R% ,, and so vR% jw.

Suppose now that Jr‘MSiD @'. Then there exists a point w; in ' such that we have
(M, w;) ¥ ¢'. Take the submodel

miﬂi = <Wi’ (Riﬁtl)ﬂeM' (R;a)aeM/ bi>

of M’ generated by w;, where b’ is the respective canonical valuation. Then, clearly,
<9ﬁ§vi,wi> ¥ ¢' and the underlying frame ﬁui satisfies all the properties mentioned
above. We claim that, fori € {d,s,t,m}, fﬁui satisfies (D1) as well. Indeed, by (4n), (Bo)
and (Tp), for every a € M, 0, is an S5-box interpreted by the relation R, URL . It
follows that the RL, U RL , are equivalence relations on W'. By (Eqq), we also have

foralla,b € M. And since ﬂui is rooted, we can conclude that R; ,URL _ is the universal
relation on W', i.e,, RL, URL , = W' x W', as required.

It remains to transform sm;}]_ into a finite model i).’ftli which still refutes ¢' and has
all the properties corresponding to J7, including (D2). For the cases of D-metric and
D-triangular frames we have already shown how models of type M and M, can be

transformed in this way in Theorems 2.9 and 2.18. It remains to consider the simpler
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cases of D-symmetric and D-standard frames. As before, the required construction in-
volves finite filtrations of the models 9, and M, , that are manipulated by duplicat-
ing certain points to obtain finite models satisfying (D2), extending similar techniques
developed in Gargov et al. [1988] and Goranko [1990a].

We will treat the two cases simultaneously. Again, as condition (D2) is not defin-
able, we will have to assume ‘redundant’ frame conditions in the middle of the con-
struction, this time, condition (D10). So suppose that (M, w,) ¥ (pd, where MS% ¥ god,
and that (9, ws) ¥ ¢°, where MS}, ¥ ¢°.

Without loss of generality we may assume that the models 9t; and 9i; are based
on M(¢')-frames f; and f; as defined in the proof of Theorem 2.9 Step 1, with M(¢*),
M(¢®°) a finite parameter set. Set My := M(¢“) and M; := M(¢®). Then the frame §;
underlying 9, is of the form

fd = <Wd1 (Dga)aeMd/ (D>a)ueMd>

and satisfies (D1), (D3)—-(D4), (D8), and (D10), whereas the frame f; underlying 91, is
of the form

fs = <Ws/ (Sﬁu)aEMS/ (S>a)aeM5>

and satisfies (D1), (D3)—(D5), and (D8)—(D10).

We want to convert the models ; and 9Mi; into finite models Sﬁfl and sm§ which
also satisfy (D2) and still refute ¢ and ¢, respectively.

We continue with the construction of the filtrations. Define the closures cl(¢“)
and cl(¢°) of ¢¢ and ¢° to be the smallest sets T? and T° of £ p[M]-formulae such that
(pd eT, ¢° € T% and, fori € {d,s}

(C1) T'is closed under subformulae.

(C6) IfA>"p € T'and b > a, then APy € T (b € M)).
(C7) if AS"¢ € T'and a > b, then ASlyp € T' (b € M;).
(C8) If A>% € T, then ~A<!-A>0y € T (b € M;).
(C9) If A>% € T¢, then AP -A>0y € T (b € My).

Note that T is closed only under (C1) and (C6)—(C8), while T* is also closed under
(C9). By slightly modifying the proof of Lemma 2.10, it is easily seen that the closures
of ¢ and ¢° are finite sets.

Now we filtrate 9t; and 9%, through @4 = cl(¢) and @° = cl(¢*), respectively.
Define equivalence relations =; and =; on W; and W; by taking, for i € {d,s} and
u,ve W

U= v: < (M,u)Epiff (M, v)Eyp forall p € @,
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Let [u]; = {v € W; | u =; v} and construct filtrations

mr o)
f)ﬁ{i[ - <Wdf/ (Déu)aEMd/ (Déa)uEMd' Po /Pl a >

and
f f
Qﬁg‘ = <st/ (Séa)lleMsl (Sj>‘a)ll6Msl pgﬁ ’ p?t T >

of My, M through 01, e7, by taking, fori € {d,s}:
o« W= {uli | ueW;
. pf‘ff = {[u); | uepl}fork < w;

and by defining the accessibility relations as

1aD DL 0la 1 == forall AS*yp € @1
— (Mg, u) E A<”1p implies (M4, v) E P,
ea=0: [uDlyols: < [uly=[vl
e a>0: [M]d 2[v]q 1 = forall A~y c @
- (My,u) E A% implies (My,v) E p,
for the frame ff ,and

ea>0: [u

SLolvls : <= [uls = [0l
o 1>0: [usSL,[v]s: <= forall A>"yp € ©°

- (M, u) E A~ implies (Ms, v) F ;

- (M, v) E A~ implies (M, u) = 1P,
for the frame f{ . Since @4 and @ are finite, W{{ and W_! are finite as well.

ea>0: [us Séﬂ[ ]s : <= forall A%y € ©°
- (M, u) E A= implies (M, v) E ¢;
- (Ms,v) E AS"Y implies (M, u) E ;
ea=0: [ufs
Js
) F

LEMMA 3.6. (i) For every ' € @' and every u; € W;, i € {d,s}:
(O wi) ' = (] ) g

In particular, <9ﬁ§, [wd]d> ¥ o and <sm§, [ws]5> ¢
(ii) The frame fg underlying Dﬁg satisfies (D1), (D3)~(D4), (D8) and (D10).
(iii) The frame fsf underlying mz{ satisfies (D1), (D3)—~(D5) and (D8)—(D10).

PROOF. Claim (i) is proved by an easy induction on the construction of ¢, ¥,
respectively.

Let us prove (ii) and (iii): Note that we have uD~,v implies [u]dDJ; Jlv]lgand uD~ v
implies [u]dDj;,Z [v]4. The same holds true for the relations SJ; , and Sf>a. Fora = 0 and
the relations DJ;O and SJ;O this is true by virtue of condition (D4) which holds for both,
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f4 and fs. For the relations S’; , and S];a this holds since f; satisfies conditions (D3) and
(D8).

(D1): For fg we have to show that DJ;a U Déa = be; X Wt{ . Suppose that —[u] de;ﬂ [0].
Then ~uD<,v, and so uD-,v, since f; satisfies (D1). Thus [u] dDJ;u [0]4. The proof for f,

is the same.

(D3): We check that if [u]dDJ;a[v]d and a < b then [u]dDJ;b[v}d. Suppose [u]dDéa [v]4
and a < b, for b € M. Assume further that (M, u) £ Agbq) and A=ty € @. By the
definition of @, condition (C7), AS*p € ®7. Since (D3) holds in f, (Mg, u) F Ay
and thus (9M1,, v) F . The proof for f is similar.

(D4): [u}dDJ;O [v]; <= [u]s = [v]4 holds by the definition of Dj;o' The same holds true

for fs.

(D8): If [u]dDJ;a [v]g and a > b then [u]dDJ;b[v]d. As above, let us assume that
[u}de;a [v]gand a > b, for b € M. Suppose that (M, u) E A>Pyp. Then A>%p € @7 by
(C6), (M4, u) E Ay, and so (M, v) F . Again, the proof for f; is similar.

(D10): Suppose that [u]dDéa [0]4, [u]dDéa[w]d and (My,v) E A0, where A>0yp € @
Then, by the definition of @7, condition (C8), ES*A>% ¢ @ (so AS*-A>0p ¢ @ as
well) and (M, u) E ES*A>0y (for otherwise we would have (M, u) F AS"-A>0y
and then (My,v) E -A>0). So there is a w' € W, such that uD,w’ and it holds
that (M, w') & A>%. So, for any w” with uD-,w"”, by condition (D10) which holds
for f4, we have w'D-ow” and thus (9, w”) F . It follows that (M, u) E A~%p.
By definition of @/, A>?y € @ since a > 0 and A>%yp € @“. So [u]dDj;a [w]; implies
(My, w) E ¢, from which [v]dDj;O[w]d.

Next, to prove (D10) for f; we can first repeat the above proof to show that
(M;,v) F A>01/J, and A>Ol[J € ©° implies (M;,w) F . Further, assume that
(M, w) E A%, and A>%% € ©@°. Then E>"A>% € ©° by (C9) and we also have
(Ms, u) F E>“A>01,b (for otherwise, we would have (9, u) F A>”ﬁA>01,U and then
(M5, w) E =A>O9). So there is a w’ € W; such that uS-,w’ and (M;,w') F A>y. Let
w” be such that uS<,w”. By condition (D10) for f; we obtain w”S~ow’ and by condi-
tion (D9) w'S~ow”. Thus (M, w”) E P and so (M, u) F AS?P, which implies that
(M5, 0) E . This shows that [0],57 [w].

(D5) and (D9): These conditions follow immediately from the definitions of SJ;
st..

, and

O

Next we perform the copying technique to guarantee that f{; and fg also satisfy
condition (D2).
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The possible defects form the sets
DW/) = {ve W, | 3ae My 3u e W] (uDL,0 & uDl )},
and
D(st) ={ve w/ | 3a € Ms;3u e w/ (qu;av & uSJ;av)}.
Let, fori € {d,s}:

Wi ={(v,j) | ve DOW/),je{0,1}} U {(,0) | ueW/ —DW/)).

So, for each v € D(Wif), i € {d,s}, we now have two copies (v,0) and (v,1). Define

new models 9t and 91} based on frames

fa = (Wi, (DZs)aem,, (DLo)aem,)
and

fo = (We, (SZ)aem., (SZa)aem.)
by taking, fori € {d,s}, k < w,and j € {0,1}

o . . /
pe ' ={(uj) eW | uep™},

and by defining accessibility relations DZ ;, D%, S%, and S, as follows:
ea>0: (ui)Di (v,j): =
—-i#jand uDJ;av and ﬁuDJ;av, or
- i=jand uDéuv;
e a=0: (u,i)DL, (v,j): <= (ui)=(vj);
e DZ, is defined as the complement of DZ , i.e.,

(1) D4 (v, )+ == = {u, i) D2, (v, ) -

e The relations S, and S%, are defined in exactly the same way.

The new models M M now have all the required properties, namely, we have:

LEMMA 3.7. (i) The model 9} is D-standard.
(ii) The model 9} is D-symmetric.

PROOF. That both, 9t} and M, satisfy (D1), (D2) and (D4) follows immediately
from the definition. Hence (D10) is an immediate consequence. Let us check the re-

maining conditions.

(D3) Suppose that (u,i) D%, (v,j) and a < b € M. If i = j then clearly (u,i) DX, (v, j)
by (D3) for f[l . So assume i # j. Then, by definition, uDJ;av and ﬂuD];av. Since Dﬁg
satisfies (D3) and (D8), we obtain uDJ;bv and ﬂuDj;hv. Thus (u,i) DZ, (v, ). The proof

for M is the same. (D8) is a consequence of (D1), (D2) and (D3).
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(D5) Suppose that (u,i) St (v,j). If i = j, then uS];av and so USfSau by (D5) for fg,
hence (v,j) S, (u,i). Similarly, if i # j, then uSéav and ﬂuSJ;av, whence, by (D5) and
(DY) for fér, USJ;au and ﬂUSJ;lu, so (v,]) S, (u,i). (DY) is a consequence of (D1), (D2)
and (D5).

O

LEMMA 3.8. Fori € {d,s} and all (v,j) € W} and all ¢ € ©', we have
o, i) Ey = (M,0)Fy.

PROOF. We prove the lemma for the case i = d, i.e., for the case of distance spaces.
The proof for the symmetric case is identical. We proceed by induction on . The
basis of induction and the case of Booleans are trivial. The cases ¢ = (A="x) and

¢ = (A~%x) are consequences of the following claims:

Claim 1. If uDJ;av and (u,j) € Wj (j € {0,1}), then there exists a k such that
(1,) D%, (0,k).

a > 0: Indeed, this is clear for j = 0. Suppose j = 1. If v has been duplicated,
then (v, 1) is as required. If v has not been duplicated, then ﬁuRj;av, and so (v,0) is
as required.

a=0:Thenu =v.If j =0 pick k = 0. If j = 1, then u has been duplicated and we
can pick k = 1.

Claim 2. If (u,j) DZ, (v, k), then uD/;av.
This should be obvious.

Claim 3. 1If uDj;av and (u,j) € Wj (j € {0,1}), then there exists a k such that
(,j) Dq (0, k).

a > 0 : Suppose j = 0. If v has not been duplicated, then ﬂuDJ;av. Hence
= (u,0) D%, (v,0) by Claim 2, and so (u,0) D%, (v,0) by definition. If v has been du-
plicated, then = (u,0) D%, (v,1). In the case of j = 1 we have - (u,1) DZ, (¢,0), ie.,
(u,1) D%, (v,0).

a=0:1If —théov, then u # v, since D’;O satisfies (D4), and so we can choose k = 0.
If LIDJ;OU then v has been copied, so we can choose k = j+ 1(mod 2) and (u,j) # (v,k),
from which (u,j) D%, (v, k).

Claim 4. 1f (u,j) D%, (0,k), then uD’. 0.

a > 0 : Indeed, if | = k then ﬁuD};uv and so uDiaU by (D1). And if j # k, then
ﬁuDJ;uv or uDéav by definition, so uDiuv by (D1), as well.

a=0:Then (u,j) # (v,k). If u # v, then ﬂuDéov and hence MD];OZJ as required.
If u = vand j # k, then u has been copied. So there are w € W‘{ and b € M, such that

ij; pu and wDJ;bu. Now condition (D10) yields uDiOu, as required.
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Now consider the induction step for = A<7x. Suppose (9%, (1)) E A"y
and pick some v such that uDJ;av. By Claim 1, there exists k € {0,1} such that
(u,j) DX, (v,k). Then (M3, (v,k)) F x and, by the induction hypotheses, it follows
that <im£,v> F x. Hence <9ﬁg,u> F A=%x. Conversely, if <Dﬁ£,u> E A%y and (v,k)
is such that (u, j) D%, (v, k), then by Claim 2, uDéav and <9ﬁ£, v> F x, from which, by
the induction hypotheses, (9, (v,k)) F x, i.e., (M5, (u,j)) F ASTy.

The case of ¢y = (A~"x) follows analogously from Claims 3 and 4. 0

To complete the proof of Theorem 3.5, we transform the frames {3, f; underly-
ing the models 9%, M into D-standard and D-symmetric M-frames refuting ¢?, ¢°,
respectively. This can be done as before, i.e., since M; and M; are finite, we find a dis-
tance space S; and a symmetric distance space S; whose M;, M;-frame-companions
are {; and f;, respectively. Then, take the full M-frame companions fﬁ and fg:,c. These
are, respectively, finite D-standard and D-symmetric M-frames, and they still refute
q)d, ¢°, respectively.

This completes the proof of Theorem 3.5. O

3.1.3. Completeness. We are in a position now to prove Theorem 3.3, i.e., derive

the completeness of the axiomatic systems introduced.

THEOREM 3.9 (COMPLETENESS). Let MSh, i € {d,s, t,m}, be any of the axiomatic
systems and let M8, be the corresponding logic. Then, for every Lp[M)]-formula ¢, we have:

@ € MSh,  implies Fmsi, @

PROOF. Suppose Vs ¢. By Theorem 3.5, we then have a model refuting ¢
which is based on a finite M-frame f € F' of the corresponding standard frame class.
It remains to transform f into an appropriate distance space for M8}, which also refutes

@. That this can always be done was shown in Theorem 2.7 (ii). U

Furthermore, although this follows already from Corollary 2.16, we have re-
proved, as an immediate consequence of Theorem 3.5, that the logics MSH[Q7],

i € {d,s,t,m}, are decidable and have the finite model property.

COROLLARY 3.10. All the logics MS5[Q*], i € {d,s,t,m}, are decidable and have the
finite model property.

PROOF. It suffices to observe that all these logics are recursively axiomatisable and
complete with respect to their finite standard frames with an effectively computable
upper bound f(|¢|) for models satisfying a formula ¢, and use Harrop’s Theorem (see,
e.g., Chagrov and Zakharyaschev [1997]). 0
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3.2. Axiomatising M8Or

In this section, we will present an axiomatisation of the logic MSOr[M] (for some
fixed parameter set M C R*)—thus axiomatising the two-variable logic FM;[M] (via
translation)—and show it to be weakly complete with respect to metric spaces.

In the previous section, we gave ‘orthodox’ axiomatisations for the logics M85, [M],
fori € {d,s,t,m}, in the sense that the axiomatic systems given are standard (modal)
Hilbert calculi comprising as rules of proof just modus ponens and necessitation. We
proceeded by applying finite filtrations to the canonical models and by ‘repairing’ the
resulting models to obtain standard models still refuting a given formula.

Unfortunately, as concerns the distance logic MSr[M], this proof technique is
rather difficult to apply. First, while in the case of D-metric frames we had to deal
only with one condition which was not definable in the language, namely (D2), an ad-
equate relational representation of metric spaces for the language Lr[M] requires, as
we will see below, several frame conditions that are not definable in Lr[M]. Second,
notice that, by Theorem 2.2, the language Lr[M] does not have the finite model prop-
erty, and so we cannot expect to be able to apply a filtration technique similar to the
one employed in Section 3.1.

However, we can axiomatise the logic M8Or[M] by making use of its hybrid char-
acter, i.e., the presence of both, nominals and the universal modality, and by using
general results from hybrid completeness theory involving the use of non-standard
rules of inference, namely (a simplified version of) the covering rule (COV) used, e.g.,
in Goranko [1998].

The main technical tool for showing completeness is a ‘finitary” and elementary
relational representation of metric spaces—whose frame conditions are ‘suggested’
by the semantics of the Boolean variant LOB[M] of the language—that captures the-
oremhood in metric spaces, given in Theorem 3.12. The representation theorem im-
plies that, to axiomatise MSOr[M], it suffices to axiomatise the class §r[M] of F-metric
M-frames, defined below in Definition 3.11. More specifically, it allows us to transfer
weak completeness from F-metric M-frames to metric spaces. That this is all we can hope
for in general follows from the fact that strong completeness implies compactness, and
the non-compactness of M8Or[M] for infinite (unbounded) M, which we will discuss

in Section 3.3.

3.2.1. Frame Representation for LOr[M]. Let M C R™ be a parameter set. An
M-frame for the language LOr[M] is a structure of the form

f=(W,{Rca,Roa,Req, RZ} }apem)
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which consists of a set W and families {R-,, R~,, R—g, Rz‘g} of binary relations on W,
depending on M. The intended meaning of, e.g., uRZ{v will be “the distance from u
to v is between a and b”, etc.

A model based on a frame is of the form

m = (5, p3", pT, L),

where the p?" are subsets of W and the i)' singleton subsets. The notions of truth (in a
pointed model) and validity in M-models and M-frames are again the usual Kripkean

ones, with the addition that nominals are interpreted as singleton sets. For instance,

Mw) EAZle <= (M,u)F ¢forallu € W such that wRZju;
Mw)Flp <<— (Mu)EFgeforalluecW;

Muw)Fi — 7= {w)

Similarly for the other operators.

The following definition of an F-metric frame singles out those M-frames that re-
flect properties of metric spaces. In particular, notice that the conditions (F1)—(F12)
correspond rather directly to validities (in metric spaces) of the Boolean modal lan-
guage LOB[M] from Section 1.5.

DEFINITION 3.11 (F-METRIC FRAMES). An M-frame § is called F-metric, if it meets
the following requirements for all u,v,w € W:

(F1) Res =R, NR=, (a € M)
(F2) RZ) =RsNR-; N R (a,b € M)

(F3) Rop={(w,w) |we W}
(F4) Rop=9

(F5) Ro,NR, =0 (a>D)
(Fo6) R,NR_, =0 (a #Db)
(F7) Res TRy (a<Db)
(F8) R-s SRy (’1 < b)
(F9) R, and R, are symmetric (a e M)
(F10) (UR—qv NvR_yw) = (UR_,1pw V UR_,pw) (a+be M)
(F11) (UR<qv NvRyw) = uR_, w (a+be M)
(F12) (UR_,o NvR_pw) = uR_,pw (a+be M)

We denote the class of all F-metric M-frames by §¢[M].
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Note that, for a # 0, (F3) and (F6) imply that the relation R_, is irreflexive, and (F3) and

(F8) imply that R, is reflexive. Thus, in all F-metric M-frames we have additionally.

(F13) R_, is irreflexive (a #0)
(F14) R, is reflexive (a #0)

We are now in a position to prove a representation theorem in the spirit of Theorem 2.7
which shows that the notion of an F-metric M-frame is sufficient to capture validity
in metric spaces. This representation is ‘finitary” in the sense that, given a formula
¢ € LOr[M] satisfiable in some F-metric M-frame f, we construct a finite parameter
set M(¢) such that ¢ is satisfiable in a possibly infinite F-metric M(¢)-frame g, but
which is based on the finitely many relations induced by M(¢), and from which we

can construct an ‘equivalent” metric space, i.e., one whose frame-companion is g.

THEOREM 3.12 (REPRESENTATION OF METRIC SPACES FOR LOF).
(i) For every finite parameter set M and F-metric M-frame f there is a metric space S such that
f is its frame-companion, i.e., § = fr m(S). In particular, if § is finite, so is S.

(ii) For an arbitrary parameter set M we have: an LOp[M|-formula ¢ is satisfiable in a metric
space model based on a set W if and only if it is satisfiable in a model based on an F-metric
M-frame based on W if and only if it is satisfiable in a model based on an F-metric M(¢)-frame
based on W, with M(¢) finite.

PROOF. We first prove (i). The proof is similar to the proof of Theorem 2.7. How-
ever, this time the definition of an appropriate metric requires much more care since,
for instance, we obviously cannot choose as the value of d(v, w) the minimum of the
parameters a such that vR,w, but have to choose a slightly smaller value.

Let M be a finite parameter set and
f= (W, {R<a,Roa, Rea, RZ{ }apem)
an F-metric M-frame. Enumerate the N elements of M as
M= (0=ag,a1,...,aN-2,aN-1 = 77) wWitha; <a;, ifi <j.

Thus, v = max(M). If a = a; € M, we refer to the position 7 of a in the enumeration

also by i,. Now for the definition of the metric. Let
D:={aj+aj—|ai+aj>,a;,a;€ M} U{a; —aj|a; > aj,a;,a; € M},

and let y := min(D U {1}). Next, we choose some ¢ > 0 satisfying

K
2N +1°
Before we proceed to define a metric, let us summarise some properties of ¢ that we

e <

will need later on:
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LEMMA 3.13. The following hold:
(1) aj < a; if and only if a; < a; — 2" - &.
() a; —2'-e > 0foralla; € M — {0}.
() ai+a; <vy+ (2 +2 +1)-eimplies a; + aj < .
(4) a; +aj < v+ (2" +1)-eimplies a; +a; < .
(5) a;j+a; <y +eimpliesa; +a; < 7.

PROOF. (1): a; > a;jif and only if 4 < a; — a; and thus
12 a; — ﬂ]' a; — a]-
FTONITISoNy1 T o

Le,aj <a;— 20 e.

(2): By the definitions of € and y we have

H
2N 11

a;—2 - e>a -2 >a;—u >0,
for0 # a; € M.

(3): First, note that forall i,j < w:

2 4 9) < . pmax(ij) — pmax(ij)+1,
Thus we obtain:
a;+a; < Y+ 242 +1) e <y @ L) e <y + (2N +1) -
So, since by definition of e we have (2N + 1) - e < u, we have
ait+aj <vy+u,

which implies a; + a; < . For, if a +b > 7 then 0 < a + b — v > u by definition of y,
andsoa+b >y +pu.

(4) and (5) are a consequence of (3). O

Now, define a function d by setting:

v+e if vR-,w foralla € M;
d(v,w):=<{a if vR_,w for some a € M;
a;—2"-¢e ifi =min{j < N | UR<qw} and Va € M : =R, w.
We first show that the function d is well-defined and total. Note that in the case
d(v,w) = a; —2' - ¢, a; = 0 cannot occur, because of condition (F4), R.o = @. This,
together with (2) of Lemma 3.13 shows that d(v, w) > 0 whenever d is defined.
Moreover, the three cases in the definition of d(v, w) are mutually exclusive, but

exhaustive. If for all 2 € M we have vR-,w then, foralla € M, —vR_,w and —vR_,w
by Property (F1). If vyR_,w for some a € M, then, again by (F1), —~vR-,w. And if for all
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a € M we have -vR_,w and thereis a b € M such that -~vR.;,w, then, by (F1), vR_,w.
So d is always defined. Lastly, by Property (F6), we cannot have vR_,w and vR_,w for
a # b, which shows that d is well-defined.

Next, we show that d is indeed a metric:

(@): d(v,w) =0iff v = w.
By (2),a; —2'-e > 0 foralli > 0. Hence d(v, w) = 0 iff vR_gw iff v = w, according
to Property (F3) of F-metric frames.

(b): d(v,w) = d(w, v).

If d(v,w) = v+ ¢, then vR-,w for all 2 € M, i.e., by Property (F1), -vR_,w and
—vR.,w for all a € M. By Property (F9), R_; and R, are symmetric, thus wR- ;v for
alla € M by (F1), and so d(w,v) = v +&.

Suppose d(v,w) = a for some a € M. By (1) this is the case if and only if vR_,w,
and so wR—,v by the symmetry of R—,, thus d(w,v) = a. The case of d(v, w) = a; — 2i.¢
follows similarly from the symmetry of R, Property (F9).

(c):d(u,v) +d(v,w) > d(u,w).
First, we can assume without loss of generality that d(u, v), d(v, w) # 0. Otherwise,

ife.g. d(u,v) = 0, we have u = v by (a) and the inequality obtains.
Case (1): If d(u,v) +d(v,w) > v + ¢, the inequality obtains.

Case (ii): Suppose d(u,v) = a and d(v, w) = b because of uR_,v and vR_,w, with
a,b e M,anda+b < v +¢. By (5) wethenhavea +b < yand thusa+b € M, since M
is a parameter set. By Property (F10), we have either (ii.i) uR_, pw, or (ii.ii) uR_,pw.
In Case (ii.i) we have d(u, w) = a+ b, and the inequality obtains. In Case (ii.ii) we
have d(u,w) < a-+b—2w.e < a+b.

Case (iii): d(u,v) = a;, d(v,w) = aj — 2/ . ¢ with g;, aj € M, and, by assumption,
a;+aj—2 e < y+e. By definition of d, uR_,,0, UR<w and ~oR 4w for all k < j.
Further, by (4), a; + a; < yand so a; +-a; € M.

By Property (F12) we obtain R, 44,w and so

d(u,w) < a;+a;— 2" e < a;+a;— 2 e = d(u,0) + d(v,w),
since iaiﬂz}. > max(i,j) > j.

Case (iv): d(u,v) = a; — 2" -eand d(u,v) = aj with a;,a; € M. This is similar to case
(iif). We use again (F14) and additionally symmetry.

Case (v): d(u,v) = a; — 2" - e and d(v,w) = aj — 2 - ¢, with a;, aj € M. By definition
of d, uR<,v and vR<,w. By assumption, a; + a; — 20.g—2.¢g < y+e By (3)of
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Lemma 3.13 we obtain 4; +a; < < and thus a; +4; € M. By Property (F11) we have
UR <a; 40,0 Thus

d(u,w) < a; +a; — 21 e < g+ a —pmax(Bi)+1 < g, +a; — 20.e—2 ¢,

since we can assume 7,j # 0 and so 2'aitej 5 pmax(ij)+1 — o . pmax(ij) > i 4 2i Hence

the inequality follows.

Now that we have established that d is a metric, we can define the metric space
S = (W,d) and show that § is its M-frame companion, i.e., that fr3(S) = f. To this
end, we have to show that:

(A) d(u,v) =a <= uR_,v,foralla e M;
(B) d(u,v) <a <= uR_,v,foralla e M;
(©) d(u,v) >a < uR-,v,foralla € M;
(D) a<d(u,v) <b <= uRZjv, foralla,bec M;

(A): To prove (A), note that by (1) we have y +¢,a; — 2" - & # a for alla € M. Thus
we immediately obtain from the definition of d that uR_,v for some a € M if and only
ifd(u,v) = a.

(B): Suppose first that d(u,v) < a, then either (i) d(u,v) = b < a and wR_,v
for some b € M, or, (i) d(u,v) = a; —2'-e < a. In Case (i) we obtain uR_,v by
condition (F8). In Case (ii) we have uR ;v with 4; minimal with this property. By (1)
of Lemma 3.13 we have q; — 2 - ¢ < a implies a; < a. Hence, by condition (F7), uR-,v.

Conversely, suppose that uR_;v. Then, by (F5), -uR_,v for all b > a. We again
have to distinguish two cases. Case (i): There exists a b < a with uR_;v. But then
we have d(u,v) = b < a. In Case (ii), we have —uR_,v for all b € M and hence
d(u,v) = a; — 2 - e with a; < a. Hence d(u,v) < a.

(C): Suppose first that d(u, v) > a. There are three cases to consider:

Case (i): d(u,v) = v +e. Then uR.,v for all b € M. Hence, in particular, uR- 4v.
Case (ii): d(u,v) = b > a for some b € M and uR_,v. By (F5) we have -uR_.,v and
by (F6) =uR_,v. Hence, (F1) implies uR~ 0. Case (iii): d(u,v) = a; — 2" - & > a. Then
—uR_,v by definition of d and —uR_,v since otherwise d(u,v) < a. Hence, by (F1),
uR< 0.

Conversely, suppose uR-,v. There are again three cases. But note first that we
cannot have uR_,v for b < a due to (F1) and (F8). Case (i): For all b € M we have
uR-yv. Then d(u,v) = v+ ¢ > a by definition of d. Case (ii): There is some b > a
with uR_,v. Then d(u,v) = b > a. Case (iii): There is some b > a with uR_,v. Then
d(u,v) = a; — 2" - ewitha < a; < b. Butby (1), a; — 2 - ¢ > a, as required.
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(D): Suppose first that a < d(u,v) < b. Then, clearly, d(u,v) < 7, so we cannot
have uR- v for all c € M. There are two cases. Case (i): d(u,v) = cwitha < ¢ < b, and
uR_.v. By (F8) we then have uR_;v, by (F6) ~uR_,v, and by (F5) -uR-,v. Hence, (F2)
gives uRZjv. Case (ii): d(u,v) = a; — 2" ¢ with uR 4,0, a; minimal with this property,
anda < a;,—2" - < b. By (1) we have a < a;, so ~uR.,v. Because we also have
—uR_,v we get uR-,v by (F1). Further, we have a; < b, so uR_,v by (F7). Now, (F2)
implies uRZ}v, as required.

Conversely, assume uRZjv. By (F1) and (F2) we get uR-,0, uR_4v, ~uR-,v and
—uR_,v. We further distinguish two cases. Case (i): d(u,v) = c and uR_.v, c € M.
Then b > ¢ by (F5), c = a is impossible by (F1), and ¢ < a would imply uR_,v by (F8).
Hence a < ¢ < b. Case (ii): d(u,v) = a; — 2 - ¢, a; minimal with uR ;0. Then, since 4;
is minimal, we have a; < b, hence d(u,v) < b. Finally, by (F7) we cannot have a > g;,
soa < a; and hence a < d(u,v) < bby (1).

We can now prove (ii). Suppose that ¢ is satisfied in the metric space model

B = (W,d,pd,pt, i)

based on the metric space S = (W, d), i.e., that (B,w) F ¢ for some point w € W.
By Proposition 1.12, ¢ is satisfied in the frame-companion model M (B). It is easily
checked that the relations of the frame companion fr(S) satisfy properties (F1)—(F14).
Thus, f¢(S) is an F-metric M-frame in which ¢ is satisfiable.

Conversely, suppose that ¢ is satisfied in an F-metric frame model

o = (5, pd%, pT AT

based on the F-metric M-frame f = (W, {R<,, R>s, R—s, RZ{} 4 pem ). We first define a
finite parameter set M(¢) and an F-metric M(¢)-frame ' such that ¢ is satisfiable in f
if and only if it is satisfiable in f*.

Just as in the proof of Theorem 2.7, let
Par(¢) :=={a € M | aoccursin ¢}
and let 7y, := max(Par(¢)) + 1 and define M(¢) as follows:
M(p):={beM:vy>b=Db1+...+byb; € Par(p),n < w}.

As before, it is easily seen that M(¢) is a finite parameter set.

Now we define the frame f' as the frame-reduct of f with respect to M(¢), that is

ffi=f LE.M(g)) -
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As remarked on Page 21, since ¢ € LOp[M(¢)], ¢ is satisfiable in § if and only if
it is satisfiable in | |(fap1(¢)). By (i) there is a metric space S such that §t is its frame-
companion, i.e., fr r1(¢) (S) =1l M(g))- By Proposition 1.12, ¢ is satisfiable in S, which
had to be shown.

O

3.2.2. Completeness. Theorem 3.12 implies that, to axiomatise the logic MSOr[M]
of metric spaces, it suffices to axiomatise the class §r[M] of F-metric M-frames. More
specifically, the set of validities in metric spaces of the language LOr[M]| coincides
with its validities over the class §r[M].

By using general completeness results from hybrid logic, however, the axiomatic
system MSOr[M], given below in Table 3.3, is in fact strongly complete with respect
to the class of F-metric M-frames. Let us discuss and summarise the relevant parts of
hybrid completeness theory.

The (second-order) standard translation from formulae of standard modal logic
to the second-order frame correspondence language can be straightforwardly exten-
ded to cover nominals and the universal modality, and similarly to formulae from the
Sahlquist fragment, pure formulae, that is, formulae containing only nominals (rather
than propositional variables), define frame classes that are always first-order definable

(see, e.g., Gargov and Goranko [1993, Proposition 3.1]):
PROPOSITION 3.14. Pure formulae define first-order definable classes of frames.

As early as in Bull [1970], it was realised that axiomatisations with pure formu-
lae give rise to ‘easy’ completeness proofs. Very roughly, completeness proofs for
languages involving nominals and universal modality or the @-operator proceed by
combining the techniques of canonical models from modal logic and a Henkin con-
struction as in first-order logic. The main task is to show that we can construct named
models from the canonical models, i.e., models which consist only of maximally con-
sistent sets that contain a nominal, and such that we can still prove the usual truth
lemma.

In Blackburn and Tzakova [1999], we find such a completeness proof for languages
containing nominals and @-operator, and in Gargov and Goranko [1993] we find a
completeness proof for languages with nominals and the universal modality. ~ Al-
though many first-order conditions that are modally or Sahlqvist definable are defin-
able by pure formulae, e.g. reflexivity to name one of the simplest examples, this is

not true in general. The Church-Rosser property

VuVoVw(uRv A uRw — Ix(vRx A wRx))
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is modally definable by the Sahlqvist formula
OO — OOy,

which is not equivalent to any pure formula [Goranko and Vakarelov, 2001].

Now, it is known that any extension with pure axioms of the basic logic of the
universal modality enriched with nominals is strongly complete with respect to the
class of frames defined by the pure formulae when using the additional covering rule
of inference (COV) [Goranko and Vakarelov, 2001]. To state this result properly, let us
discuss the rule (COV) first.

(COV) was introduced in Passy and Tinchev [1991] to axiomatise PDL with nom-
inals, and further examined most notably in Gargov et al. [1987] and Gargov and
Goranko [1993]. Usually, (COV) takes on a rather complicated form, being formu-
lated with the help of universal forms u(#) (compare Goldblatt [1982] and Gargov et al.
[1987]), which are defined as follows:

DEFINITION 3.15 (UNIVERSAL FORMS). Let t be a symbol not appearing in the lan-
quage LOp[M)]. The set UF(t) of universal forms of § is the smallest set that is closed under

the following conditions:

e i is a universal form of 4, i.e. § € UF(4);

o Ifu(#) € UF(8) and ¢ € LOp[M] a formula, then ¢ — u(8) € UF(4);

o Ifu(f) € UF(f) and O € {A~", A%, A=, AZ], B | a,b € M}, then Qu(t) €
UF(2);

Every universal form u(#) has precisely one occurrence of the symbol £, so we may
denote by u(¢) the formula that results from the universal form u(f) by substituting
the formula ¢ for the symbol f. Furthermore, up to propositional equivalence, every
universal form can be rewritten as

90— V(g1 = o = VI (@p1 — VR (pn — 1))

where the Vf" are sequences of k; ‘universal’ distance operators from the list
{A=7, A<, A=, Az’g | a,b € M} or the universal modality M, and some of the ¢; may
be T, when necessary. The number # is called the depth of u(#). Given a sequence
vi-(" , we denote by Af’ the sequence of ‘existential” distance operators, including the
existential 4, that result from vf" by replacing every A~ by E~” etc. Then, the neg-
ation —u(f) of a universal form is called an existential form and is, again modulo

propositional equivalence, of the form

QoADK (LA A DB (gAY,

The standard (COV) rule—which is needed in general for pure extensions—states that

if u(—i) is derivable for some universal form () and nominal i not appearing in u(f),
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then infer u(L). To understand this rule a bit better, it is probably best to look at a

soundness proof for it, given here with respect to the class of all distance spaces:

LEMMA 3.16 (SOUNDNESS OF (COV)). The rule (COV) preserves validity in the class

D of all distance spaces.

PROOF. We show something slightly stronger than the usual soundness, namely
that (COV) preserves validity in each fixed distance space (W,d). Suppose u(f) is a
universal form such that (W, d) F u(—i), i.e., that u(—i) is valid in on (W, d). We may

suppose without loss of generality that u(f) is of the form

u(t) = 9o — V(g1 — ... = VN (@1 — Vi (9n — 1)),

where the depth of u(f) is 1, some of the ¢; might be T, and the nominal i does not
occur in u(f). Assume that there is a full model 9t based on some distance space
S = (W, d) and a point v in W such that (91, v) F —u(1), i.e., that

(M, 0) E po ALK (1 A DK (@ AT ).

Then there is a sequence (v, wq,wy, ..., wy,) in W that witnesses the truth of —u(L),
ie, (M w;) F ¢;, for 1 < i < n. Since i does not occur in u(4), we can define an

i-variant M of M by setting ™ = {w,} and j™ = j™ for every nominal j # i and
m

p™ = p™ for every propositional variable p, such that we still have (9, w;) F ¢, for
1 <i < n. But (W,d) F u(—i) implies (9, v) E u(—i) and thus (O, w,) E ¢, — —i.
Since {w,} = ™ this implies (M, w,) F —¢,, which is a contradiction. O

We can now state the general completeness result mentioned above. By Kg[M]
we shall denote the minimal multi-modal logic in the language LOr[M], comprising
the S5 Axioms for M, the Axioms (Nom;), (Nom;) and (Inc) from Table 3.3, the cov-
ering rule (COV), modus ponens, generalisation for M, and sorted substitution, i.e.,
nominals may be substituted for nominals and arbitrary formulae for propositional
variables.

Further, by L ©c I' we denote the smallest hybrid logic obtained by adding the
formulae in I' as axioms to the logic L, and which is closed under modus ponens,

generalisation, sorted substitution, and (COV).

THEOREM 3.17 (PURE COMPLETENESS). Let M be a parameter set and 11 a set of pure
formulae in language LOp[M]. Then the multi-modal (hybrid) logic Km[M] @&¢ I1 that has
(COV) as additional rule of inference is strongly sound and complete with respect to the class
of frames that 11 defines.

The role that the (COV) rule plays in the proof of this result is to ensure that, given
the canonical model for the logic Km[M] &¢ I1, we can select from any definable subset
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of the model, i.e., every set of points at which some formula is true, a named member,
i.e., a point that contains a nominal [Gargov and Goranko, 1993]. Thus, there are, as it
were, enough named maximally consistent sets to still prove a truth lemma.

Note that, as opposed to the case of the logic M8p[M] where nominals were not
available, we can, in a way, ‘internalise’ the distance function in the modal language
LOr[M] with nominals. For, if 9t is any full model based on a distance space (W, d)

and 7, j are nominals, then, for any point u of W we have
(M, u) Wi — E7) — di™, ™) =a,

and so on for the cases d(i™, ;™) < a, d(i™,;™) > aand a < d(i™, ;™) < b.

Now, to axiomatise the class §r using the language LOr[M]|, we have a number
of options. First, we can check that, indeed, all the frame conditions from Defini-
tion 3.11 are definable by pure formulae. But this is an immediate corollary to the next
lemma. First, recall that the first-order correspondence language L}:’ v for alanguage
of type LOp[M] comprises a countably infinite set {x; | x < w} of variables, a count-
ably infinite set {c; | i < w} of constants (one for each nominal), binary relation

R4, R~;, R_; and Rz‘; for any a,b € M, as well as equality =. Then we have:

LEMMA 3.18. Every class of frames defined by universal first-order formulae of the first-
order correspondence language L\, of LOp[M] can be defined by pure formulae of LOp[M],

where M is arbitrary.

PROOF. We define a translation ." from first-order formulae of L}T,M to pure for-
mulae such that, for any M-frame § and universal first-order formula ¢ of L}?, My We
have

(x)  fFe = fFo"
Clearly, every universal formula of L} ,, can be written, without loss of generality, in
the form
@(%) =Vx1...Va,B(x1,...,xX0,01,...,Cm),

where B (xl, e X0, €1y, cm) is a Boolean combination of atoms of the form
Ro4(Sq,ta), etc., and equalities s = t, where the terms s,, t,,s,t are either variables
from {x,...,x,} or constants from {cy,...cy}, and a € M.

Define the translation ." by, given ¢, associating with every variable x; a nominal

(x;)T = i; and with every constant c; a nominal (c;)" = j such that

{il,. . .,in} m {jl,. . .jm} == @,
removing the quantifiers Vx; ... Vx,, and by simultaneously replacing
e equalities s = t with (st « t1);

e binary atoms
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— R_,(s, t) with B(s" — E<%");

- R>a (s,t) with B(s" — E>t1);

—a(s,t) with B(st — E=7t");

- Rzg(s,t) with B(s* — EZ7t7).

Now, an easy induction shows (). 0
This immediately gives us the following completeness result:

THEOREM 3.19. M8Or[M] is strongly sound and complete with respect to a pure exten-
sion of Km[M].

PROOF. Obviously, conditions (F1)—(F12) are universal first-order conditions for-
mulated in L},M. Thus, Lemma 3.18 together with Theorem 3.17 proves the The-

orem. O

Yet, we can do a bit better. Notice that all the modalities in the set F are symmetric
by conditions (F1), (F2) and (F9). Fortunately, symmetric modalities are a special case
of the versatile similarity types of Venema [1993], or the reversive languages of Goranko
[1998]. Moreover, it is clear that the languages LOr[M] (having nominals and the
universal modality) and Lr[M] (having the difference operator E*?) have the same
expressive power when it comes to frame definability [de Rijke, 1992]. Thus, we can
choose between giving an axiomatisation over the language L r[M|—using the general
completeness theorems available for languages employing the difference operator and
Sahlqvist axioms [Venema, 1993]—and a (mixed) axiomatisation using pure formulae
and Sahlqvist schemes, using the (generalised) Sahlqvist completeness theorem from
Goranko and Vakarelov [2001].

To be precise about the results that we will be using in the completeness proof be-
low, we give simplified versions of some of the definitions and results of Goranko and
Vakarelov [2001]. For a polyadic modal language £, the definition of reversiveness of
the language requires that, for every n-ary modal operator V interpreted by an n + 1
ary relation R, there are n-ary modal operators \y 7/, i = 1,...,n, interpreted by the

inverse relations R as follows:

XR7yy .y yn <= iRy ... x ...y,
Obviously, for unary modalities, this requirement boils down to having a tense sim-
ilarity type, i.e, for every modality O interpreted by a binary relation R there is an
inverse modality O~! interpreted by R~!, where
xR7'y < yRx.

Also, modalities that are interpreted by symmetric binary relations are therefore

their own inverses in this sense.
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Now, by Kg[M] we shall denote the logic in the language LOfr[M)] that is defined
just like Kg[M], with the exception that the rule (COV) is replaced by the rule (COV)),

that is, infer ¢ from i — ¢, (i ¢ ¢), and it additionally contains the axioms

(Bo) ¢ —O~O-¢ Oec{A™AAAZY (a,be M).

Further, we use L ®¢, I' to denote the smallest hybrid logic obtained by adding the
formulae in I' as axioms to the logic L and which is closed under modus ponens,
generalisation, sorted substitution, and (COVy).

Note that, in the case of symmetric modalities, and more generally in the case of
reversive languages, universal forms are no longer necessary: given the rule (COV)),

the rule (COV) becomes derivable. A universal form of type

n—1

90— T (91— - = 7 (@nr = V(g — 1))
is provable in Kg[M] if and only if its ‘converse’
= (Pn = Vi (gn-1 = oo = VI g0) ),

is provable in Kg[M], compare Gabbay and Hodkinson [1990] and Gargov and Gor-

anko [1993]. Thus, if u(—i) is provable for some universal form, so is
i = (pn = VN (gn1 = - = V1T 90) )
and so, by (COV)), we obtain
Pn — T (Pn1 = oo — T m0) .. ),

which is equivalent to u(_L).
Assume now Sahlqvist formulae in the language LOp[M] are defined as usual.!

We say that two formulae ¢ and ¢ are axiomatically equivalent over the base logic
Kg[M], if ¢ Fxg i ¥ and ¢ by v @

THEOREM 3.20 (Goranko & Vakarelov). Ouver the base logic Kg[M], every Sahlquist

formula is axiomatically equivalent to a pure formula.

The following lemma is immediate from the fact that the inference rules preserve

validity on frames.
LEMMA 3.21. Axiomatically equivalent formulae define the same classes of frames.

Thus, the following theorem is an almost immediate consequence of Theor-
ems 3.17 and 3.20.

1n Goranko and Vakarelov [2001], the (standard) class of Sahlqvist formulae is substantially exten-

ded, and the results we mention here hold for this larger class as well.
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THEOREM 3.22 (SAHLQVIST COMPLETENESS). Every extension Kg[M] ®¢c, L @, I1
of Kg[M] in the language LOp[M)] by a set ¥. of Sahlquist axioms and a set I1 of pure axioms is
complete with respect to the class of symmetric M-frames defined by the first-order conditions
defined by ¥ UT1.

We now give the axiomatisation of the class Fr[M] for the language with nom-
inals, using both, pure and Sahlqvist axioms, which we feel to be the most elegant
formulation. The axiomatic system, which is listed in Table 3.3, will be denoted by
MSOr[M].

Some comments on the choice of axioms might be in order. First, we have the
standard S5 and ‘inclusion” axioms for the universal modality, as well as the Axioms
(Nomj) and (Nom;) which suffice to axiomatise nominals in the presence of the univer-
sal modality, compare Gargov and Goranko [1993]. The remaining axioms are basic-
ally derived from the Representation Theorem, Theorem 3.12. They precisely define
the first-order conditions given for F-metric M-frames, i.e., those that are needed to
construct an appropriate metric space from a frame.

The inference rules of the system MSOr[M)] are sorted substitution (SSUB), modus
ponens, necessitation for W, as well as (COV)).

Note that, in the presence of the Inclusion Axioms (Inc(), all of the rules of neces-
sitation

&P (RNQ), O € {A”%, A%, A=%,A> | g,b € M}

are derivable in MSOr.
Thus, the details of the proof of the following theorem are easily spelled out:

THEOREM 3.23 (STRONG FRAME COMPLETENESS).
For every LOp[M]-formula ¢ and set of formulae I':

T l_MSOF @ < T ':SF[M} Q.

PROOF. We first prove the soundness part.

The validity of the axioms for the universal modality, the Inclusion Axioms (Inc.)
and (Inc—), and the S5-Axioms (4m), (Bm) and (Tw), is immediate. Similarly, the valid-
ity of the axioms for nominals, (Nom1) and (Nom), is proved as usual.

Checking the validity of the remaining axiom schemata is a routine matter: they
directly correspond to properties of metrics as specified by the F-metric M-frame con-
ditions (F1)-(F12). To illustrate this, let us check the validity of the schemata (Def2)
and (Tra;). Let 91 be a full model based on an F-metric M-frame f, u € W, and
a,b,a+be M.

(DefZ): We have
(M, u) EEZ}i
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AXIOM SCHEMATA FOR MSOf[M]

(CL) Axioms of propositional calculus
Ko) O(p—9) — (O — Op),

where O € {H, A:”,A>”,A<“,AZZ} (a,b e M)
(Def) E>% « (A<9—i A A=) (a e M)
(Def2) EZ0i e (AST=i A AT"=i A AZP=i A A=V—i) (a,b € M)
(DisZ) E=% — A<b—j (a>b)
(Dis—) E=% — A=V~ (a #b)
(T_o) A= < ¢ (0 e M)
(Botg) A<OL (0e M)
(Mon.) A<t — A<lgp (a >D)
(MonZ) A<ip — A=l (a > D)
(Bo) ¢p—0O0-0O~¢, Oec{AATAAZY  (a,beM)
(Tray) (A<atbp A A=0Hb ) 5 A=IA=D g (a4+be M)
(Trap) A<atby  A<ip<by (a+be M)
(Tras) A<atby . A<ip=Dg (a+be M)
(Incp) My — O, Oe€ {A:”,A>“,A<”,Az‘bZ (a,b e M)
(4m) Ny — Hlg
(Bm) ¢ — Wég
(Tm) My — 9
(Nomy) ¢
(Nomy) *iNng)— E(i— g)

INFERENCE RULES

%‘P (MP) .%) (RN) . ? i ¢ (COVy) (SSUB)

Table 3.3: The axiomatic system MSOr[M].
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if and only if uRzgim if and only if —uR_;i™ and —uR_,i™ and uR_},i™ (by condi-
tion (F2)) if and only if ~uR_,™ and -uR,i”" and —=uR-,i™ and —uR_;i™ (by condi-
tions (F1) and (F5)) if and only if

(M, u) = A<P—i A AT i A AP A ATV
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(Tray): Suppose (M, u) F E=*E=Y—¢. Then there are points v,w € W such that
uR—_,v, vR_pw, and (M, w) F —¢. By condition (F10), we obtain (i) uR_,,,w, or (ii)
UR_,pw. Thus (M, u) E E<+b—p v E=4 g,

The soundness of the remaining schemata is checked in a similar way.

That the rules of modus ponens and necessitation preserve validity is clear. So let
us check the soundness of the rule (COV)), which just amounts to a much simplified
version of the proof of Lemma 3.16. Fix some F-metric M-frame f such that f Fi — ¢,
where the nominal i does not appear in ¢. Assume that there is a full model 9t based
on f and a point v in W such that (,v) F —¢. Since i does not occur in ¢, we can
define an i-variant 0V’ of 9 by setting i™ = {v} and /™ = j™ for every nominal j # i
and p™ = p™ for every propositional variable p, such that (9%, v) F i A =@, which is
a contradiction.

For the completeness part it suffices to show, according to Theorem 3.22, that the
axioms given in Table 3.3 indeed define the frame conditions (F1)-(F12). We show
this only for the condition (F10), and leave the remaining cases to the reader. We
have shown above that Axiom (Traj) is valid in the class of M-frames satisfying con-
dition (F10). Now assume that condition (F10) is violated, i.e., take an M-frame f
such that there are points u, v, w € W with uR_,v, vR_pw, ~uR_, ,w, and ~uR_,,w.
Define a model 9 based on f by setting p™ = W \ {w}, and q™" arbitrary for proposi-
tional variables g # p. Then

(M, u) E A= p AASTHp AETUETDp,
from which it follows that (Tra;) is not valid in M-frames violating (F10). O

Next, as a corollary to Theorem 3.12 and Theorem 3.23, we obtain:

THEOREM 3.24 (WEAK METRIC COMPLETENESS). For every LOp[M]-formula ¢:

Fvsor ¢ <= ¢ € MS8Of.

3.3. Compactness

To clarify the relationship between Theorems 3.23 and 3.24, let us briefly dis-
cuss the compactness property in metric spaces. We have shown in Theorem 3.12 (i)
that, for finite parameter sets M, there is a precise correspondence between F-metric

M-frames and metric spaces, that is, there are maps
MS 5 F[M], with h(S) = frum(S)

and
Fe[M] -5 M8, with hog = idg, (),
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R~ u R v VR VR4,
MR:OMC UR>nv uR:OMO UR <0
[ ] [ ]
u ) u )
URyu uR<qu
—(1) ~($)

Figure 3.1: Non-standard frames with “points at infinity” and ‘infinitesimal points’.

where idg, (s is the identity function on the class F¢[M] (but note that, in general,
goh(S) # S). This means that, for finite M, the local consequence relations Fjs and

Fzym) coincide and are, by strong completeness with respect to F-metric M-frames,
both compact. This picture changes radically, however, when we move to infinite

parameter sets. For instance, let M = IN and consider the set
[={-E""p | n<w}U{®p}.

Then every finite subset I'y of I' is satisfiable in some metric space, but I' is not.
This shows that the local consequence relation Fs is not compact for the language
LOF[IN]. Since the local consequence relation Fg, (5 is compact independently of M,
I is satisfiable in some F-metric M-frame. In fact, define a ‘non-standard’ F-metric
M-frame f that is based on the set W = {u, v} by setting uR-,v, for all n € IN, uR_ou,
vR_ov, uR.,u and vR.,v, for all n > 0, and RZ};, = &, for all n, m, see Figure 3.1.
Then f is an F-metric [IN]-frame and T is satisfiable in u. But f is not the frame-
companion of any metric space S, since any such frame-companion satisfies the addi-

tional infinitary condition

1) YRa=wxw.
n<w
This condition holds generally in any frame-companion of some metric space,
whenever the parameter set M is unbounded: since the distance between any two
points is functionally determined by the metric, the Archimedean axiom for the real

numbers

Va,bec R"3IneN:n-a>b

guarantees that, eventually, we will find some n € IN such that d(u,v) < n, which

rules out frames as the one defined above.
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Similarly, suppose M is a dense subset of R™, e.g. M = Q™. Suppose a = (a,)n<w
is some strictly decreasing sequence of numbers from M, i.e., a,+1 < a, forall n < w,
with inf(a) = 0. Then every frame-companion of some metric space (W, d) satisfies

the following condition:
(1) Vo,we W:v#w = inf({a; | a; € aand vR,w}) > 0.

On the other hand, there are F-metric Q*-frames that violate it, and which are hence
not the frame-companion of a metric space, compare, again, Figure 3.1.

It should be now rather clear that the concept of ‘metric space” is not first-order
definable on frames: an adequate stronger relational representation of metric spaces
also has to ‘represent’ the theory of real numbers. In particular, given an arbitrary
F-metric M-frame f with an infinite parameter set M, it is in general not possible to
find an equivalent metric space S, i.e, such that Th(f) = Th(S). At this point, we
can proceed in different ways. One possibility is to enrich the language LOr[M] by
numerical variables x,y, ... that range over M and can take the place of parameters,
and to allow explicit quantification over these variables, with the obvious semantic

interpretation.2 Then, for instance, the formula
E>0(P _ Eﬂx.<x(P
taken as an extra axiom corresponds to the frame-condition
Yu,v.da € M.uR_,v,

thus expressing (*).

3.4. More Axioms and Interpolation

In this section, we discuss several themes related to the frame representations of
metric spaces given above. Using the fact that by algebraically manipulating the frame
conditions given for F-metric M-frames (or D-metric M-frames) into equivalent forms
taking other operator sets and the corresponding relations as primitive (in the sense
that the relations R—, and R., were used to define the relations Rzz in Definition 3.11),
the frame representation for the language LOr[M] can be used to derive correspond-
ing representation theorems for various sublanguages LOp[M], O C O, and to give
respective sound and complete axiom systems. Finally, we can use these relational
representations to derive various positive and negative results about Craig interpola-

tion for languages without nominals.

2 A similar extension with variables but not allowing quantification was considered for weaker de-
cidable logics of distance in Wolter and Zakharyaschev [2003], and it was shown that adding variables

ranging over parameters and linear inequalities as constraints preserves decidability.
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The fragments we are interested in here, besides the operator sets F and D defined

earlier, are the following:

DEFINITION 3.25 (OPERATOR SETS). Given some parameter set M, let:

(1) Li[M]:={A=",A<" | a € M};
(2) L[M]:={A=" | a e M};

(3) L3[M]:={A" | a e M};

(4)  Gi[M]:={A=9,A>" | a € M};
(

(M
5) Gy[M]:={A=" | a € M};
6) G3[M]:={A"" | ae M};

This defines languages LOp,[M], L1.[M], etc. Again, we will usually suppress the dependence

on the parameter set M and will talk about operator sets L1, Gy, etc.

As concerns the interpolation property, in modal logic, one usually distinguishes
a weak and a strong interpolation property. Strong interpolation is also referred to as
arrow interpolation or Craig interpolation, and weak interpolation as turnstile interpola-
tion. Furthermore, weak interpolation also depends on the consequence relation be-
ing used, i.e., depends on whether we use the local or the global consequence. Let us
define these notions properly. If ¢ is a formula in LO[M], we shall denote by V(¢)
the set of propositional variables and nominals appearing in ¢ and by P(¢) the set of
propositional variables appearing in ¢. As specified in Definition 1.7, we distinguish
the local and global consequence relations F! and |=é with respect to the classes D!
of distance spaces. Further, as we have discussed in the last section, the local con-
sequence relations with respect to metric spaces and the respective classes of standard
frames coincide, whenever the parameter sets M are finite, and can thus be identified
whenever convenient. Indeed, as we will explain in a moment, it is enough to invest-
igate the interpolation properties with respect to the relational semantics. If F is a class
of frames, let us denote the local consequence relation with respect to F by =F, and

the global consequence relation by |=§ .

DEFINITION 3.26 (INTERPOLATION PROPERTIES). Let Lo[M)] be some language
(without nominals), F a class of frames for Lo[M], Lo rm the logic of the class F in language
Lo[M], and k € {1, g}. We distinguish the following interpolation properties:

(AIP) Lo rm has the arrow interpolation property if, for all formulae ¢ and 1 such that
@ — ¢ € Lorm, there is a formula 0 with P(8) C P(¢) N P(¢) and such that
p—0¢cLlormand 0 — P € Lorm.

(TIPx) Lo,rm has the k-turnstile interpolation property if, for all formulae ¢, such
that ¢ EL 1, there is a formula 6 with P(0) C P(¢) N P() and such that ¢ = 6
and 0 E§ .
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(SIPx) Lo,rm has the k-splitting interpolation property if, for all formulae @o, @1,
such that o A @1 EL ¥, there is a formula 6 with P(6) C P(go) N (P(@1) U P(¥))
and such that o =F 0 and @1 A6 EL .

The interpolation properties just defined are interrelated as follows, compare e.g.
Areces and Marx [1998].

LEMMA 3.27. Let Lo[M)] be a language and F a class of frames for Lo[M].
(i) (AIP), (TIP;) and (SIP;) are equivalent for Lo r .
(ii) If the local consequence relation Ff is compact and F is closed under taking point-
generated subframes, then (AIP) implies (TIP¢), and (TIPy) and (SIPg) are equival-

ent.

PROOF. To prove (i), just notice that with the local consequence relation we have
the standard deduction theorem available, and thus Ef ¢ — ¢ if and only if ¢ T .

(ii) follows from the fact that we can switch from the global consequence to the
local consequence using the deduction theorem for the global consequence, the as-
sumption that the class F of frames is closed under taking point-generated subframes,

and compactness. g

Now, suppose the class F of frames, closed under taking point-generated sub-
frames, is an elementary relational representation of a class D' of distance spaces, i.e.,
the logics Lo,y and M85 [M] coincide. Then, clearly, if we are able to prove (AIP) for
Lo,rm, then (AIP) holds for M8, [M] as well. Further, the local consequence relation

=T is compact by using the standard translation and the compactness of first-order
logic, and thus, if we are able to disprove (TIPg) for Lo, then also (AIP) fails for
Lo,rm by (ii), and so we have disproved (AIP) for MS5[M].

As mentioned above, we will concentrate here on (the failure of) the interpolation
property for the languages Lo[M] without nominals and the universal modality. If
nominals and the universal modality are available in a language, Craig interpolation
usually fails. For instance, as we show below, the language £1,[M] does have Craig
interpolation. Now consider the language LOr,[M] and let 0 # a € M. Then the
formula

EX"p NE="—p — (B(q — i) — $-q)
is a tautology with respect to any class of distance spaces: suppose the formulae
E<?p A ES"—p and (g — i) are true at some point w of a model B based on a dis-
tance space (W, d). Then there are at least two “p-worlds” and at most one ‘g-world’,
whence 47 is true at w as well. Possible interpolants for this implication have to be
build from T and L, which is impossible in this language. If we treat nominals on a

par with modalities, i.e., allowing them to appear freely in the interpolant, we may
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restore interpolation. For example, the formula 4-i can serve as an interpolant for
the implication above. Sometimes, a more restricted version of Craig interpolation is
investigated, where interpolants not only have to be build from shared propositional
variables, but also from shared modal operators. This, though, makes no sense in this

general form in the context of distance logics. Consider, for instance, the formula
Ang) — AglAgl(p.

While the language containing the operators of type A<? have Craig interpolation in all
classes of distance spaces, the above formula, being tautological in triangular spaces,
has clearly no interpolant using no distance operators at all. The question, on the
other hand, exactly which parameters from a parameter set M are needed in an in-
terpolant, given the parameters appearing in the antecedent and consequent of some

valid implication, is a non-trivial and interesting question.

3.4.1. The Logics M8, and M8Or, i = 1,2,3. Let us now continue by analysing
the languages LOr, [M] and its sublanguages £LO;,[M] and LO,[M].
Call an M-frame f of the form

f = <W, (Rga)a€M>
Ly-metric, if the following conditions hold for all2,b € M and w,u,v € W:

(L1) If uR<zvanda < b, then uR-,v;

(L2) uR<pv <= u=v;

(L3) uR<,v <= vR<,u;

(L4) If uR<,vand vR<,w, then uR<,,,w, whenever a+b € M.

These are the same frame conditions as used for D-metric frames given on Page 42,
save conditions (D1) and (D2). An inspection of the proof of the Representation The-
orem 2.7 shows that the logic M8, coincides with the logic of the class of L,-metric
frames. By a standard Sahlqvist argument, this class is easily seen to be axiomatised
by the axiomatic system MS;, given in Table 3.4.

Similarly, call an M-frame f of the form

f = <W/ (R<u)a€M>
Lz-metric, if the following conditions hold for alla,b € M and w,u,v € W:
L5) IfuR.,vanda < b, then uR_,v;

L6) uR_,u, whenever a # 0;

(
(
(L7) Reo=2;
(

L8) If uR.,vand vR_,w, then uR_, ,w, whenevera +b € M.
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AXIOM SCHEMATA FOR MSy, [M]

(CL) Axioms of propositional calculus

(K<) A=Y g = ¢) — (A="p — A=Ty) (a € M}
(Mo<) At — ASbe (a,b €M, a>b)
(T<o) Al —¢

(To) ¢ — A=p

(B<) S (a € M)
(Trg) A§a+b(P N ASuASb(P (u+b c M)

INFERENCE RULES:

The inference rules are modus ponens and necessitation for A=“:

P 9 @
- (MP) e (RN) (a € M)

Table 3.4: The axiomatic system MSy,[M].

AXIOM SCHEMATA FOR MSy, [M]

(CL) Axioms of propositional calculus

(K2) A< (g — ) — (ATp — A<"p) (a € M)
(Mop<) A<ty — A<y (a,beM,a>b)
(Ta<) A<ip — ¢ (a #0)
(Botpa<o)  A<OL

(Ba<) ¢ — A~ESg (a € M)
(Tro) A<atby  A<ap<by (a+bec M)

INFERENCE RULES:

The inference rules are modus ponens and necessitation for A<*:

% §0¢_’ 1% (MP) Ai(p (RN) (Cl S M)

Table 3.5: The axiomatic system MSy, [M].

Again, it is easily seen that the logic M8, coincides with the logic of the class of
Lz-metric frames. The axiomatic system MSy, listed in Table 3.5 axiomatises this class.
Further, a representation theorem for the language L, is obtained by adding to

the properties (L1)—~(L8) ‘interaction” conditions. Call an M-frame f of the form

f= <W/ (R<a)ueM/ (Rga)aeM>
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Li-metric, if the following conditions hold for alla,b € M and w,u,v € W:

(L1)—(L8);

(L9) If uR.,v, then uR<,v;

(L10) If uR<,vand a < b, then uR_,v;

(L11) If uR<,v and vR_,w, then uR_,,,w, whenevera+b € M;

That the logic M8, coincides with the logic of the class of Li-metric frames follows
from the Representation Theorem 3.12 and has independently been shown in Lutz

et al. [2003]. The axiomatic system MS;, listed in Table 3.6 axiomatises this class.

AXIOM SCHEMATA FOR MSy, [M]

MSp, [M] & MSp,[M] &

(Inc2) ASTp — A<?g (a € M)
(MoZ) A<t — A=bgp (b <a)
(Tr3) A<itly — ASIA<bg (a+beM)

INFERENCE RULES:

The inference rules are modus ponens and necessitation for A<%:

P 9o— %
BT (MP) e (RN) (a € M)

Table 3.6: The axiomatic system MSy, [M].

As concerns the axiomatisations of the logics M8y, and MS§;,, we run across a pe-
culiar phenomenon. Both modalities, A<0 and A=C, are trivial in the sense that Agoq)
can always be replaced by ¢, and A<’¢ can always be replaced by T. So when con-
sidering languages with parameter sets that do not contain 0, or when performing a
trivial translation, the tautologies of £, and L, completely coincide (when replacing
A= by A<). On the other hand, when it comes to expressivity on models based on
distance spaces, the languages L, and L, are incomparable. More specifically, since
A<¢ is true in a point w of a model 9 based on a metric space S if and only if ¢ is
true in an ‘open ball” around w, there is no translation .*, taking formulae of £}, to

formulae of L, such that for any metric space S and point w we would have

(S,w) EA<"g «— (S,w)F (A<"p)".
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We do not give a formal prove of this here, but remark that it follows, e.g., from con-
sidering topological extensions to these languages with interior and closure operators,
as investigated in Wolter and Zakharyaschev [2004].3

Next, we look at interpolation for these languages. Recall that a universal Horn
formula is a universally quantified conjunction of disjunctions of literals, where in
each disjunction at most one literal appears positively. Since all of the axioms given
for the logics M$y,, i = 1,2, 3, are of Sahlqvist type and correspond to universal Horn
conditions, i.e., conditions (L1)—(L11) can be rewritten to be universal Horn, we can
make use of the following theorem, a proof of which can be found in Marx and Venema
[1997].

THEOREM 3.28 (Marx & Venema). Every Sahlquist axiomatisable modal logic whose
axioms correspond to universal Horn formulae enjoys the arrow interpolation property.

Thus, we immediately obtain:

THEOREM 3.29 (INTERPOLATION FOR Jv[SiL]_).
The logics MSiLj [M] have Craig interpolation, for j =1,2,3and i € {d,s, t,m}.

Failure of Craig interpolation, though, is the norm for distance logics, as we will

see in the next section.
3.4.2. The Logics MS¢, and M8O¢, i = 1,2,3. Call an M-frame f of the form

f= <W/ (R>a)aEM>

Gs-metric if the following conditions hold for all a,b € M and w,u,v € W:

(G1) IfuR-,vandb < a, then uR-,v;

(G2) uR-,v <= vR-,u;

(G3) uR-gv <= u #v;

(G4) IfuR.,.pw,then uR-,v or wR.,v, whenevera+b € M.

Again, it is easily seen that the logic M8, coincides with the logic of the class of
Gs-metric frames. This follows immediately from the Representation Theorem 2.7 by
replacing the condition for R< by their ‘converses” for R.—e.g., replace

(D3) If uR<,vanda < b, then uR<v;

by (G1)—and by noticing that the proof of Theorem 2.7 does not depend on whether
we specify frame-conditions for R<, or R-, due to the conditions (D1) and (D2) that

make the relations R<, and R, mutually exclusive but exhaustive.

3Note, however, that we can find such a translation for every fixed finite model, since then the

topologies are trivial.
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Conditions (G1) and (G2) are defined, respectively, by the Sahlqvist axioms (Moa>)
and (Ba>) from Table 3.7. Condition (G3) tells us that the operator E>? has to be inter-
preted as the difference operator, that is, by the inequality relation. Clearly, condition

(G4) is definable by a pure axiom, e.g.
E>ﬂ+bi N E>u]- V. .(] N E>bi).

Moreover, if we assume that E>? acts as the difference operator on a class of frames,

we can in fact show that the Axiom (Tr-)
(Tr>) (gD\/E>0(p)/\E>”+bA>b—|gD—> E>“g0 (a+b e M)

defines the class of frames satisfying condition (G4):
Suppose f = (W, (Rx4)qem) satisfies conditions (G3) and (G4). Letu € W, M be a

model based on §, and assume
(M, u) E (¢ VE ) AEZTAZ -,

Then there is some point v € W (possibly v = u) such that (9t,v) F ¢ and a point
w € W such that (9, w) F A>P—¢ and uR-,,,w. It follows that ~wR- ;v and hence,
by condition (G4), uR-,v, from which (9, u) F E~?¢. This shows that (Tr-) is valid
on the class of frames satisfying (G4) and on which E? acts as the difference operator.

Conversely, pick a frame f = (W, (R~4)sem) that violates condition (G4), i.e., there
are u,v,w € W such that uR-,,,w, -uR-,v, and ~wR.,v. We have to show that (Tr-)
can be refuted on §. Define a model 9 on f by setting p™ = {v} and 4™ = & for all
q # p. Then

(M, u) = E>0p A E>a+bA>b_\p’

since wR.;v" implies v # v. But (M, u) ¥ E>"p, since ~uR-,v and, by definition of
m, p™ = {v}.

The Axiom (Tr-) is also a Sahlqvist formula, for E=*p is positive, that is, the pro-
positional variable p appears in the scope of an even number of negations, and the
formula (p v E>%p) A E>”+bA>bﬁp is a Sahlqvist antecedent, for it is build from T, L,
boxed atoms (i.e. p) and negative formulae (i.e. E>atbp>b -p), using A, V, and exist-
ential modal operators only.* In particular, note that if we treat E> just as a normal
modal operator rather than the difference operator, the first-order correspondent of
(Tr>) is weaker than (G4), namely, fora +b € M:

(G4) IfuR.,,pwand u = vV uR-ov, then uR-,v or wR. .

That the axiomatic system MSg, listed in Table 3.7 axiomatises this class follows from

the D-Sahlquist Theorem, which is proved in Venema [1993, Theorem 7.7]. Similarly to

4We use here the definition of Sahlqvist formula as defined in Blackburn et al. [2001].
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AXIOM SCHEMATA FOR MSg, [M]

(CL) the axiom schemata of classical propositional calculus

(K>) A g — ) — (A9 — A7) (a e M)
(Mo-.) A>tp — Al (a<be M)
(B>) ¢ — ATEg (a e M)
(Trs) (go\/ E>0(P) A E>”+bA>bﬂ(p _ E>“q) (a+be M)
(Diff) E*9E>% — (9 VE~'9) (0 e M)

INFERENCE RULES:

The inference rules are modus ponens, substitution, necessitation for A%, and the

irreflexivity rule for E>?, (IR)g-o:

g 9=y ¢ pAA~Y-p — ¢
S e RN S Ee) (Reo (€M)

Table 3.7: The axiomatic system MS¢, [M].

the condition of reversiveness discussed earlier, the condition of versatility used in the
formulation of the D-Sahlqvist Theorem below takes on a very simple form for the
case of unary modal operators, in particular, temporal or symmetric modalities are a

special case of versatile similarity types.

THEOREM 3.30 (D-SAHLQVIST THEOREM, Venema). Let X be a collection of Sahlquist
formulae in a versatile similarity type containing the difference operator. Then the minimal D-
logic enriched with the axioms in X is strongly sound and complete with respect to the class

of frames defined by the first-order frame correspondents of the axioms in X and where D is

interpreted as inequality.
Call an M-frame § of the form

f= (W, (R>a)aem)

Gp-metric, if the following conditions hold for alla,b € M and w,u,v € W:

(G5) IfuR>,vand b < a,then uR-,v;

(G6) uUR>4v <= vR>,u;

(G7) uR>pv=W xW;

(G8) If uR-,.pw, then uR>,v or wR-,v, whenever a +b € M.

Again, by modifying Theorem 2.7, it is easily seen that the logic M8, coincides
with the logic of the class of Go-metric frames.
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Note that, while the operators A=0 and A<C where both trivial, the operators A0
and A>? are both rather powerful, but A>? is strictly more expressive than A= over
models, i.e., as we have discussed in Chapter 1, the operator >0 (the difference op-
erator) allows for the ‘simulation of nominals’, while the operator E=? (the universal
modality) does not, compare also de de Rijke [1992]. Furthermore, we cannot give
an axiomatisation for this logic in the same way as for M8, since the language does
not contain the difference operator, and so the D-Sahlqvist Theorem is not applicable.
We could, however, obviously axiomatise the class of G-metric frames in the stronger
language L0, including nominals. Also, the logic M8, [M] is easily characterised as
the logic of a class of frames comprising the conditions (G1)—(G8) and additionally ‘in-
teraction” conditions for the modalities E** and E=*, similarly to what we have done
in the last section.

As shown in ten Cate [2004], any language that has Craig interpolation over a class
of frames and extends the basic logic of the difference operator is at least as expressive
as the first-order correspondence language. Thus, all distance logics containing the

operator E>? fail to have Craig interpolation.

THEOREM 3.31 (FAILURE OF INTERPOLATION IN LGl, LG3).
The logics MS¢,[M], i = 1,3, fail to have Craig interpolation.

Even worse, if we consider the languages Lp[M \ {0}] comprising the operat-
ors A" and A>%, but leaving out the difference operator E>Y, we can still construct
a counterexample for Craig interpolation following the lines of the proof for failure
of interpolation in Humberstone’s inaccessibility logic, which comprises modal oper-
ators for a binary relation and its complement [Areces and Marx, 1998]. This will be

discussed below in detail.

3.4.3. The Logics MSiD,i € {d,s,t,m}. In Theorem 3.5 we have shown that the
logics MS! ,i € {d,s, t,m}, are complete with respect to the finite members in their
standard frame classes J" as defined on Page 42. Using the results from the last sec-
tions, we can now without further ado give a hybrid variant of the axiomatic system
MST[M]. We just have to add to the base logic Kg[M] in language LOp pure axioms
that define the conditions (D1)~(D6) of D-metric M-frames. The corresponding axio-
matic system is listed in Table 3.8.

We next show that the logics M8}, [M] fail to have interpolation for finite parameter
sets M, even if we leave out the operators E? and E*? (that is, the difference operator),
and even in the weak form of the splitting interpolation property.

To prove this, we will use a technique from Areces and Marx [1998], where failure
of interpolation was shown for a variety of combinations of logics, like certain fu-

sions, products, and Humberstone’s inaccessibility logic. But let us first introduce
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AXIOM SCHEMATA FOR MSOp[M]

Kg[M]@c,

(Def2) E>7j — AS—j (a e M)
(Mon") E<?j — E<P; (a <)
(T E<0i i (0 € M)
(Tralt) E<PESb — ESA+bj (b € M)

INFERENCE RULES

P o—Y ¢ =9 .
T(MP) .—(P(RN) s Z ¢, (COVo)

Table 3.8: The axiomatic system MSOp [M].

some terminology needed. Given two frames, f = (W, (R<s)sem, (R>a)aem) and
g = (V,(S<a)aeM, (S>a)aem), @ p-morphism from f to g is a function f : f — g such
that the following two conditions hold for all a € M:

o If w1 R<,wy, then f(w1)S<,f(w2); the same for R~ ;;

o If f(w1)S<,v, then there is a wyp € W such that f(wy) = v and w;R<,w»; the

same for S~,.

If the function f is surjective, we call g the p-morphic image of f under f and then

write f : f = gor f— g. The notions of a frame generated by a set X and generated
subframes are the usual ones from modal logic, compare, e.g., [Kracht, 1999]. In par-
ticular, if | is generated by a single point w € W, it is called rooted and w is called the
root of .

We can now state the criterion for failure of interpolation mentioned above.

LEMMA 3.32 (Marx and Areces). Let F be a class of frames for a poly-modal language
with finitely many modal operators. Suppose there are finite frames g, b € F and a frame §
such that:

(1) There are surjective p-morphisms m, n, such that g % f & b;
(2) fis point-generated by the root w, every u € m~!(w) generates g, every v € n~(w)
generates b;

(3) There is no framej € F with commuting surjective p-morphisms g and h from j onto
g ok
gand b, ie., suchthat g« j—bh andmog=mnoh.
Then an explicit counterexample for the splitting interpolation property (SIP) can be construc-
n

m
ted from the frames and functions g —» f «— b.

The proof of this criterion depends on the fact that finite frames can be character-

ised syntactically up to bisimulation [Fine, 1974] and that a counterexample for (SIP)
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can be explicitly constructed from the formulae describing the frames and functions g,
h, m and n.

For the case of distance logics we are interested in here, though, this criterion can
be simplified and strengthened. Since in D-standard M-frames the relations R, are
the complement of R<,, for alla € M, D-standard frames are point-generated by every
point. Moreover, the classes F,i € {d,s t,m},are elementary and obviously closed
under point-generated subframes. More precisely, D-standard frames are simple, i.e.,
every generated subframe of a D-standard frame is the frame itself. We thus have the
following stronger variant of Lemma 3.32, compare [Areces and Marx, 1998, Lemma
2.5]:

LEMMA 3.33. Let F beone of F', i € {d,s,t,m}. Suppose there are finite frames g, € F
and a frame § for Lp containing just one world such that

(1) There are surjective p-morphisms m, n such that g f» f «—n h;
(2) Thereis no frame j € F with commuting surjective p-morphisms g and h from j onto
gand b, i.e., such that g f—j—ﬁ h andmog=mnoh.
Then all interpolation properties fail including the relevance property, i.e., there are formulae
@ and P with P(¢) N P(P) = &, such that ¢ AP Fr L and there is no splitting interpolant.

THEOREM 3.34 (FAILURE OF INTERPOLATION IN Lp). The logics MSH[M] and
MSH[M\ {0}], fori € {d,s,t,m} and |M| < w finite, do not have the relevance property,

and thus fail to have Craig interpolation.

PROOF. We will use Lemma 3.33 and show the failure of the relevance property
for the logic M85 [M \ {0}] over some ‘non-standard’ parameter set excluding 0. First,

let us define two finite D-metric frames g and . Define
g = (U, (R<a)gem\ jo} (Roa)aem jor) and b = (V, (S<a)aem jo} (S>a)aem fo})
by letting
U:={u,v,w},R<eg:= {{u,u),(v,v),(w,w)} and R, := (U x U) \ R<,,
and
Vi={u,v'},S<; = {{u,u),(v,0)} and S~, := (V x V) \ R,
for every a € M\ {0}. Note that by D-metric frames for parameter sets M \ {0}

we still mean frames satisfying all of the conditions of D-metric frames even if the
relation R is not explicitly present in the frame. Thus, for instance, the relations R,
are assumed to be irreflexive. Further, define the one-point frame f based on the set

= {x} by setting T<,1 =Ts, = {(x x)}, for every a € M\ {0}. Finally, define

functions m,n with g — f and bh — f by setting m(u) = m(v) = m(w) = x and
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n(u') = n(v') = x. Obviously, m and n are surjective p-morphisms. In Figure 3.2
below, white arrows represent the relation R<,, black arrows represent R, (holding

for all a), and the functions m and #n are shown as dotted lines.

Figure 3.2: Counterexample for interpolation in Lp[M \ {0}].

Now, suppose that there is a D-metric frame

j = (J, (P<a)acm\ {0}, (P>a)acm {0} )

with commuting surjective p-morphisms ¢ and / from j onto g and b, i.e., such that

8 h
g« j—»hand mog = noh. Pick some y; in j such that g(y1) = u. This exists by

surjectivity of g. Then we have, for some 4, g(y1)R>,vR~,w, and so there is a y, in
j with ¢(y2) = v and y1P-4y2. Since j is assumed to be D-metric, P, is irreflexive
and so y; # y». Repeating this argument shows that there is a y3 in j with y2P-,y3,
8(y3) = w, and yo # y3. Since g(y1) = u # w = g(y3), we also have y; # y3. Note
that, at this point, we directly obtain a contradiction if E>0is in the signature: y1, 12,3
are all distinct, which implies that v P~oy2P~oy3P~0y1, and since h is a p-morphism,

we obtain
h(y1)S=0h(y2)S=0h(y3)S=oh(y1),

which implies that ) has at least 3 points, which is a contradiction.

Let us now continue with the case of M\ {0}. Without loss of generality, we may
assume h(y;) = u'. Then h(yy) = v/, for y1P-,y» implies h(y1)S=.h(y2) and so, by
irreflexivity, h(y1) # h(y2). Similarly, it follows that h(y3) # h(y2), and so h(ys) = u'.
It follows that h(y1)S<.h(y3) and so y1 P<4y3, for otherwise we would have y; P~ ,y3 by
condition (D1) of D-standard frames, and thus /(y1)S~,/(y3) contrary to the definition
of . But y1P<,y3 implies g(v1)R<ag(y3), i.e., uR<,w, contradicting condition (D2) of
D-metric frames.

O
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Note that the proof of the last theorem can be readily adapted to prove failure of
interpolation for the language Lr[M]. Simply notice that the modality E<? is definable
in Lr[M] and that the modalities E=" and EZj can be ‘trivialised” in the frames used in
the proof: just set RZ) = S2p = @, Ry = S—; = @ fora # 0,and R—g = S5—¢ = id.

It is open, however, whether Craig interpolation still fails over metric spaces, if
we only have ‘weak’ difference operators in the form of E* saying ‘somewhere at
least a far away’, but not their complements (Craig interpolation is obtained for this
language if we leave out the triangular inequality, since then all frame conditions are

again universal Horn).
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CHAPTER 4

E-Connections and Abstract Description Systems

4.1. Introducing £-Connections

Logic-based formalisms play a prominent role in modern Artificial Intelligence
(AI) research. The numerous logical systems employed in various applications can
roughly be divided into three categories:

(1) very expressive but undecidable logics, typically variants of first- or higher-
order logics;

(2) quantifier-free formalisms of low computational complexity (typically P- or
NP-complete), such as (fragments of) classical propositional logic and its non-
monotonic variants;

(3) decidable logics with restricted quantification located ‘between’ propositional
and first-order logics; typical examples are modal, description and proposi-

tional temporal logics.

The use of formalisms of the third kind is motivated by the fact that logics of cat-
egory (2) are often not sufficiently expressive, e.g., for terminological, spatial, and
temporal reasoning, while logics of the first kind are usually too complex to be used
for efficient reasoning in realistic application domains.

Thus, the trade-off between expressiveness and effectiveness is the main design
problem in the third approach, with decidability being an important indicator that
the computational complexity of the language devised might be sufficiently low for
successful applications. Over the last few years, an enormous progress has been made
in the design and implementation of special purpose languages in this area—witness
surprisingly fast representation and reasoning systems of description and temporal
logics.1 In contrast to first-order and propositional logics, however, these systems
are useful only for very specific tasks, say, pure temporal, spatial, or terminological
reasoning.

Since usually realistic application domains comprise various aspects of the world,
the next target within this third approach is the design of suitable combinations of
formalisms modelling each of these aspects. Following the underlying idea that to

devise useful languages one has to search for a compromise between expressiveness

1. Schwendimann [1998], Hustadt and Konev [2002], Mdller and Haarslev [2003], Horrocks [2003].

107
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and effectiveness, the problem then is to find combination methodologies which are
sufficiently robust in the sense that the computational behaviour of the resulting hy-
brids should not be much worse than that of the combined components. The need
for such methodologies has been clearly recognised by the Al community,” and vari-
ous approaches to combining logics have been proposed, e.g., description logics with
concrete domains in Lutz [2003], multi-dimensional spatio-temporal logics in Wolter
and Zakharyaschev [2000, 2002], independent fusions in Kracht and Wolter [1991],
Fine and Schurz [1996], Baader et al. [2002], fibring in Gabbay [1999], temporalised
logics in Finger and Gabbay [1992], temporal epistemic logic in Fagin et al. [1995], or
more general logics of rational agency in Rao and Georgeff [1998], van der Hoek and
Wooldridge [2003].

In this part of the thesis, we introduce and investigate a novel combination method
with a wide range of applications and a very robust computational behaviour in the
sense that the combination is decidable whenever all of its components are decidable.

This combination method can be applied in the following setting. Suppose that
we have n mutually disjoint domains D;, ..., D, together with appropriate languages
Ly,..., L, for speaking about them. Although the domains are disjoint, they can rep-
resent different aspects of the same objects (say, a concrete house as an instance of a
general concept house, its spatial extension and life span). So we can assume that we
have a set £ = {E; | j € J} of links establishing certain relations E; C D1 x - -+ x Dy
among objects of the domains.

Now, we form a new language L containing all of the L;, 1 < i < n, which is
supposed to talk about the union (J_; D;, where the D; are connected by the links in
€. The fragments L; of L can still talk about each of the D;, but the super-language
L contains extra (n — 1)-ary operators <Ej>i, 1 <i < n,je€ ], which, given an input
(X1,..., X1, Xiv1, ..., Xy), for Xy C Dy, return

{xeD; |Vl #iTxs € Xy (x1,...,%X-1,X,Xi41,Xn) € Ej}.
In other words, the value of <Ej>i (X1,...,Xi_1,Xi1,. .. Xy,) is the i-th factor of
(X1 x -+ X Xj_q x Dj x Xjq x -+ x X)) NE;.
For instance, if i = 2 then, for all X; € D; and X; C D,, we have
X1 € <E]~>1 (X2) <<= 3 eXp (x,xm) €k,

Xy € <E]>2 (Xl) <~ dx1 € Xj. (xl,xz) S E]

21t suffices to mention the workshop series ‘Frontiers of Combining Systems’ (FroCoS'96-02) and
subsequent volumes [Baader and Schulz, 1996, Gabbay and de Rijke, 2000, Kirchner and Ringeissen,
2000, Armando, 2002]
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We call the new system L the basic &-connection® of L;, ..., L,. The operators <Ej>i
correspond to the exists-restrictions of standard description logics [Baader et al., 2003],
or, in terms of first-order logic, to an E;-guarded quantification over the members of
foreign domains [Andréka et al., 1998].

Here are four simple examples of £-connections; in more detail they will be con-
sidered in Section 4.5.

Description Logic—-Spatial Logic. A description logic L; (say, ALC or 8HIQ [Hor-
rocks et al., 1999]) talks about a domain D; of certain ‘abstract’ objects. A spatial
logic L, (say, qualitative S4,%or quantitative MSOp from Chapter 1) talks about some
spatial domain D,. An obvious £-connection is given by the relation E C D; x D,
defined by taking (x,y) € E if and only if y belongs to the spatial extension of x—
whenever x occupies some space. Then, given an Li-concept, say, river, the operator
(E)? (river) provides us with the spatial extension of all rivers. Conversely, given a
spatial region of Ly, say, the Alps, (E>1 (Alps) provides the concept comprising all
objects whose spatial extension has a non-empty intersection with the Alps. So the
concept country I (E)! (Alps) will then denote the set of all alpine countries.

Description Logic-Temporal Logic. Next, let Lz be a temporal logic (say, point-
based PTL [Gabbay et al., 1994] or Halpern-Shoham’s logic of intervals HS [Halpern
and Shoham, 1991]) and let D3 be a set of time points or, respectively, time intervals
interpreting L3. In this case, a natural link relation E C D; x Dj3 is given by taking
(x,y) € E if and only if y belongs to the life-span of x.

Description Logic-Description Logic. Besides the description logic L; talking
about the domain Dj, another description logic L4 may be given that is used to form-
alise knowledge about a domain Dy closely related to D;. For instance, if Ly talks
about countries and companies, while L4 talks about people, we may have two rela-
tions W, L C Dy x Dy, where (x,y) € W if and only if y works in x (for x a company)
and (x,y) € L if and only if y lives in x (for x a country). Typically, L; and L4 will also
use different sets of concept constructors.

Similar combinations, called distributed description logics, have been construc-
ted by Borgida and Serafini [2002], whose motivation was the integration of and lo-
gical reasoning in loosely federated information systems. In more detail, the relation-

ship between E-connections of description logics and distributed description logics

3Basic &-connections were first introduced in Kutz et al. [2001] and further investigated in Kutz et al.
[2002b]. The construction of £-connections was in part inspired by the author’s work on counterpart the-
oretic semantics for modal predicate logics, where we have a set of relations interconnecting the objects
of different first-order domains, compare [Kracht and Kutz, 2002, Kutz, 2003, Kracht and Kutz, 2004].
4Cf. Tarski [1938], Bennett [1996], Shehtman [1999], Gabbay et al. [2003].
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will be analysed in Section 6.1, where we will show that distributed description logics
can be thought of as special instances of £-connections.

Description Logic-Spatial Logic-Temporal Logic. Further, we can combine the
three logics L1, Ly, L3 above into a single formalism by defining a ternary relation
E C Dy x Dy x D3 such that (x,y,z) € E if and only if y belongs to the spatial extension
of x at moment (interval) z.

So far, we have given only the rough idea of how we intend to construct €-connec-
tions. To make it more precise, and to provide evidence for the claim that this com-
bination technique is computationally robust, we will use the framework of abstract
description systems (ADSs, for short) introduced in Baader et al. [2002]. Basically, all
description, modal, temporal, epistemic and similar logics (in particular, modal logics
of space) can be represented in the form of ADSs with the same computational beha-
viour as the original formalisms. For this reason, ADSs appear to be a good level of
abstraction for investigating €-connections.

The next question is how one might “prove’ that the formation of £-connections
is a computationally robust operation, for, obviously, ‘computational robustness’ is a
rather vague term. Here, we adopt the idea that a proof of the decidability of the main
reasoning tasks provided by a formalism is an important first step towards ‘good’
computational behaviour. Of course, only experiments will show whether a particular
&-connection is of sufficiently low complexity to be useful in practice; this is, however,
left for future research.

Thus, our aim is to prove transfer results of the following form:

(1) if a certain reasoning task for each of the component ADSs of an E-connection is

decidable, then this reasoning task for the E-connection itself is decidable as well.

On the other hand, to show that our results are in a sense optimal, and that, in-
deed, we have found—at least on the theoretical level—a good compromise between

expressivity and effectiveness, we provide examples which demonstrate that
(2) the transfer results in (1) do not hold if we take more expressive E-connections.

All ‘positive” decidability transfer theorems come with the following complexity res-
ult:

(3) the time complexity of a reasoning task for an E-connection is at most one non-
deterministic exponential higher than the maximal time complexity of its compon-

ents; in some cases this upper bound is optimal.

The increase of the worst-case time complexity by one exponential shows that in gen-
eral E-connections are not given ‘for free’, that is, they are so to speak more expressive
than the ‘sum of their parts’. On the other hand, this result also shows that the form-

ation of €-connections is a ‘relatively cheap’ combination methodology compared, for
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instance, with the multi-dimensional approach (see Section 6.4). We hope the ideas
underlying the proofs of the decidability transfer theorems do not only indicate that
‘practical algorithms” may exist for some particular cases, but may also help the de-

signer of such algorithms.

The structure of this part of the thesis is as follows:

Section 4.2 introduces abstract description systems, describes four important logic-
based knowledge representation formalisms—being used in examples of -connec-
tions given in Section 4.5—and their translations into ADSs. Section 4.2 also discusses
the treatment of the nominal constructor within the framework of ADSs. In Section 4.3,
we discuss two important technical aspects of ADSs: number tolerance, a property of
ADSs, and singleton satisfiability, a new reasoning problem for ADSs. Both notions will
play an important role in Chapters 5 and 6 when proving (negative) transfer results
for E-connections involving number restrictions on links or constructors motivated by
DDLs. In Section 4.4, we formally introduce basic €-connections, and in Section 4.5
we give a number of examples illustrating the new combination technique.

Chapter 5 is concerned with an analysis of the computational behaviour of vari-
ous kinds of €-connections. After a discussion of basic £-connections in Section 5.1,
we consider extensions of €-connections which allow more interaction between the
combined formalisms, namely, link operators on object variables (Section 5.2), Boolean
operators on link relations (Section 5.3), and number restrictions on link relations (Sec-
tion 5.4). Decidability transfer results as well as counterexamples to the transfer of
decidability describe the trade-off between expressive power and computational be-
haviour.

In Chapter 6, we compare the methodology of £-connections with related combin-
ation techniques and analyse the expressive power of basic £-connections. We start,
in Section 6.1, by considering the relation between £-connections and distributed de-
scription logics as introduced in Borgida and Serafini [2002]. To fully capture the con-
structors employed in DDLs, we have to define a new variant of €-connections. We
give a number of decidability transfer results concerning DDLs as well as show where
general transfer fails. In Section 6.2, we analyse the expressivity of basic £-connections
by lifting the concept of bisimulations to £-connections and by providing a number of
undefinable properties. In Section 6.3, we then show how basic €-connections can be
extended by means of assertions stating certain first-order constraints on models of
&-connections such that those undefinable properties can be expressed and we still
preserve decidability. Finally, in Section 6.4, we briefly discuss €-connections in the
light of other combination methodologies such as multi-dimensional products of lo-

gics, independent fusions, fibrings, and description logics with concrete domains.
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4.2. Abstract Description Systems

4.2.1. Basic Definitions. Abstract description systems (ADSs) have been pro-
posed in Baader et al. [2002] as a common generalisation of description logics, modal
logics, temporal logics, and some other formalisms. Our presentation of ADSs in this
section will be brief, yet self-contained. As illustrating examples, we describe sev-
eral logics that have been proposed in the literature for knowledge representation and
reasoning, and show how these logics can be viewed as abstract description systems.
For more details about ADSs, the reader is referred to Baader et al. [2002].

An abstract description system consists of an abstract description language and a

class of admissible models specifying the intended semantics.

DEFINITION 4.1 (ADL). An abstract description language (ADL) L is determined
by a countably infinite set V of set variables, a countably infinite set X of object variables,
a countable set R of relation symbols R of arity mg, and a countable set I of function
symbols f of arity ny such that ~, A ¢ F. The terms t; of L are built in the following way:

tj =X | -t | t1 ANt | f(tl,...,tnf),
where x € Vand f € F. The term assertions of L are of the form

t1 C 1y,

where t1 and t, are terms, and the object assertions are
e R(ay,...,amg), foray,...,am; € Xand R € R;
ea:t, forae Xandtaterm.

The sets of term and object assertions together form the set of L-assertions. We will write

t1 = ty as an abbreviation for the two assertions t1 C tp, tp T 1.
The semantics of ADLs is defined via abstract description models.

DEFINITION 4.2 (ADM). Given an ADL L = (V,X, R, F), an abstract description
model (ADM) for L is a structure of the form

0 = <W, VI = (xm)XEVI X = (ﬂﬂn)aex/ FH = (fm)fe?/ RY = (Rw)RefR> ’

where W is a non-empty set, x C W, a® € W, each f¥ is a function mapping n fFrtuples
<X1, ceey an> of subsets of W to a subset of W, and the R® are mg-ary relations on W.
The value t* C W of an L-term t in 20 is defined inductively by taking
o ()Y =W\(OT, (Hhrt)¥ =Nt
o (ftr,..o tm))¥ =R, .. ).

The truth-relation 20 = ¢ for an L-assertion ¢ is defined in the obvious way:
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e WER(a, ... an,) <= R¥@,... a0,

e Wka:t <+— a¥et¥,
e WEHLHL <« P

If 20 E @ holds, we say that ¢ is satisfied in 20. For sets I of assertions, we write 20 F T if
20 = ¢ holds forall ¢ € T.

ADSs become a powerful tool by providing a choice of an appropriate class of
ADMs in which the ADL is interpreted. In this way, we can, e.g., ensure that a func-
tion symbol has the desired semantics, and that relation symbols are interpreted as

relations having desired properties, say, transitivity.

DEFINITION 4.3 (ADS). An abstract description system (ADS) is a pair (L, M),
where L is an ADL and M is a class of ADMs for L that is closed under the following opera-
tions:

(i) if W = (W, V8, X%, 5B RY) is in M and V' — (x') ey is a new assignment
of set variables in W, then 20" = <W, YW W FW Rm> is in M as well;

(ii) for every finite G C F, there exists a finite set Xg C X such that, for every model
W = (W, VE, X%, FE, RE) from M and every assignment X = (%) ex of
object variables in W such that a® = a® for all a € X, there is an interpretation
F — (fw)feg of the function symbols such that f% = f% forall f € G and
W' = (W, VX%, T, R is in M

The first closure condition imposed on the class of models M means that set vari-
ables are treated as variables in any ADS, i.e., their values are not fixed. Closure condi-
tion (ii) deals with object variables and is slightly weaker: it states that object variables
behave like variables, except that the interpretation of a finite number of function sym-
bols may determine the assignments of a finite number of object variables. This weak-
ening is required to enable the representation of the important ‘nominal-constructor’
from modal and description logic (which associates with any object variable a nullary
function symbol; see below for more details) in abstract description systems. Mostly,

however, the example ADSs we are going to discuss satisfy the stronger condition:
(it') if 20 = (W, V¥, X%, 5% R¥) € M and XY = (a%'),cx is a new assignment
of object variables in W, then 20 = <W, VU W W Rm> is in M as well.

The main reasoning tasks for an ADS § we will be concerned with are the satisfiab-
ility problem for finite sets of assertions, and the satisfiability problem restricted to sets
I' of object assertions, which we will call the A-satisfiability problem for 8 (here, the ‘A’

stands for ABox; see below).
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DEFINITION 4.4 (SATISFIABILITY IN ADS). Let § = (£, M) be an ADS. A finite set T
of L-assertions is called satisfiable in § if there exists an ADM 20 € M such that 20 F I'. The
problem of deciding, given any finite set I of object assertions from L, whether I is satisfiable,
is called the A-satisfiability problem in 8.

Note that the entailment of term assertions and, e.g., object assertions of the form
a : t—to decide, given such an object assertion ¢ and a finite set of assertions T,
whether 20 F I implies 20 F ¢ for all models 20—is clearly reducible to the satisfiab-
ility problem. For example, I entails a : ¢ if and only if I' U {a : —t} is not satisfiable.

We now introduce a number of logics that have been proposed for knowledge
representation and reasoning in Al, and show how these logics can be viewed as ADSs.
Again, our presentation will be brief, but self-contained. We put these formalisms
to work in Section 4.5, where we give several examples illustrating €-connections.

Moreover, we will discuss the treatment of nominals in the framework of ADS.

4.2.2. Description Logics. Description logics (DLs) are formalisms devised for the
representation of and reasoning about conceptual knowledge. Such knowledge is rep-
resented in terms of compound concepts which are composed from atomic concepts
(unary predicates) and roles (binary predicates) using the concept and role construct-

ors provided by the given DL. Description logic knowledge bases consist of

e a TBox containing concept inclusion statements of the form C; T C,, where

both C; and C; are concepts, and

e an ABox containing assertions of the form a : C and (a,b) : R, where a,b are

object names, C is a concept, and R is a role.

Description logics have found applications in various fields of Artificial Intelligence,
for example, as languages for describing ontologies in the context of the semantic
web.? In Baader et al. [2002], it has been shown that almost all description logics can
be regarded as ADSs. Here, we briefly describe three members of this family of logics
and their translations into ADSs. We start with the basic description logic, ALC.

The alphabet of ALC comprises concept names Aj, Ay, ..., role names Ry, Ry, ...,
object names ay, ay, . . ., the Boolean constructors — and M, and the existential and uni-
versal restrictions 3 and V, respectively. ALC-concepts C; are built according to the

following rule:

Ci == A ’ -Cq | CGinG ‘ dR.C | VR.C.

5More information on DLs can be found in the handbook [Baader et al., 2003].
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As usual, we use C; LI C; as an abbreviation for —(—C; M —C;), and 3R.C as an abbre-

viation for =-VR.—C. An ALC-model is a structure of the form
g = <A,Aﬂ,...,RJ,...,a{,...>,

where A is a non-empty set, the A are subsets of A, the R} are binary relations on
A, and the a} are elements of A. The interpretation of complex concepts is defined by
setting

(-C)Y = A\C’, (cnD)’ = C’nD’

(AR.CY ={w e A|Tve A((w,v) € RO Av e )},

(VR.C)? ={w e A| Vv € A((w,v) € R - veC)}.
The concepts of ALC can be regarded as terms C* of an ADS ALC*. Indeed, we can
associate with each concept name A; a set variable A?, with each role name R; two

unary function symbols fyg, and f3g;, and then set inductively:

(-C)f = -, (CnD) = C'ADE,

(GR.CPF = far(CH),  (VR.C)F = fur,(CF).
The object names of ALC are treated as object variables of ALC* and the role names as
its binary relations. Thus, AL C*-term assertions correspond to concept inclusion state-
ments, while object assertions correspond to ABox assertions. The class M of ADMs
for ALE? is defined as follows. For every ALC-model J = (NAY R, a, ),
the class M contains the model
M = (A, V7, XM, 37, RN,

where, for every concept name A, role name R, and every object name 4,

(AHYT = A7, R™ = RY, W™ =40

RX)={weA|3v((wo) e RPA0veX)},

fR(X)={we A| VYo ((w,v) € R? = v e X)}
Observe that the semantics of the function symbols f5g and fyr is obtained in a
straightforward way from the semantics of the DL constructors 3R.C and VR.C. Since
the interpretations of concept and object names can be changed arbitrarily, M satisfies

the closure conditions (i) and (ii’) (and therefore (ii) as well). Now, considering this

translation, it is easily seen that

o the satisfiability problem of ALE? corresponds to the problem of whether an
ALC-ABox is satisfiable with respect to a TBox;6

®Note that in the literature the TBoxes we are concerned with are usually called general TBoxes.
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o the A-satisfiability problem of ALC corresponds to the problem of whether
an ALC-ABox is satisfiable without any reference to TBoxes.

Our second description logic, SHIJQ, extends ALC by various additional construct-
ors. For brevity, we define here only those that will be used in the examples later on,
viz., inverse roles and qualified number restrictions.” The inverse roles allow us to use
roles of the form R~! (where R is a role name) in place of role names, and the quali-
fied number restrictions are concept constructors of the form (> nR.C) and (< nR.C);

their semantics is almost obvious:

(R = {(wv) | (v,w) € R},
(>nR.C)? = {weA| |[{veA]|(wv)eR AveC}| >n},
(<nRC)? = {weA| |[{veA]|(wv)eR AveCl}| <n}

More details on 8HJQ can be found in Horrocks et al. [1999, 2000]. By extending the
translation .* of ALC above in a straightforward way, one can transform 8§ HJQ into the
corresponding ADS 8HJQ*. Details of this translation can be found in Baader et al.
[2002].

The third description logic we deal with is called ALCO; it extends ALC with the
nominal constructor {a}, where a is an object name; cf. Schaerf [1994], Horrocks and
Sattler [2001]. The semantics of the concepts {a} is as expected: {a}’ = {a’}. Thus,
the difference between ALC and ALCO is that ALCO allows the use of object names
in concepts rather than only in ABox assertions. The corresponding ADS, ALCO?, is
obtained from ALC* by introducing, for every object variable a of ALC, the nul-
lary function symbol f, such that, for every model M, f = {a™}, and by setting
{a}t = f,. While ALC? and 8HIQ* satisfy the closure condition (ii’) following Defin-
ition 4.3—simply observe that there is no interaction between the interpretation of
function symbols and object variables—this is obviously not the case for ALCO*: by
changing the assignment of an object variable 2 we also change the interpretation of
the nullary function symbol f,. However, ALCO? does satisfy (ii). Indeed, given a
finite set § of function symbols of ALCO?, let Xg be the set of all object variables a
such that f, € §. Now, for any new assignment of the variables in X \ Xg, the new
interpretation of the function symbols not occurring in § is obtained by interpreting
every nominal f;, a € X'\ Xg, as the singleton set containing the object newly assigned
to a. The remaining function symbols are interpreted as before.

To determine the computational complexity of reasoning with the ADSs defined
above, let us recall that, for ALC, $HIQ, and ALCO, ABox-satisfiability with respect
to TBoxes is EXPTIME-complete, compare De Giacomo and Lenzerini [1996], Tobies

78339 also provides for transitive roles and role hierarchies, and the application of the qualified

number restrictions constructor is limited to so-called simple roles.
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[2001a], and Areces et al. [1999], respectively. It follows immediately that we have the

following;:

PROPOSITION 4.5. The satisfiability problem for ALC!, S$HIQ, and ALECO* is
EXPTIME-complete.

In what follows, it will turn out that the difference between ALC and ALCO is
rather important, also on the level of ADSs.

4.2.3. Nominals in ADS. To be precise about the notion of ‘nominal” within the

framework of ADSs, let us first give a definition.

DEFINITION 4.6 (NOMINALS). An ADS 8§ = (L, M), where L = (V,X, R, F), is said
to have nominals if F contains a nullary function symbol f,, for each a € X, such that, for
every 0 = (W, VE, X%, F® R¥) in M, we have f* = {a™}. Usually, we will denote the
function symbols f, by {a} and call them nominals.

The ADS ALCO* obviously has nominals in the sense of this definition, while the
ADSs ALE* and $HIQ* do not.

REMARK 4.7. There is a close connection between nominals and object assertions:
for an ADS with nominals, object assertions of the form a : t can be reformulated as
{a} T t. On the other hand, in general, object assertions of the form R(ay,...,ax)
cannot be rephrased in this style. Yet, for some ADSs they are equivalent to assertions
of the form {a,} T f(ay,...,a,), as will be clear from examples below. We could give
a more general definition of “‘to have nominals’ by replacing nullary function symbols
fa with terms t,. The results we are going to obtain for ADSs with nominals hold true

under this more general definition as well.

In the examples that follow, some expressive means provided by the ADSs have
no direct counterparts in the corresponding logics. For instance, none of these logics
has explicit term and object assertions. However, we will see that this additional ex-

pressivity can be regarded just as ‘syntactic sugar’.

4.2.4. A Modal Logic of Topological Spaces. The modal logic S4,, i.e., Lewis’s
modal system S4 enriched with the universal modality, is an important formalism for
reasoning about spatial knowledge. The interpretation of the basic S4 logic (without
the universal modality) in topological spaces dates back to Tarski [1938]. Later, the uni-
versal box was added in order to allow the representation of and reasoning about the
well-known RCC-8 set of relations between two regions in a topological space [Randell
etal, 1992].8 We discuss the encoding of the RCC-8 relations in S4,, in Section 4.5.2.

8Compare also Renz [1998], Bennett [1996], Renz and Nebel [1998], Shehtman [1999], Wolter and
Zakharyaschev [2002], Gabbay et al. [2003].
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The language of S4, is built from region variables Xj, X, ... (in the modal con-
text, propositional variables), the Boolean operators, the interior operator I (the ne-
cessity operator), and the universal quantifier B (the universal modality). More precisely,

S4,-formulae ¢; are defined as follows:

pi == X; | ¢ | @eiA@ | Ipr | Mg

As usual, we use @1 V ¢, as an abbreviation for =(—=¢1 A —¢2), 4 ¢ (the universal dia-
mond) as an abbreviation for -l —¢, and the closure operator C¢ (the possibility oper-

ator) as an abbreviation for -I—¢. A (topological) S4,-model
g = <T,11,C,X2,X§,...>

consists of a topological space (T,I), where Il is an interior operator mapping subsets

X of T to their interior [(X) C T and satisfying Kuratowski’s Axioms
I(XNY)=I(X)nI(Y), II(X)=IX) IX)CX,

forall X,Y C T, C is the closure operator defined by C(X) = T\ I(T \ X), and the X}
are subsets of T (interpreting the region variables of S4,). The value goj of an S4,-for-

mula ¢ in J is defined inductively in the natural way:

(~p)? = T\y’, (xAry)? = x'ny’,
o ifyp’ £ T,

(Iy)’ = Ty, (my) = ,
T ify’=T.

We say that g is satisfiable if there is an S4,-model J such that ¢’ # @.

Let us see now how S4, can be represented as an ADS S4. The corresponding
ADL contains the set variables Xg, Xg, ..., the unary function symbols fr and fm, but
no relation symbols. Besides, according to the definition, S4%, must contain a countably
infinite set of object variables a;. The translation .! of S4,-formulae into S4-terms is
obvious, e.g., (0¢)" = fo(¢*), where O € {I,H}.

Define a class M of ADMs for S4;, by taking, for every S4,-model J as above, the
ADMs

m = (T, V"7, (%, 3,
where (Xlﬁ)im = X% a™m e T, for everya € X, f}m =1, and, forevery Y C T,

o ifY AT,
T ifY="T.

fa'(Y) =

Obviously, S4;, satisfies the closure conditions (i) and (ii) of Definition 4.3 (it even

satisfies (ii’)); so it is an ADS. Unlike S4;, the logic S4,, does not have assertions of
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the form t; C t; or a : t. So we have to be careful when relating the computational

complexity of S4;, to that of S4,,. However, we have the following:
PROPOSITION 4.8. The satisfiability problem for S4i, is PSPACE-complete.

PROOF. PSPACE-hardness follows from PSPACE-hardness of the satisfiability
problem for S4 [Ladner, 1977]. We establish the corresponding upper bound by means
of a reduction to the satisfiability problem for S4,, enriched with nominals in topolo-
gical models, which is known to be PSPACE-complete [Areces et al., 2000]. Namely,
given a set I of S4/-assertions we define an S4,-formula @r as the conjunction of all

formulae in the set

{M (g1 — 2) | (¢ Cg3) €TYU {M({a} - ¢) | (a:y") €T}.
Obviously, ¢r is satisfiable in some topological model if and only if I is satisfiable,

which gives us the required PSPACE-upper bound. Reductions of this type are known

as internalisations of TBoxes by means of the universal modality [Schild, 1991]. [
Note, that S4§l does not have nominals.

4.2.5. A Logic of Metric Spaces. Formalisms like S4, allow the representation
of qualitative spatial knowledge using, e.g., the RCC-8 relations. Motivated by the
fact that many spatial Al applications also require representations of quantitative in-
formation, we investigated logics of distance spaces in Part 1 of this thesis. Here, we
consider one member of this family, namely MSOp[Q™] introduced on Page 20, and
define a corresponding ADS."

Recall that formulae in the language LOp of M8Op are build from propositional
variables p; and nominals iy using the Booleans, the universal modality B, as well as
the operators A< and A~?, for a € Q*. More precisely, MSOp-formulae ¢; are defined

as follows:

i s=pj | ik | oe1 | @Ay | By | A9 | AT

Intuitively, given a subset p in a metric space, A<?p is the set of all those points u in the

space such that all points located at distance < a from u belong to p. An M§Op-model
%:<Wﬂmﬁ“q$w>

consists of a metric space (W,d) together with interpretations of propositional vari-
ables p; as subsets p? of W and nominals iy as singleton subsets i’ of W. We remind
the reader that d is a function from W x W into the set R* (of non-negative real num-
bers) satisfying Axioms (1)—(3) from Page 7.

Nominals {a} are interpreted as singleton sets of topological spaces.
10The logic we consider here is called M8, in Sturm et al. [2000] and M8F in Kutz et al. [2003b].
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To define a corresponding ADS MSO?D, we reserve a set variable p? for each pro-
positional variable p;, an object variable i,{ and a nullary function symbol flk for each
nominal i, and take unary function symbols fa<. and fa>«, for each a € Q*. Again,
the set of relation symbols is empty. It should now be clear how to devise a translation
F of MSOp-formulae into MS(‘)%-set terms. Moreover, to describe the class of ADMs,
similarly to what was done in the preceding two sections, note that the semantics of
the function symbols fp<« and fa-« can be derived from the semantics of the operators
A=%and A~" in a straightforward way. Namely, every MSOp-model B gives rise to an
ADM

;= (W, V7, 57
for MSO%, where (p?)m = p, (z}i)fm =u e W, for (iy)” = {u}, and I consists of all

nullary functions f interpreted as ( fl)Em = {i}fm}, and fa<e, fa>e, for a € Q, where
k k
the latter are defined by taking

fféﬂ(Y) ={weW|¥eW(dwx)<a—-xeY)},
AR(Y)={weW|VxeW bwx)>a—xeY)},

forevery Y C W.

It is shown in Wolter [2004] that the satisfiability problem for MSOp[Q*] is
EXPTIME-complete if the parameters from Q7 are encoded in unary. Thus, since
the universal modality is available in M8Op, we can essentially repeat the proof of

Proposition 4.8 and obtain:

PROPOSITION 4.9. The satisfiability problem for MSOﬁD is EXPTIME-complete (for un-
ary encoding of parameters).

The ADS MSOtD does have nominals.

4.2.6. Propositional Temporal Logic. Finally, we consider the propositional tem-
poral logic PTL [Goldblatt, 1987, Gabbay et al., 1994, Fagin et al., 1995] which is a
well-known tool for reasoning about time. PTL-formulae ¢; are composed from pro-
positional variables p; by means of the Booleans and the binary temporal operators U

(‘until’) and 8 (“since’):

pi = pi | —er | oA | ¢gilUga | @18¢2.

We introduce $rg (‘eventually ¢”), Org (‘always in the future ¢’), Cpg (‘sometime in
the past ¢’), Opg (“always in the past ¢’) as abbreviations for TUp, ~Cr—¢, T8¢, and

—~Opg, respectively. A PTL-model is a structure of the form

J= <N,<,pg,pg,...>,
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where (IN, <) is the intended flow of time, and p? C IN. The temporal extension ¢’
of a PTL-formula ¢ is defined inductively in the standard way, the interesting cases

being:

(p1Ugo)’ ={ueN|Iz>u(ze gy AVy € (u,2)y € ¢7)},
(918¢2)’ ={ueN|Iz<u(ze p)AVy € (z,u)y € ¢)},

where (1,v) ={w e N | u < w < v}.

To obtain the corresponding ADS PTL*, we associate with U and § binary function
symbols fy and fs. It is not hard now to define a translation . from PTL-formulae to
PTL*-terms. We represent individual time points and the precedence relation < by
adding nominals and the relation symbol < to PTL, i.e., the language PTL? has the
function symbols fy, fs and {a}, for any object variable a, and the binary relation
symbol < interpreted by the precedence relation on IN. Note that although PTL itself
contains none of these explicitly, nominals {a} (and so object variables) can be simu-
lated as PTL-formulae p, A =<Cppa A =<Oppa, and the assertion a < b can be simulated

as
(Pa A =CFpa A =Oppa) A Cp(pp A =CEpy A Oppy).

The definition of the class of ADMs for PTL’ is now straightforward. Note that the
satisfiability problem of PTL? is not more complex than the satisfiability problem in
PTL:

PROPOSITION 4.10. The satisfiability problem for PTL? is PSPACE-complete.

PROOF. It it proved in Sistla and Clarke [1985] that the satisfiability problem for
PTL is PSPACE-complete. As we have already seen above, the nominals and the bin-
ary relation < can be simulated in PTL. Observe that the universal box l ¢ can be
expressed as well, by using the formula Or¢ A ¢ A Opg. Therefore, we can employ
the same internalisation reduction as in the proof of Proposition 4.8 to show that the
satisfiability problem for PTL’ is PSPACE-complete. O

4.3. Number Tolerance and Singleton Satisfiability

In this section, we introduce and discuss an important property of ADSs, number
tolerance, which will play a key role in the decidability transfer results for €-connec-
tions allowing number restrictions on links. Furthermore, we will introduce a new
reasoning problem for ADSs, singleton satisfiability, that we will employ in Section 5.4
to show that enriching €-connections with number restrictions does, in general, lead

to undecidability.
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4.3.1. Number Tolerance. Given a finite set ¥ of L-assertions, we denote by
term(ZX) the set of all terms in X.

DEFINITION 4.11 (NUMBER TOLERANCE). An ADS 8 = (L, M) is called number
tolerant if there is a cardinal x such that, for every k' > « and every satisfiable finite set . of
assertions, there exists a model 20 € M satisfying 3. and such that, for each d € W, there are
precisely «’ elements d' € W for which

{teterm(X) |d e t¥} = {t cterm(X) | d € t¥}.

Intuitively, being number tolerant means that if a knowledge base X is satisfiable
we can find a model of X in which each occurring type, that is, set of terms, is satisfied
a ‘very large’ number of times. For example, ADSs of modal logics that are invariant
for the formation of disjoint unions of structures are clearly number tolerant. In con-
trast, ADSs with nominals cannot be number tolerant because nominals are always
interpreted as singleton sets. Thus, for instance, the ADSs AL CO* and MSOuD are not
number tolerant. Indeed, even PTL* and MSﬁD are not number tolerant since they can
simulate nominals, as shown in the last section for PTL and in Proposition 1.16 for
MS8p.

We now use results from Baader et al. [2002] to obtain a straightforward proof that
the ADSs for numerous description logics, in particular AL " and $HIQ!, are number
tolerant. The following notion of a local ADS was introduced in Baader et al. [2002],

where the transfer of decidability from local ADSs to their so-called fusions is proved:

DEFINITION 4.12 (LOCALNESS AND DISJOINT UNIONS). Given a family (20p),cp of
ADMs
20, = (W, V¥, X, 3%, R )
over pairwise disjoint domains W, we say that
2 = (W, V¥, X, 5%, R )
is a disjoint union of (W) pep if
e W= UpeP WP;

o (X1, .., Xu)) = [ (XN Wy, ..., X, NW,),
peP
for all Xi,eeo Xy C Wandall f € F;

o R = JR™ forall R € R.
peP
An ADS S = (L, M) is called local if M is closed under disjoint unions.

The following result is easily proved and illustrates the relationship between loc-

alness and number tolerance.
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PROPOSITION 4.13. Every local ADS is number tolerant.

PROOF. Suppose that an ADS (L, M) is local. Let x be any infinite cardinal such
that, for every finite satisfiable X, there exists a model 20 € M of cardinality < «
which satisfies X. The supremum of all the minimal cardinals needed to satisfy each
Y. will do, for instance. We show that « is as required. Suppose that ¥’ > « and that

is satisfiable. Take any model
20y = (Wo, V™0, X0, 3%, R0 )
from M which satisfies X and is of cardinality < x. Now take the disjoint union 20 of
k' isomorphic copies 2;, i < «’, of Wy in which
=X = ;o ¥, forx € V;
—a® = 4% fora e X.
By cardinal arithmetic, the size of 20 is «’, and it is not difficult to show that 20 satisfies

all of the conditions we need. O

It is an immediate consequence of Proposition 15 in Baader et al. [2002] that both

ALC* and 8HJQ* are local. By applying Proposition 4.13, we thus get:
PROPOSITION 4.14. ALC" and 8HIQ are number tolerant.

Note, however, that localness and number tolerance are not the same. For instance,

the ADS S4;, is a counterexample: it is number tolerant but not local.
PROPOSITION 4.15. S4i, is number tolerant.

PROOF. To prove that S4, is number tolerant, we show that Xy is the required
cardinal number. Suppose that ¥’ > X and that X is satisfiable. Let

20y = (To, V™, XM, 7%, (20, )
be a countable model satisfying X.. Take the disjoint union 20’ of x’ isomorphic copies
20!, i < «’, of the reduct
2w = (To, V¥, %0, £, £
of 2y, leaving out the universal modality, in which
— X = ¥, forx € V;
- a%W = 4% fora e X.

Now we extend 20’ to a model 29 of the required signature by setting

%} ifY;AUTi,

2 vy i<k’
RO Un v U,

i<k’ i<k’
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for every subset Y of |J;_ T;. It is readily seen that the constructed ADM 20 is as
required. U

That S4;, is not local follows from the fact that it is equipped with the universal
modality: if we take the disjoint union of two ADMs, then the function symbols for

the universal modality “lose” their universality.

4.3.2. Singleton Satisfiability. The concept of singleton satisfiability discussed in
this section is of a rather technical nature. However, the undecidability results we
obtain will prove very useful when showing that automatic transfer of decidability
fails for certain types of £-connections.

DEFINITION 4.16 (SINGLETON SATISFIABILITY). Let § = (£, M) be an ADS. We call
an L-term t singleton satisfiable if there exists a model M € M such that || = 1. The
singleton satisfiability problem for the ADS § is to decide, given any term t € L, whether
t is singleton satisfiable.

As the following theorem shows, there exist ADSs that are number tolerant and
have decidable satisfiability problems, but for which singleton satisfiability is, never-

theless, undecidable:

THEOREM 4.17 (UNDECIDABLE SINGLETON SATISFIABILITY).
There exist number tolerant ADSs with decidable satisfiability problems for which singleton
satisfiability is undecidable. In particular, there exist number tolerant ADSs with decidable
satisfiability problems whose extensions with nominals have undecidable satisfiability prob-
lems.

PROOF. Consider the ADS ALEC* = (£, M) corresponding to the description logic
ALC. It follows from, e.g., Theorem 13.15 of Chagrov and Zakharyaschev [1997]—
which proves that there is a continuum of generally Post-complete logics in the lattice
NExtK4—that there exists an uncountable set X = {8; | i € I} of ADSs §; = (L, M;)
such that M; C M fori € I and

(1) for all i € I and any L-term ¢, satisfiability of a : t in §; implies singleton
satisfiability of ¢ in §;;

(2) foralli,j € I withi # j, there exists a constant term ¢ (i.e., a term composed
using the Booleans and function symbols from the symbol T) such that a : ¢

is 8;-satisfiable and not §;-satisfiable or vice versa.

By property (2), i # j implies that the set of constant terms satisfiable in §; is not
identical to the set of constant terms satisfiable in §;. Since there exist only countably
many algorithms (i.e., Turing machines), the fact that X is uncountable implies that

there exists an iy € I such that satisfiability of constant terms in §;, is undecidable.
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Since for any satisfiable a : t the term t is singleton satisfiable by (1), it is undecidable
whether a constant term is singleton satisfiable in §;,.

Let M’ denote those members of M which are disjoint unions of at least Xy iso-
morphic copies of some model in M. By M” C M we denote the closure of M’ under
disjoint unions and arbitrary re-interpretations of object and set variables. The im-

portant properties of M" are as follows:

(a) A knowledge base T is satisfiable in (£, M”) if and only if it is satisfiable in
ALE.
(b) If a : t is satisfied in some M € M” and t is a constant term, then ]tm} > No.

Hence no satisfiable constant term f is singleton satisfiable in M”.

That property (a) holds should be clear. Property (b) follows from the fact that
the extension of constant terms does not depend on the interpretation of set or object
variables. Now set N = M;, UM"” and 8§ = (L, N). We claim that § is as required.
Obviously, § is number tolerant and singleton satisfiability is undecidable. It remains
to observe that the satisfiability problem for 8 coincides with the satisfiability problem
for ALC!, which is decidable.

The extension of § by means of nominals has an undecidable satisfiability problem,

since {a} = t is satisfiable if and only if ¢ is singleton satisfiable, for any term t. t

4.4. Basic &-Connections of Abstract Description Systems

We are now in a position to formally introduce the basic -connection of ab-
stract description systems. Similarly to the definition of ADSs, an &-connection
C&(8y,...,8y) is specified by first defining its language, i.e., its alphabet and sets of
terms and assertions, and by specifying its semantics.

Let 81,...,8, be n ADSs, where 8; = (L;,M;), for 1 < i < n. Without loss of
generality we assume that, for 1 <i < j < n, the alphabets of the ADSs §; and §; (i.e.,
the sets of set variables, object variables, function symbols, and relation symbols) are
disjoint apart from the Boolean operators.'!

To define the basic &-connection C¢(81,...,8,) of n ADSs 8y,...,S,, the first in-

gredient we have to specify is the set € of links:

DEFINITION 4.18 (LINKS AND LINK OPERATORS). Lef 81,...,8, be n ADSs.

(i) A non-empty set of n-ary relation symbols
E={Elje]t #9

1t should be noted that this condition is different from the one required for fusions of ADSs in
Baader et al. [2000, 2002]: when forming fusions, we assume that the respective sets of set and object
variables of the ADSs to be combined coincide. In the case of E-connections, these sets of symbols should

be disjoint, since they are used in the combined system to represent knowledge about disjoint domains.
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is called a link-set for 8,...,8,. The elements of € are called link relations or
simply links.
(ii) Given a link-set € = {E; | j € |}, the set of link operators generated by & is the set

(Y | 1<i<mje]}
of function symbols <E]->i of arity n — 1 which are assumed to be distinct from the
function symbols of 81, ...,8,. The function symbols <E]->l are called link operat-

ors.

Next, we introduce the terms of an &-connection 65(81, ...,84). The set of
C¢(84,...,8,)-terms consists, intuitively, of n disjoint sets of i-terms, 1 < i < n, which,
in turn, consist of the terms of L; enriched with the new function symbols <Ej>l, for

each j € J. Here is a formal inductive definition:

DEFINITION 4.19 (TERMS AND i-TERMS OF £-CONNECTIONS). Let 81,...,8, be n
ADSs in languages L;, 1 < i < n,and & = {E; | j € |} a link-set. The set of terms of
(‘15(81, ..., 8n) is the disjoint union of the sets of i-terms, 1 < i < n, defined inductively as
follows:

— every set variable of L; is an i-term;
— the set of i-terms is closed under —, A and the function symbols of L;;
—if(t1,...,ti—1, tiv1, ..., tn) is a sequence of k-terms ty, for k # i, then

<E]>Z (tl/ ceey ti—l/ ti+1/ ey tn)
is an i-term, for every j € J.

There are three types of assertions of 68(81, ..., 84). The first two types are the
term assertions and object assertions of the component ADSs, taking into account the
new sets of i-terms. Additionally, to be able to speak about the new ingredients of
&-connections, link relations, we require so-called link assertions. A formal definition

is as follows:
DEFINITION 4.20 (ASSERTIONS IN E-CONNECTIONS). Assume, for 1 < i < n, the
sets of i-terms are already defined. Then define
— if t1 and t; are i-terms then
ti Ef2

is an i-term assertions;
—ifa, ai,...,am, are object variables of L;, t is an i-term, and R is a relation symbol

of L; of arity mg, then
a:tand R(ay,...,am,)

are i-object assertions;
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— ifa;, 1 <i < n,are object variables of L; and j € | then
(111,. . .,an) . E]

is a link assertions.

Taken together, the sets of all link assertions, i-term assertions, and i-object assertions form the
set of assertions of the E-connection (38(81, ..., 8y). A finite set of assertions is also called a
knowledge base of CE(81,...,8n).

We now introduce the semantics of E-connections.

DEFINITION 4.21 (SEMANTICS OF £-CONNECTIONS). Let 81,...,8, be n ADSs,
where 8; = (L;,M;), for 1 < i < n, and let € = {E]- | j € J} be a link-set. A model

for the E-connection C&(84,...,8,) is a structure of the form
M = (W)icn € = (EMjep) )
where 20; € M;, for 1 <i < n, and
ERCWy X x W,

foreachj e J.

The extension t™ C W; of an i-term t is defined by induction. For set and object variables
X and a of L;, we put X™ = X% and a™ = a™i. The inductive steps for the Booleans and
function symbols of L; are the same as in Definition 4.2:

- ()T =W\, (L A)T =AY,

= (f(tr oo tm)))™ = [, .,t%?f).

Now let t; = (t1,...,ti_1,tis1,...,tn) be a sequence of j-terms ti,j#i Then set
(<E]'>l (EZ))W = {x € Wi | 3 Xy € tzﬁ (xl, ey Xic1, X, Xig 1, .,xn) € E]{m}
#i
Finally, the extension R™ of a relation symbol R of L; is just R
The truth-relation = between models O for the E-connection C¢(8y,...,8,) and asser-

tions of C¢(8y,...,8,) is defined in the obvious way:

-MEK{CHL <« #cah

-MEa:t — etV

-MER(ay, ..., anm,) < Rm(a?t,...,a%{;);

—mt#(al,...,an):E]- <~ E?n(llglm,...,llngn).
As in the case of ADSs, we say that ¢ is satisfied in M if M= ¢. A set T of C¢(81,...,8,)-
assertions is satisfiable if there exists a model O for 68(81,. .., 8n) which satisfies all asser-
tions in I'. In this case we write M = I'. If I contains only object assertions then, as before, we
use the term A-satisfiability instead of satisfiability.



128 4. E-CONNECTIONS AND ABSTRACT DESCRIPTION SYSTEMS

Domain 1 Domain 2

e
O S —

Figure 4.1: A two-dimensional connection.

As in the case of ADSs, the entailment of term assertions and object assertions of
the form a : ¢ can be reduced to the satisfiability problem.

Observe that, technically, the €-connection of ADSs is not an ADS itself because
the structure of models for €-connections is different from the structure of models for
ADSs. This approach was taken on purpose. Since we define the £-connection as
an n-ary operation, there is hardly any need to connect £-connections. An alternative
would be to extend the definition of ADSs in order to capture £-connections. Although
this is not a problem in general, it would further complicate the definition of ADSs
and, in turn, also of -connections.

Several examples of £-connections are given in the next section. For now, we refer
the reader to Figure 4.1 for an illustration of the semantics of £-connections: the figure
displays the connection of two ADSs by means of a single link relation E, highlighting
the extensions of two 1-terms and two 2-terms (one of the latter is a nominal and thus
has a singleton extension).

The central result on €-connections, as we have already mentioned, is that they
preserve decidability of the satisfiability problem. More precisely, as we prove in the
next chapter in Theorem 5.1, given n abstract description systems 8,...,8, whose
satisfiability problems are all decidable, the satisfiability problem for any £-connec-

tion C 8(81, ..., 8y) is decidable as well, where the choice of the link-set € is arbitrary.

4.5. Examples of £-Connections

Our aim in this section is to demonstrate the versatility of the new combination
technique. We will give four examples of £-connections using the knowledge rep-
resentation formalisms introduced in Section 4.2. The first three examples are ‘two-

dimensional,” while the fourth one connects three ADSs. To simplify notation, we use
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the syntax of the underlying logical formalism rather than the syntax of the corres-
ponding ADSs. This is justified, since the ADS representation of a logical formalism is

always at least as expressive as the formalism itself.

4.5.1. A Metric-Conceptual -Connection: GS(ALGﬁ,MSO%). Suppose that you
are developing a KR&R system for an estate agency. You imagine yourself to be a
customer hunting for a house in Liverpool. The following variation of Example 1.1
from Page 9 could, for instance, be a list of requirements (constraints) that you might

have:

(A) The house should not be too far from the Chadwick Tower, not
more than 3 miles.

(B) The house should be close to a shop selling newspapers, say,
within 0.2 miles.

(C) Itshould be located in the ‘golden area’, that is, 1 mile around the
house is the city centre, in each direction.

(D) There must be a pub around, say, within 0.1 miles, and moreover,
all pubs of the city centre should be reachable on foot, i.e., they
should be within, say, 2 miles.

(E) Public transport should be easily accessible: whenever you are
within 3 miles of your home, the nearest bus stop should be

reachable within 0.1 miles.
(F) The house should have broadband.

(G) The neighbours should be ignorant to extreme noise.

The terminology usually requires some background ontology. In this case, you may

also need statements like:

(H) Supermarkets are shops which provide no service and sell news-

papers, coffee, etc.

(I)  Newsagents are shops which sell magazines and newspapers.

The resulting constraints (A)—(I) contain two kinds of knowledge. (F)—(I) can be classi-
fied as conceptual knowledge which is captured by almost any description logic, say,
ALC:

F')  house : 3has.Broadband;
house : Vneighbor.Vsensitive.—Extreme_noise;
Supermarket C Shop M Vservice. | M dsell.Newspaper 1 Jsell. Coffee;
I'’)  Newsagent T Shop IN Jsell. Magazine M Jsell. Newspaper.
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(A)—(E) speak about distances and can be represented in the logic MSOp [Q ] of metric

spaces:

(A")  house — E=3Chadwick_tower;

(B) house — E=%2Newspaper_shop;

(C")  house — A=1City_center;

(D) house — (E<O!Pub) 1 (A>2—(City_center [ Pub));
(E")  house — ASPE=01Bus_stop.

Note that house and Chadwick_tower are nominals of M8Op, i.e., location constants rep-
resenting single points, while Newspaper_shop, City_centre, etc. are propositional vari-
ables representing subsets of a space.

However, we cannot just join these two knowledge bases together without con-
necting them. They speak about the same things, but from different points of view.
For instance, in (H), ‘shop” is used as a concept, while (B) deals with the space occupied
by ‘shops selling newspapers’. Without connecting these different aspects we can-
not deduce from the knowledge base that a supermarket or a news agent within 0.2
miles is sufficient to satisfy constraint (B). Moreover, it is obviously not too natural for
the spatial part of the knowledge base to deal with primitive set variables for regions
occupied by ‘shops selling newspapers’.

The required interaction can be easily captured by an &-connection between AL C*
and MSO%, where € = {E} and the relation E is intended to relate abstract points of
an ALC-model with points in a metric space understood as the abstract point’s spatial
extension. Indeed, take relations has, neighbour, sensitive, sell, service and set variables
Broadband, Supermarket, Shop, City_centre etc. from ALC! and the object variable Chad-
wick_tower from MSO%. Now, using the constructors (E yland (E)? connecting models
of ALC* and MS(‘)?D, we can represent constraints (A)—(I) as the concept Good_house
defined by the following knowledge base in C¢(ALE, MSOﬁD):

Good_house = House I Well_located M Jhas.Broadband M
M Vneighbor.Vsensitive.~Extreme_noise;
Well_located = (E)' (E=3{Chadwick_tower} M E<"2 (E)? (3sell.Newspaper) 1
M A< (E)? (City_center) ME=2 (E)*! (Pub) M
M A>2- (E)? (City_center M Pub) MASE=01 (E)? (Bus_stop));
Supermarket C Shop M Vservice. | M Jsell. Newspaper M Jsell.Coffee;

Newsagent C Shop N dsell.Magazine M dsell. Newspaper.

If we also want to specify that the house should be available at a reasonable price, ALC

can be extended with a suitable ‘concrete domain” dealing with (natural or rational)
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numbers such that the resulting description logic is still decidable [Lutz, 2002, 2003].
As shown in Baader et al. [2002], description logics with concrete domains can still be
regarded as ADSs and, therefore, the decidability of the £-connection is preserved as
well.

As mentioned in Section 4.4, the satisfiability checking algorithms for ALC" and
MSO?D can be combined to obtain an algorithm for their £-connection. This algorithm
can then be used to check whether the formulated requirements are consistent. How-
ever, we can go one step further: to answer the query whether such a house really
exists in Liverpool, we should not perform reasoning with respect to arbitrary metric
spaces, but rather take a suitable map of Liverpool as our metric space. This scenario
can be represented by an &-connection of ALE* with the following ADS. Suppose that

our map is a structure

D= <D,(5,P1,...,Pn,Cl,...,Cm>,

where D is a finite set, § a distance function on D, the P; are subsets of D represent-
ing spatial extensions of concepts like House, Pub, etc., and the ¢; are elements of D

representing objects such as Chadwick_tower!? We then define an ADS
MAP = (MAP;, MAP,).

Here, the ADL MAP; extends the language of MSOﬁD by 0-ary function symbols
fry, .-, fp, and f, ..., fc,., and MAP,, contains models of the form

M = (D, VXM 5, 3, A

where <D, v M Srm> is an MSO?D—model corresponding to (D, ) as defined in Sec-
tion 425, fi! = Py,..., fp} = Py, and f& = {c1},..., f&X = {cm}. Note that MAPy,
contains more than one model since, according to Definition 4.3, the class of ADMs
of any ADS is closed under arbitrary variations of the extensions of set variables. For
this reason, we have to take 0-ary function symbols rather than set variables to repres-
ent the sets P; and 0-ary function symbols rather than object variables to represent the
constants c;. However, since all models in MA®P,, agree on F7 the flglﬁ, and the fgﬁ,
the ADS MAP uniquely describes a single map.

Now, returning to our example, let us assume that the map ® contains subsets
P, = City_center, P, = Pub, P; = Bus_stop, P, = Supermarket, P5 = Newsagent,
and a point ¢; = Chadwick_tower (but no subset marked by shop). We can then modify
the knowledge base above by replacing Chadwick_tower with f., and by adding the
following equations to the knowledge base in order to fix the spatial extensions of

127his representation depends, of course, on the size or granularity of the map.
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certain concepts:

(E)* (City_center) = fp,, (E)* (Pub) = fp,,
(E)? (Bus_stop) = fry, (E)? (Supermarket) = fpy
(E)? (Newsagent) = frs.

Although shops selling newspapers are not marked in the map, it will follow from the
subsumption relations (H) and (I) of the ALG -part of the knowledge base that any
supermarket or shop at distance < 0.2 in the map is sufficient to satisfy the constraint
on shops selling newspapers.

Finally, by adding

house : Good_house

to the knowledge base and checking its satisfiability, we can find out whether Liver-

pool has the house of our dreams.

4.5.2. A Topo-Conceptual &-Connection: C¢(ALECO?, S4!). Now imagine that
you are employed by the EU parliament to develop a geographical information sys-
tem about Europe. One part of the task is easy. You take the description logic ALCO
and, using concepts Country, Treaty, etc., object names EU, Schengen_treaty, Spain, Lux-

embourg, UK, etc., and a role member, write

Luxembourg : 3member.{EU} M 3member.{Schengen _treaty};
Iceland : Imember.{Schengen_treaty} M —Imember.{EU};
France : Country;

Schengen_treaty : Treaty;

Imember.{Schengen_treaty} T Country, etc.

After that you have to say something about the geography of Europe. To this end,
you can use the spatial logic S4, in which, as we have mentioned already, the topolo-

gical meaning of the RCC-8 predicates can be encoded as follows, where X, Y are set

By fact, in Liverpool, our constraints are satisfiable.
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variablesand T = Z V —Z:

DC(X,Y): T=-4(XNY);

EQ(X,Y) : T=(X<Y);

EC(X,Y): T=@0(XAY)A-®(IXAIY);

PO(X,Y): T=¢IXANIY)N®(IXA=Y)AN®(IY N=X);
TPP(X,Y) : T=XVY)AN®XATIY)N®(=XAY);
NTPP(X,Y): T=E-XVIY)A®(-XAY);

(TPPi(X,Y) = TPP(Y,X) and NTPPi(X,Y) = NTPP(Y, X)). To ensure that RCC-8
predicates are only applied to regular closed sets, one can add the assertions CIX = X
and CIY =Y to the knowledge base.
Now, using an &-connection between ALCO* and S4%, you can continue:
EQ((E)* ({EU}), (E)* ({Portugal} U {Spain} U - - - U {UK});
EC((E)? ({France}), (E)* ({Luxembourg}));
NTPP((E)? ({Luxembourg}), (E)* (3member.{Schengen_Treaty}));

Austria : (E)! (Alps);

i.e.,, “The space occupied by the EU is the space occupied by its members’, ‘France
and Luxembourg have a common border” (see Figure 4.2), ‘If you cross the border
of Luxembourg you enter a member of the Schengen Treaty’, ‘Austria is an alpine
country’ (Alps is a set variable of S4%). You can even say that Germany, Austria and
Switzerland meet at one point:
¢ ((E)? ({Austria}) 11 (E)? ({Germany}) 11 (E)? ({ Switzerland} })) A

A —4 (I (E)? ({Austria}) N I (E)? ({Germany})) A

A —& (I (EY? ({Austria}) I (E)? ({Switzerland})) A

A —# (I(E)? ({Switzerland}) N I (E)* ({Germany})).
Of course, to ensure that the spatial extensions of the EU, France, etc. are not degen-
erate and to comply with requirements of RCC-8 you should guarantee that all men-
tioned spatial regions are interpreted by regular closed sets, i.e.,

(E)* ({EU}) = CI(E)* ({EU});
(E)? ({France}) = CI (E)* ({France});

etc.

Suppose now that you want to test your system and ask whether France is a member

of the Schengen treaty, i.e., France : Imember.{Schengen_treaty}. The answer will be
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ALCO /\ S4u

Luxembourg

France

(E)? ({France})

Figure 4.2: France and Luxembourg have a common border.

‘Don’t know!” because you did not tell your system that the spatial extensions of any
two countries do not overlap. If you add, for example,

—~4 (I((E)* (Country 11 —~3member.{Schengen_treaty}) A
A I((E)* (3member.{Schengen_treaty}))

(‘The members of the Schengen treaty do not overlap with the non-Schengen coun-
tries’) to the knowledge base, then the answer to the query will be “Yes!”.

Clearly, the representation task is much easier if complete knowledge about the
geography of Europe is available. Then you could have taken an existing spatial data-
base describing the RCC-8 relations between the European countries, mountains, etc.,
and thus use a fixed model of S4, with a fixed link relation E. This database can be
conceived of as an ADS in the same manner as the map of Liverpool in the previous

example.

4.5.3. A Purely Conceptual &-Connection: C&(SHIQ?, ALCO?). Having satisfied
your boss in the EU parliament with the constructed GIS, you get a new task: to de-
velop a knowledge base regulating relations between people in the EU (citizenship,
jobs, etc.). On the one hand, you already have the ALCO knowledge base describing
countries in the EU from the previous example. But on the other hand, you must also

be able to express laws like

(i) “No citizen of the EU may have more than one spouse’;
(ii) “All children of UK citizens are UK citizens’; or
(iif) “A person whose residence is the UK either is a child of a person whose res-

idence is the UK, or is a UK citizen or has a work permit in the UK".
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This means, in particular, that you need more constructors than ALCO can provide,
say, qualified number restrictions and inverse roles. It is known, however, that inverse
roles, number restrictions, and nominals are difficult to handle algorithmically in one
system [Horrocks and Sattler, 2001]. The fusion of ALCO with, say, the description
logic 8HJQ of Horrocks et al. [1999] having the required constructors, does not help
either, because transfer results for fusions are available so far only for DLs whose
models are closed under disjoint unions which is not the case if nominals are allowed
as concept constructors [Baader et al., 2002]. It seems, a perspective way to attack this
problem is to connect $HIQ* with ALCO?.

Let € contain three binary relations between the domains of SHJQ (people, com-
panies, etc.) and ALCO (countries): xCy means that x is a citizen of y, xRy means
that x has residence in y, and xWy means that x has a work permit in y. For example,
(R)! ({UK}) denotes all people having residence in the UK, and (C V! ({UK?}) all UK

citizens. The subsumptions below represent the regulations (i)—(iii):
(C)! {EU}) C —(> 2married.T);
ehild_of. (C)! ({UK) C (C)! ({UK});
(R)' ({UK}) T Jehild_of 1. (R)! ({UK}) U (C)! ({UK}) L (W) ({UK}).

4.5.4. A Concept-Topo-Temporal &-Connection: C¢(ALCO?, S4!, PTL!). ‘“The EU
is developing!’, said your boss, “We are going to have new members by 2004". So
you extend the connection C¢(ALCOF, S4f) with one more ADS—propositional tem-
poral logic PTL?. Now, besides object variables EU, Germany, etc. of ALCO?, and set
variables Alps, Basel, etc. of 8431, we use the terms {0}, {1},... as abbreviations for
(= OB TAORT)f, where Op ¢ stands for L8¢. We then have {n}¥ = {n}, for any
PTL*-model 2. The ternary relation E(x,y,z) means now that at moment z (from the
domain of PTL) point y (in the domain of S4,) belongs to the spatial region occupied
by object x (in the domain of ALCO). Then we can say, for example:

(E)* ({Poland}, {2004}) C (E)* ({EU}, {2004});
PO((E)* ({Austria}, {1914)}, (E)* ({Italy}, {1950}));
Op~ (E)® ({Basel}, {EU});
i.e., ‘In 2004, the territory of Poland will belong to the territory occupied by the EU’

(see Figure 4.3), "The territory of Austria in 1914 partially overlaps the territory of Italy
in 1950, “No part of Basel will ever belong to the EU".1

M This example was devised before Poland actually became a member of the EU.
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Poland  e-__

PTL

Figure 4.3: In 2004, Poland will be part of the EU.



CHAPTER 5

Computational Properties of £-Connections

This chapter studies the computational behaviour of £-connections. After discuss-
ing basic €-connections in the next section, we investigate several extensions that al-
low a closer interaction of the combined formalisms by extending basic £-connections
with more powerful link operators. In Section 5.2, we add link operators that can be
applied to object variables even though the connected ADSs do not have nominals.
In Section 5.3, we add operators that can ‘talk” about Boolean combinations of links,
and, in Section 5.4, we add operators that correspond, in description logic termino-
logy, to ‘qualified number restrictions” on links—they can be used to express, e.g., that
a given link operator is a partial function. We provide (brief) examples illustrating the
expressive power of the new constructors and study the computational properties of

the resulting formalisms.

5.1. Basic £-Connections

Our central result on basic -connections is that they preserve decidability of the
satisfiability problem. We will not give a proof of this theorem directly, though, since
it follows immediately from the extension of basic £-connections with link operators

that can be applied to object variables, which we investigate in Section 5.2.

THEOREM 5.1 (TRANSFER OF DECIDABILITY FOR BASIC £-CONNECTIONS).
Let (?8(81, ..., 8y) be an E-connection of ADSs 84,...,8,. If the satisfiability problem for
each of 81, ..., 8, is decidable, then it is decidable for 65(81, e, 8n) as well.

PROOF. By Theorem 5.7 to be proved in Section 5.2. ]

Intuitively, the decision procedure for 68(81, ..., 8,) works as follows (for simpli-
city, we confine ourselves to the connection of two ADSs and a single link relation). To
check whether there exists a model Mt = (20,20, E) of a given set of assertions I', the

algorithm non-deterministically ‘guesses’

(1) the 1-types that are realised in 20; and the 2-types that are realised in 205,
where an i-type is a set of i-terms (constructed from I') satisfied by a domain
element of 20;; and

(2) abinary relation e between the guessed sets of 1-types and 2-types.

137
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Then it checks whether the guessed sets satisfy a set of integrity conditions. This check
involves satisfiability tests of certain sets of 8;-assertions (i = 1,2) constructed from
I'—here we use the fact that the satisfiability problems for §; and 8, are decidable. If
the integrity conditions are satisfied it is possible to construct a model of I' using mod-
els of the constructed sets of §;-assertions. If the integrity conditions are not satisfied
I' has no model.

This algorithm also provides an upper complexity bound for the satisfiability
problem for 88(81, ..., 8,): the time complexity of our algorithm is one exponential
higher than the time complexity of the original decision procedures for §,...,S,.
Moreover, the combined decision procedure is non-deterministic. The provided com-
plexity bound is not always optimal. For instance, the €-connection of ALC with it-
self, G‘S(ALG,ALG), can be simulated by a ‘two-sorted” version of ALC and thus its
satisfiability problem can be solved in EXPTIME, whereas the algorithm for the £-con-
nection provides an upper bound of 2NEXPTIME.

We can, however, show that there indeed exist cases where the complexity of
the €-connection is higher than the complexity of the combined formalisms, namely,
growing from NP to EXPTIME.

Let B = (L5, Mp) be the ADS, where

e [gis the abstract description language without any function and relation sym-
bols (but, by definition, with the Booleans, infinitely many set variables and
infinitely many object variables);

e Mg consists of all ADMs for L 5.

B can be regarded as the basic ADS from which all others are obtained by adding
function and relation symbols and/or constraints on the ADMs. Obviously, the sat-
isfiability problems for B and classical propositional logic are mutually reducible to

each other. So we have:
LEMMA 5.2. The satisfiability problem for B is NP-complete.
On the other hand, the €-connection of B with itself is quite powerful:

THEOREM 5.3. The satisfiability problem for C¢(B, B) is EXPTIME-hard for any infinite
set € of links.

PROOF. We reduce the EXPTIME-complete satisfiability problem for ALC-
concepts relative to (general) TBoxes [Schild, 1991] to the satisfiability problem for
C¢(B, B). Intuitively, B is used for the Boolean part of ALE, while the link relations
and link operators simulate roles and value- and exists-restrictions, respectively.

Select, for any role name R € R of ALC, two links ER and EX, set

&={ER E}| R e R},
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and associate with any concept name A; of ALC a set variable X of the first compon-

ent of C¢(B, B). Now define a translation ." by taking

Al = X4 (C1AC)" =CI NG
1 2
(=C)t = =C*; (3RC)" = (EF) ((EF) (Ch);
(GG CG)f=cicd; (a:C)'=a:C"

We claim that for every set I of AL C-assertions and the corresponding set of C¢(B, B)
assertions I'" = {¢" | ¢ € T} we have

(M) Iis ALC-satisfiable <= T is @¥(B, B)-satisfiable.
For, assume that I’ is satisfied in an ALC-model
9= <A,A3,...,RJ,...,a{,...>.

Define a model
M = (M, My, {(EF)™, (E5)™ } ke

where MM = <A, (XA e, > with (X4)™ = A and a = a/, MM, is some

arbitrary ADM for B with domain A, and
(EN) ={(x,x) |x e}, (E)" ={(xy) | (yx) e R}
Clearly, it suffices to show that, for any concept C of ALC,
C’ = (chH™

The proof is by induction on the construction of C. We consider the case C = 3R.D,

leaving the remaining ones to the reader:
1 2 2
((ER) (EF) (M) ™ = x| Fyy e ((EF) (DN)™ A (xy) € (ED™)

= {x|xe ((E5) (D)™}
= {x |3y € (D" (x,y) € R}
= (3R.D)’.

N

Conversely, suppose I'' is satisfied in a model 9t of €¢(B, B). Define a model J of ALC
by taking A7 = (X4)™M, ) = a?ﬁl, and

R’ ={(x,y) | 3z € M. (x,2) € (E))™ A (y,2) € (E)™}.
Again, it suffices to show that, for any concept C of ALC, C? = (C")™. We consider
only the case C = 3R.D of the inductive proof:
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(3R.D)? ={x € Ay |3y € D’ (x,y) € R7}
={xe N |3ye(DNM3z € Ay (x,2) € (ER)' A (y,2) € (EX)™}
—{x €A |3z e M ze ((ER? (D)) A (x,2) € (ER)™
= ((ER)' (EF)" (DH)™.

This completes the proof. U

In the case of €-connections that provide for Boolean operators on links the given
complexity bound is in fact optimal, namely growing from NP to NEXPTIME, as
proved in Theorem 5.16.

In contrast to full satisfiability, the decidability of A-satisfiability is not preserved
under the formation of €-connections. Consider the description logic ALCTF which is
the extension of ALC with functional roles and the feature agreement and disagree-
ment constructors. More precisely, the set of role names of ALCT is partitioned into
two sets R and F, where the elements of F (called features) are interpreted as partial
functions. For any two sequences of features p = f1--- fy and q = f{--- f;, ALCF
provides the additional concept constructors p | g (feature agreement) and p T ¢

(feature disagreement) with the following semantics:

(pla) ={wea|o@=fil-- (i) = fil--- (i)}
(P19’ ={wed|30(0=fil-- (Aiw) Av = fi(--- (fi(w)) Av# o)}

It is straightforward to define a corresponding ADS AL CF* (see Baader et al. [2002]
for details). The satisfiability of ABoxes with respect to (general) TBoxes is undecid-
able for ALCF, while satisfiability of ABoxes (without TBoxes) is decidable [Hollunder
and Nutt, 1990, Baader et al., 1993, Lutz, 1999]. Hence, the satisfiability problem for
ALECF? is undecidable, while the A-satisfiability problem is decidable. Interestingly,
in the &-connection of ALCF and ALCOF, we can simulate general TBoxes, even in

the case of A-satisfiability. Thus, we obtain the following theorem:

THEOREM 5.4. Let € be an arbitrary non-empty set of link relations. Then the
A-satisfiability problem for C€(ALCTF?, ALCO?) is undecidable.

PROOF. As noted above, the satisfiability problem for ABoxes relative to TBox ax-
ioms in ALCT is undecidable. For simplicity, however, we will consider the concept
satisfiability problem relative to TBox axioms which is formulated as follows: given an
ALCF-concept C and a set I of ALCF TBox assertions of the form D T D', does there
exist a model J for I such that C? # @? As shown in Baader et al. [1993], this problem
is undecidable for ALCT. To prove (1), we reduce this problem to the A-satisfiability
problem for the connection € (ALCTF*, ALECOY).



5.2. LINK OPERATORS ON OBJECT VARIABLES 141

Let C be an ALCTF-concept and I' a set of ALCTF TBox assertions. We use R to
denote the set of roles occurring in C or T, and [E]'D as an abbreviation for — (E)' —D.
Let a be an object variable of ALCF* and b an object variable of ALCO?. Define the
following set of C€(ALCTF?, ALCO?)-object assertions:

I* ={a:CA(E) {b}}
U {b:[E*D*—- D% |DCD eI}
U {b: [EPfr((E)' {b}) | R € R},

where E is some link from €. We show that

C is satisfiable relative toI' in ALCTF <+—
< TIis A-satisfiable in C¢(ALCF, ALCOF).

( = ) Suppose that {a : C} UT is satisfiable relative to I'. Due to the correspond-
ence between ALCTF and the ADS ALCTF?, there is an ALCTF -model 2 of {a: C}UT
with domain A;. Define a model M for C¢(ALCF?, ALCO") by taking an arbitrary
ALCOF-model 2, with domain A, and putting E™ = Ay x Ay Ttis easily checked that
MET™.

(«<=) Suppose M F T* for a C&(ALCF, ALCO?)-model M = (W, W, E™). Let
A be the domain of 20;. Denote by A’ the minimal subset of A containing 4™ and

satisfying the following closure condition for all d,d’ € A:
if (d,d') € S™ forsomed € A'and S € R, thend’ € A

Let 20 be the substructure of 20; induced by A’. Since it is straightforward to prove
that ALCF* is invariant under taking generated substructures, we have a®1 ¢ C¥i,
To show that 20 satisfies I', it obviously suffices to prove that, for every assertion of
the form D C D’ € T, we have (D)% N A’ C (D'j)m N A’. To this end, note that
d € (D' — D)™ whenever (d,b™) € E™ due to the third component of I'*. Hence, it
is sufficient to prove that, for all d € A’, we have (d, bm) € E™. This, however, is an
easy consequence of the facts that (a™, b™) € E™ and 91 satisfies the third component
of I'*. 4

5.2. Link Operators on Object Variables

In some of the examples from Section 4.5, the connected ADSs have nominals.
According to Definition 4.6, this means that, for each object name 4, they provide terms
{a} such that, for every model 20, we have {a}™ = {a™}. This is the case, e.g., for
MSO%, ALCO! and PTL? (see Section 4.2). In E-connections where the components do
have nominals, it is often convenient to form terms such as (E)({a}) to state that the

current element is connected to a particular element of the other component, namely,
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the one denoted by a. However, not all £-connections considered in Section 4.5 are
of this type, e.g., C€(8HIQ, ALCO?) from Section 4.5.3. In this connection, we are ot
allowed to build, say, the term comprising all of the countries where some person,

Bob, has citizenship: since 8HJIQ! has no nominals, we cannot use
country 1 (S)? ({Bob}),

where Bob is an object variable of 87{JQ°. An addition of the nominal constructor to
S8HIQ does not seem to be a promising solution because, despite considerable efforts of
the description logic community, no ‘implementable” algorithms are known for §HJQ
extended with nominals. A better idea is to allow applications of link operators dir-
ectly to objects, even if nominals are not available in the component ADS. Indeed, we

can show that this kind of €-connection is still computationally robust.

DEFINITION 5.5 (LINK OPERATORS ON OBJECT VARIABLES).
Suppose that 8; = (L, M;), 1 <i < n, are abstract description systems and & = {E; | j € |}

is a set of n-ary relation symbols. Denote by
C5(S1,...,8n)
the E-connection in which the definition of i-terms is extended with the following clause, for
1<i<mn:
o if (a1,...,8i_1,8i+1,...,04,) is a sequence of object variables a]-from Lij#1, then
<Ek>i (a1,...,4i-1,ai41,...,an) is an i-term, for k € |.

As for the semantics, given an ADM
M= <(5mi)i§n/5m>
and a tuplea; = (a1, ...,a;-1,8i4+1,-..,0,), We set
(Y @)™ = {x e Wi | (af,..., a7, x0T, ..., a%) € EPY.

The next result shows that applications of link operators to object variables do not
influence the decidability of £-connections. But before going into the details of the
proof, let us introduce some notation that will be used not only in the proof of the
next theorem, but also in the proofs of the transfer theorems that we will prove in the
following sections. In particular, to make the presentation as clear as possible, and
since the general case is proved in essentially the same way, we confine ourselves to
the cases of E-connections of only two ADSs 81 = (L1, M;) and 8, = (L, M). For

this case, we will use the following notations, conventions, and terminology:

NOTATION 5.6 (TERMINOLOGY FOR DECIDABILITY TRANSFER PROOFS).
Let T be a finite set of assertions of some E-connection of 81 = (L1, M1) and 8 = (L2, M2)
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(possibly allowing link operators on object variables and/or Boolean combinations of link rela-
tions). We use the following notations and conventions:

e We use 1 to denote 2, and 2 to denote 1.

o We write ob;(I') to denote the set of object variables from L; which occur in T, for
i=12

o We write X;(T') to denote the set of object variables

X\ (0b;(T) U (Xi)g,),

where G; is the set of function symbols of L; which occur in I and (X;)g, is the set of
object variables supplied by the closure condition of Definition 4.3 (ii), fori = 1, 2.

e In each of the decidability proofs, we will use cl;(T'), i = 1,2, to refer to some finite
closure of the set of i-terms occurring in I'. Since different closures are required in
different proofs, we do not fix the exact details here.

o We assume that, for every i-term t of the form (F) (s) occurring in cl;(T') (where s
is an i-term or an object name of L7, i = 1,2, and F is a link symbol or a Boolean
combination of such symbols), there exists a set variable x; of L; not occurring in I
Given an i-term t, denote by sur;(t)—the surrogate of t—the term which results
from t by replacing all subterms ' of the form (F)' (s) that are not within the scope
of another term (G)' (s) with xy. Clearly, sur;(t) belongs to the language L;.

o The i-consistency set &€;(I') is defined as the set {t. | ¢ C cl;(T')}, where

te=AN{xIxect A \{~x|xedcil)\c}

Sometimes we will identify t € &;(T'") with the set of its conjuncts. Then s € t means
that s is a conjunct of t.

o Recall that by T; we denote x; V —x;, where x; is a set variable from L;.
We are now prepared for the proof of the first transfer result:

THEOREM 5.7 (TRANSFER OF DECIDABILITY FOR Gg).
Let 81,...,8, be ADSs with decidable satisfiability problems. Then the satisfiability problem

or any E-connection CE(Sq, ..., 8,) is decidable as well.
Y 0

PROOF. As was said above, we confine ourselves to £-connections of only two
ADSs 81 and 8. Moreover, for simplicity we assume that the link set £ contains only

a single link symbol E. Thus, our aim is to prove the following variant of Theorem 5.7.

THEOREM 5.8. Suppose the satisfiability problems for the ADSs 81 and 8, are decidable.
Then the satisfiability problem for the { E }-connection egz} (81,82) is decidable as well.

The reader should be able to extend the proofs to n-ary €-connections with mul-

tiple link relations without any difficulty.
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Observe that, since we restrict ourselves to the connection of only two ADSs, the
additional function symbols (E)' and (E)? of the connection are unary. Since the
connections treated in this section allow the application of link operators to object
variables, we do not explicitly treat link assertions of the form (aj,a;) : E. Clearly,
such a link assertion can be replaced with the equivalent object assertion a; : (E)! (ay).

PROOF OF THEOREM 5.8. Fix two abstract description systems
81 = (Ll, Ml) and Sy = (Lz,Mz)

with decidable satisfiability problems, and let I' be a finite set of assertions of the
{E}-connection egz} (81,82). To define the closure cl;(I') of i-terms occurring in I', we

first introduce the abbreviation
0i(T) = {(E) = (E)' (a) | a € oby(T)},

fori = 1,2. The set 0;(I') contains i-terms that must be present in the closure cl;(I') in
order to ensure a proper treatment of link operators applied to object variables. Note
that, given a model 9t of the {E }-connection G({)E} (81,82),

(E)' ~(E) (@)™ = {x e W; | Iy € W; ((a,y) & E® A (x,) € ET)},
and so a™ ¢ ((E)' - (E)' (a))™.

We now define cl;(T'), i = 1, 2, to be the closure under negation of the set of i-terms
which occur in I' U 0;(I"). Without loss of generality we can identify =—t with ¢. Thus,
cl;(T) is finite.

The following lemma is the core component in the proof of Theorem 5.8: it
provides us with a criterion of satisfiability of sets of GéE} (81, 82)-assertions I' which
almost immediately implies decidability of the satisfiability problem for C‘,’({)E} (81, 82).

LEMMA 5.9 (SATISFIABILITY CRITERION FOR G({)E}(Sl, $2)).
LetT bea GéE} (81, 82)-knowledge base. Then T is satisfiable if and only if there exist
(i) subsets A; C €1(T') and Ay C &(I),
(ii) a relation e C Ay X Ay, and
(iii) functions o1 : 0by (I') — Aq and o : 0by(I') — Ay,
such that, for i = 1,2, the following conditions are satisfied:
(1) for any a € ob;(T"), we have (E)' - <E>;(a) ¢ oi(a);
(2) the union I'; of
= {suri(V Ai) = Ti},
— {as s suri(t) | t € A},
- {a :suri(oi(a)) | a € obi(I')},
— {suri(t1) C suri(tz) | t1 C tp € I is an i-term assertion},

- {Rj(a1,...,am) | Rj(a1,...,am,) € Uis an i-object assertion}, and
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— {(a:suri(t)) | (a:t) €I isan i-object assertion}
is 8;-satisfiable, where a; € X;(I") is a fresh object variable for each t € A;;
() forall t € Ay and (E)' (s) € cly(T) with s a 2-term, we have

(EY' (s) e t < thereexists t' € Ay with (t,t') € eand s € t';
(4) forallt € Ay and (EY?(s) € clo(T) with s a 1-term, we have
(EV?(s) € t <= thereexists t' € Ay with (,t) € eand s € t;
(5) forall t € Ay and (E)' (a) € cly(T) with a € oby(T'), we have
(E)' (a) €t <= (t,02(a)) € ¢;
(6) forall t € Ayand (E)* (a) € cly(T) with a € oby(T), we have
(EY2(a) et < (01(a),t) €.

PROOF. We first prove the ‘only if” part of the lemma.
(=) Supposel is G({)E}(SL 8,)-satisfiable and M = ((2W1,2Wy), E™) is a model of
I', with W being the domain of 20; and W, being the domain of 20,. For i = 1,2 and
each d € W;, define

td) = N\{s € cli(T) | d € ™}
Then set A; = {t(d) | d € W;} fori = 1,2 and define e C A x A, by putting (t,t') € e
if and only if there exist d; € Wy and dy € W, such that t = t(dy), t' = t(d2), and
(d1,dy) € E™. Finally, for i = 1,2 and each a € 0b;(T'), define

oi(a) = \{s € cl(T) | a™ € ™} = t(a™) € A;.

It remains to check that A, Ay, e, 01, and 07 satisfy conditions (1)—(6).

(1) Suppose that there is an a € 0b;(T') such that (EY' = (E)" (a) € 0i(a). Then, by
the definition of 03, a™ € ((E)' = (E) (a))™, which is impossible.

(2) We have to show that the I'; are §;-satisfiable. The models
2w, = (W, Vi, o, R, )

are almost as required: we just have to give appropriate values to the fresh set vari-
ables x; (which result from taking surrogates) and the fresh object names a; from X;(I").
To this end, put

!

D
o gm

for every term s € cl;(T) of the form (E)' (s') and x% = x%i for the remaining vari-

ables. For every t € A;, choose a?ﬂ" such that

DI
a; ! e t™
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and set a™i = a% for the remaining object names. Note that

DI

2w; = (W, V", o

!
l/:RZ‘ 1,9‘.

1

>€J\/[i

U

for some interpretation CT’"?H’ of the function symbols in JF; such that f% = f%i for
all function symbols f of I' (due to the closure condition for the class M; formulated
in Definition 4.3). Using induction on the term structure of s, it is straightforward to
show that

d e (suri(s))¥ < des™
foralld € W;and s € cl;(I'). By considering the construction of I’;, it is readily checked
that this implies 207 = I';. Hence I'; is (L;, M;)-satisfiable.

(3) Lett € Ay and (E)! (s) € cl(T') with s a 2-term. Since t € Ay, thereisad € W;
such that t(d) = t. First assume that (E)! (s) € t. By definition, this means that there
exists a d’ € W, with (d,d") € E™ and d’ € s™. This, in turn, clearly yields s € t(d’)
and (t,t(d")) € e, as required. Now assume that (f,#') € e and s € '. Then there exist
d € Wy and d' € W, such that t = t(d), ' = t(d’), and (d,d’) € E™. We have d’ ¢ s%,
and sod € ((E)! (s))™, from which (E)! (s) € ¢, as required.

(4) is proved similarly to (3).

(5) Lett € Ay and (E)' (a) € cly(T) with a € oby(T). Since t € Ay, thereisad € W;
such that ¢(d) = t. Firstassume (E)' (a) € t. By definition, we then have (d, ™) € E™.
Hence (t,t(a™)) € e, i.e., (t,02(a)) € e, as required. Conversely, suppose (t,02(a)) € e.
condition (1) yields (EY> = (E) (a) ¢ ou(a). By condition (4), we have — (EY' (a) & t.
Hence (E)' (a) € t, as required.

(6) is proved similarly to (5).

We next prove the ‘if” part of the lemma:

(<=) Conversely, suppose that Aj, Ay, e, 01, and 0> satisfy the conditions of the
theorem. By (2), there exist a model 20; € M; of I'; and a model 20, € M, of I';. For
i=1,2,let 25; be based on the domain W,. For each d € W;, we set

td) = N\{t € cli(T) | d € (suri(t))™} € &(T).
Now define the extension E™ C W; x W, of the link symbol E by taking:
E™ = {(d,d) | (t(d),H(d)) € e}.

In the following, we prove that M = (201,20, Em) is a model of I'. Using the con-
struction of the I';, it is readily checked that it suffices to show that

(%) de (suri(s))¥ <« des™

fori=1,2,alld € W;,and all s € cl;(T).
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The proof of this claim is by induction on the term structure of s, simultaneously
fori = 1,2. For set variables, the claim is an immediate consequence of the definition
of M. The cases of the Boolean operators and the function symbols of L;, i = 1,2, are
trivial. Thus, it remains to consider the cases of

(@) s=(E)'(s), withsan i-term,and
(b) s=(E)' (a), witha e oby(T).
We assume i = 1, since the case i = 2 is dual.
(@) s = (E)'(s') with s’ a 2-term. Let d € (suri((E)'s'))¥. Then we have
(E)! (s') € t(d). Since 20 is a model of Ty,

in F Slxli"l(\/ Al) = Tj.

Thus t(d) € Aq. By condition (3), we find a t’ € A, with (¢(d),t') € eand s’ € . By the
definition of I';, we have

Wy E ap :sury(t),

and so there is a d’ € W, such that #/ = t(d’'). Hence we have (d,d’) € E™ by the
definition of E™. From s’ € t', we obtain d’ € (sury(s"))™, and therefore the induction
hypothesis yields d’ € s’ ™ Thus, d € ((E)! (s')™ by definition.

Conversely, suppose d € ((E)' (s'))™. We find d' € W, with (d,d') € E™ and
d’ € s™. By the induction hypothesis, d’ € (sury(s'))®? and so s’ € t(d’). The definition
of E™ together with (d,d") € E™ yields (t(d),t(d")) € e. Finally, by (3), we obtain
(EV' (s) € t(d) which implies d € (sury((E)'s'))®1.

(b) s = (E)' (a) with a € oby(T). Letd € (sury((E)' (a)))®. This implies that
(EY! (a) € t(d). Asin the previous case, we have t(d) € A;. By condition (5), we thus

obtain (¢(d),02(a)) € e. Also, as in the previous case, we know that
W, Ea:sury(oa(a)).

Hence (t(d),02(a)) € e and the definition of E™ yields (d,a™2) € E™, which implies
d € ((E)' ()™

Conversely, suppose d € ((E)! (a))™. Then (d,a™) € E™ by definition, and so
(t(d),t(a™)) € e by the definition of E™. We have t(a™) = 03(a), and therefore
(t(d),o2(a)) € e. Together with condition (5), this yields (EY' (a) € t(d) which clearly
implies d € (sury((E)* (a)))%.
This completes the proof of Lemma 5.9 O

Theorem 5.8 follows from Lemma 5.9. Indeed, since the sets &;(I') are finite,
Lemma 5.9 provides us with a decision procedure for the connection G({)E}(Sl,sz) if
decision procedures for §; and 8, are known. To decide whether a set I of GéE} (81,82)-

assertions is satisfiable, we ‘guess’ sets A7 C & (I') and Ay C &,(I'), a relation
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e C Ay x Ay, and functions o; : 0b;(T) — A;, i = 1,2, and then check whether they

satisfy the conditions listed in the formulation of the theorem. U

To estimate the complexity of the obtained decision procedure, note that the car-
dinality of the sets &;(I') is exponential in the size of I'. Thus, the same holds true for
the sets A; and A, and for the constructed sets of assertions I'; and I', which are passed
to decision procedures for §;-satisfiability. This means that the time complexity of the
obtained decision procedure for Ggs}(81,82)—satisfiability is one exponential higher
than the time complexity of the original decision procedures for 8; and S,-satisfiability.
Moreover, the combined decision procedure is non-deterministic: if, for example, §;
and 8p-satisfiability are in EXPTIME, then our algorithm yields a 2NEXPTIME de-
cision procedure for 689} (81, 82)-satisfiability.

This result is somewhat surprising, since the addition of nominals to an arbitrary
ADS with a decidable satisfiability problem sometimes results in an undecidable one;
for an example see Theorem 4.17 in Section 5.4.

In Theorem 5.4, we connected the ADSs ALCTF! and ALCO! to obtain a counter-
example for the transfer of decidability of A-satisfiability. The choice of ALCO* was
motivated by the fact that this ADS has nominals. Now that we are allowed to apply
the link operators to object variables, we can strengthen this result: any connection (of
the type considered in this section) involving ALCF* as one of its components has an

undecidable A-satisfiability problem.

THEOREM 5.10. Let € be an arbitrary non-empty set of link relations and & an ADS.
Then the A-satisfiability problem for C§(ALCT?, 8) is undecidable.

PROOF. The proof of Theorem 5.4 depends essentially on the possibility of apply-
ing link operators to the nominals of the connection’s second component. We can
therefore simply repeat this proof. Given an ALCF-concept C and a set I' of ALCTF
TBox assertions of the form D C D’, we now define I'* by

" ={a:C* A (E)! (b)}
U {b:[E]*(D* - D*) | DC D €T}
U {b: [EPfR((E)! (b)) | R € R},
where E is some link from &, and prove, as before, that

C is satisfiable relative to I' in ALCTF —

= TI*is A-satisfiable in C§(ALCTF,S).
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5.3. Boolean Operations on Links

The two variants of €-connections introduced so far do not allow any interaction
between links, which is a rather severe restriction. To illustrate this, we again consider
the connection € (8HIJQ*, ALCO?) from Section 4.5.3. Recall that € = {C, R, W}, where
the link C represents citizenship (of people in EU countries) and R represents the place
of residence. In the &-connections €€(8HJQ*, ALCO?) and CF(8HIQ?, ALCO?), we can-
not describe a concept such as

(iv) ‘People taking residence in the country of their citizenship’.

To do this, we need the intersection of the links C and R:
Human_being 11 (C N R)" (Country).

Similarly, suppose that we are in the estate agent’s framework of Section 4.5.1 and
want to describe the set of points in space (say, Liverpool) which are served by all
mobile phone providers. This can be naturally done using the complement operator

on a link S (representing ‘serves’):
— (=8)? (Mobile_phone_provider).

Note that (=S)? (Mobile_phone_provider) is the set of points that are not served by some
mobile phone provider.

These simple examples motivate the following definition:

DEFINITION 5.11 (BOOLEAN LINKS).
Suppose that §; = (L;,M;), 1 < i < n, are ADSs and that € = {E]- | j € J} is a set of n-ary
relation symbols. Denote by
C5(S1,-.-,8u)

the E-connection with the smallest set € of links such that

- &CE&;

— if F € &, then —=F € &;

- if F,Ge &, then FAG € €.
Given an ADM

M = ((W)icn "),

we interpret the links F € & as relations F™ C Wy x - - - x Wy, (with W; being the domain of
20;) in the obvious way:

(FAG)T =F"NG™, (=F)™ = (Wy x -+ x Wy) \ F™.

The Boolean operations on links allow us to express link inclusion assertions of
the form F C G, where F and G are links, and 9 F F C G if and only if F* C G™.
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Such assertions are called role hierarchies in the area of description logics. Indeed,

F C G can be equivalently rewritten as
T C ~(FA-G) Ta,

where T; = x; V —x;, for some set variable x; of ;.

We denote by 883(81, ..., 8,) the E-connection which allows Boolean operations
on links as well as applications of link operators to object variables.

We can now prove the analogue of Theorem 5.7. The intuition behind the proof is
similar to the basic case: we again reduce the satisfiability problem for C§;(81,...,8,)
to the satisfiability problem for its components. This time, however, the reduction
is not so straightforward because the interaction between (complex) links has to be
taken into account. For this reason, it is not enough to simply guess the 1-types and 2-
types realised in a potential model together with a binary relation between them, but
we have to guess a so-called pre-model which involves a relational structure between
elements (rather than between types) and can be understood as the “irregular core” of
an otherwise ‘regular’ model. Fortunately, the size of this irregular core is at most

exponential in the size of the input.

THEOREM 5.12 (TRANSFER OF DECIDABILITY FOR C§).
Let 81, ...,8, be ADSs with decidable satisfiability problems. Then the satisfiability problem

for any E-connection 883(81, ..., 8y) is decidable as well.

PROOF. As before, we confine ourselves to considering €-connections of only two
ADSs. In contrast to the proof of Theorem 5.7, however, we admit an arbitrary number
of link relations, since otherwise the Boolean operators on link relations cannot deploy

their full power. Under these restrictions, Theorem 5.12 reads as follows:

THEOREM 5.13. Suppose the satisfiability problems for ADSs 81 and 8 are decidable.
Then the satisfiability problem for any E-connection C&(81,8,) is decidable as well.

Let us fix two ADSs 81 = (L1, M1) and 8 = (L2, M) with decidable satisfiability
problems and a set of link symbols €. Let I be a finite set of assertions of the £-con-

nection GgB (81,82). We start by defining some notions:

e In contrast to the proof of Theorem 5.7, the closures cl;(I') (for i = 1,2) are
now defined as the closure under negation of the set of i-terms occurring in
I'. As before, we identify ——t with t, and so cl;(I') is finite.

e By rel(I') we denote the set of link symbols used in I'. A link type for I is a set
T C rel(T'). We use Z(I') to denote the set of all link types for I'. If we interpret
the symbols of rel(I') as propositional variables, then a link type T for I' can
clearly be viewed as a propositional logic interpretation. Thus, given a link

type T and a link F, we use the notation T F F if T is a model of F.
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e Fort € ¢;(I), t' € ¢&(T), and T a link type for I', we write t ~T ¢ if the
following conditions are satisfied:
(1) for all = (F) (s) € t with s i-term and T  F, we have s ¢ t/;
(2) forall - <F>ZT (s) € ¥ with si-term and T F F, we have s ¢ .
e Let Sy, Sy, and Ss3 be sets. We call a total function

f:(51><52)U(52><51)—>53
a symmetric function from Sy, Sy to Sz if for all (x1, x2) € S1 x So we have

f(x1,x2) = f(x2,x1).

We assume without loss of generality that §; and 8, support assertions of the form
a = a and a # a/, where a and 4’ are object names. An assertiona = a' (a # a')
is satisfied by a model 27 if and only if a® = 4’ W (@% £ a’™). It should be clear
that reasoning with such assertions can be reduced to reasoning without them: first
perform appropriate substitutions of object names to eliminate all assertions of the
form a = a’. Then introduce a fresh set variable x from the respective language for
every assertion of the form a # a4’ and replace a # a’ with {a : x,a’ : —x}. Asin the
proof of Theorem 5.7, we assume that link assertions (a1,a2) : E are replaced by the
equivalent object assertion a; : (E)' (a3).

Our aim is to formulate a criterion of satisfiability of sets of C§,(S1, 82)-assertions
I' similar to Lemma 5.9, from which we will derive decidability of the satisfiability
problem for 683(81, S2).

However, in the presence of the Boolean operators on link relations, things are
somewhat more complicated. To see why this is the case, consider the (<=) direction
of the proof of Lemma 5.9 in which we ‘connect’ the models for the sets I'; and I'; to a
model for I'. Whenever an element d € W; should satisfy a term (E)(s), properties (3)
to (6) ensure that there is a t € A; such that (i) s € £, and (ii) s’ ¢ ¢ for all (E)i(s) that d
should not satisfy. Moreover, I'; ensures that ¢ is ‘realised” at least once in 2J;, and thus
we can connect d to an appropriate witness via the relation E. This simple strategy
does not work with Boolean operators on link relations: since the element d € W;
may need a witness for the term s for many complex link relations Eq, ..., E; that are
mutually exclusive (the simplest case is a an atomic link relation and its negation), it
does not suffice to ensure that there is only one appropriate t € A; that is realised only
once in 20;. The requirement of having enough witnesses for each term is in conflict
with the fact that the involved ADSs may not allow certain terms to be realised an
arbitrary number of times.

Our solution is to view models of 683(81, 82) as having a core of complex struc-

ture which is ‘surrounded’ by a shell of more regular structure. Intuitively, the core
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provides a ‘sufficient’ number of witnesses required for the model construction: wit-
ness requirements inside the core are satisfied inside the core, and witness require-
ments of elements outside the core (whose existence may be enforced by the class of
models of the involved ADMSs) are also satisfied inside the core.

In what follows, pre-models are used to describe the core part of models.

DEFINITION 5.14 (PRE-MODELS).
Let Ay C €1 (T') and Ay C &(T'). A pre-model for Ay, A, is a structure

<P1/ PZ/ tl/ t2/ e, 0y, UZ> 7

where

Py and P, are disjoint sets,

t; is a surjective function mapping each p € P; to an element of A;,

e is a symmetric function from Py, P, to T(T'), and

0; is a function mapping each a € ob;(I') to an element of P;,
such that, for i € {1,2}, the following conditions are satisfied:
() forall p € P if (F)' (s) € ti(p), then there is a p' € P: such that e(p,p’) E F
and s € t;(p');
(2) forall p € P if (F)' (a) € ti(p), then e(p, o3(a)) E F;
() forallp € Pyand p' € P ti(p) ~°PP) t(p');
4) forallp € Pi:  if— (FY (a) € ti(p), then e(p,o;(a)) ¥ F.

We are now in a position to formulate a satisfiability criterion for sets of

CE (81, 82)-assertions.

LEMMA 5.15 (SATISFIABILITY CRITERION FOR 683(81, 82))-
Let T be a C55(81, 82)-knowledge base. Then T is satisfiable if and only if there exist subsets

Al - Q:l (F) and Az - Q:z(r),
and a pre-model
m = <Pl/ PZ/ tl/ tZ/ €01, 0-2>
for Ay, Ay, such that, for i € {1,2}, the following conditions are satisfied:
(i) |P;] < (2°+1)-46*, where

7 7

6 = max(|ob; (T)

oby(T)

chi(I)

C|2(r)

);

(ii) the union I'; of the sets
= {suri(\V &i) = Ti},
= {ap suri(ti(p)) | p € Pi},
- {ap =a|oi(a) = p},
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—{ap #ay [ p,p' € Piandp #p'},

— {suri(t1) C suri(t2) | t1 C tp € T an i-term assertion},

- {Rj(a1,...,am) | Rj(a1, ..., am;) € I an i-object assertion}, and

— {(a:suri(t)) | (a:t) € T an i-object assertion},
is 8;-satisfiable for i € {1,2}, where ay, is a fresh object name from X;(I') for each
p € P.

PROOE. ( = ) Let M = (2Wy,2W,, (E™);<x) be a model for I', where 201 has
domain Wj and 20, has domain W,. We use 9 to choose sets A1 and A, and define a
pre-model ‘P satisfying the conditions given in the theorem: fori € {1,2} and d € W,
put

t(d) = \{s € () | d € ™}
Further, for d € W; and d' € W,, define their link type ct(d,d’) as
ct(d,d") = {E e rel(T') | (d,d") € E™} € T(T).
Then set
A= {td) | d € W),

The construction of P = (Py, P>, t1, t2,e,01,02) requires a bit more effort. We proceed
in several steps:

1. Choose a set Ly C Wj such that the following conditions are satisfied:

(@) fort € Ajand Xy = {d € Wy | t(d) = t and a™ # d for all a € ob;(T)} we let
[de W |Hd) =t} C Ly,

if |%¢| = |cl2(T)|, and, otherwise, choose a set

¥ C ¥ with ‘Z’| = |c|2(F)| and letY C Ly;

(b) for all a € oby(T'), we have a™ € Ly;
(© |Li| < |A1] - [ela(T)] + |obr (T)|.
It is easy to see that such a set exists.

2. Choose a set Ry C Wj satisfying the following conditions:

(a) foreacht € Ay, thereisad € Ry such thatt(d) = ¢;

(b) foralla € oby(I'), we have a”™ € Ry;

(c) foreachd € Lyand (F)! (s) € t(d), thereexistsad’ € Ry such that (d,d') € F™
and s € t(d’);

(d) |Ri| < |Lq]-

ch (T)| + |Aa| + [oba(T)].
Such a set exists since property (2.c) can clearly be satisfied by choosing at most |L;| -
|cl(T')| elements of W5 for R;.

3. Choose a set L, C Wj such that the following conditions are satisfied:
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@ LinL,=9v
(b) for each d € Ry and (F)?(s) € t(d), there exists a d € Li U Ly such that
(d,d") € F™and s € t(d');
© |La| < |Ry] - |e(D)].
4. Choose a set Ry C W, such that the following conditions are satisfied:
(@) RiNR, =g
(b) for each d € Ly and (F)' (s) € t(d), there exists a ' € Ry UR; such that
(d,d") € F™and s € t(d');
(© |Rz| < |La| - |ch ().
5. Choose a function K from L; x R to T(I') such that the following conditions are

satisfied:

(a) for each d € Ry and each (F)?(s) € #(d), there exists a d € L; such that
K(d',d)E Fands € t(d');

(b) for each d € Ry and (F)? (a) € t(d), we have K(a™,d) k&

(c) forall (d,d") € Ly x Ry, we have d ~»K(@d) g/,

(d) for eachd € Ry and — (F)? (a) € t(d), we have K(a™,d) & F.
Let us show that such a function does exist. First, for each d € R, we fix a subset
T(d) C W of cardinality < |cl2(F)| such that, for each (F)?(s) € t(d), there exists a
d’ € 7(d) such that (d',d) € F™ and s € t(d'). Due to properties (1.a) and (1.b) of L;,

we can find a map
T U T(d) — Ly
deRy

whose restriction to 7(d) is injective for each d € R, and such that, for all 4" in the

domain of 7r, we have

(i) t(d) = t(n(d)),
(ii) d’ = a™ for some a € oby(T') implies d’ = 7t(d’), and
(iii) d’ # a™ for all a € oby(T') implies 7w(d’) # a™ for all a € oby(T).

We now define K in three steps:
(1) for each a € oby(T) and d € Ry, set K(a™,d) = ct(a™,d);
(2) foreachd € Ry and d’ € t(d), set K(rt(d"),d) = ct(d’,d);
(3) for each d € L; and each d’ € R; such that K(d,d’) is undefined, we set
K(d,d") = ct(d,d").
Due to properties (ii) and (iii) of 7r, K is well-defined. It is straightforward to verify
that K satisfies properties (5.a) to (5.d).

6. We now define the pre-model B3 as follows:
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(1) Set P, = Ly ULy and P, = Ry UR;.

(2) Fori = 1,2, set tj(d) = t(d) for alld € P;. In view of property (1.a) of L; and
property (3.a) of Ly, it is clear that the t; are surjective.

(3) Letd € Pyand d' € P,. If d ¢ Lyord & Rysete(d,d') =e(d',d) = ct(d,d’). If
deLiandd € Rysete(d,d) =e(d',d) =K(d,d).

(4) Fori =1,2and a € ob;(T), set 0;(a) = a™ (we do not ‘leave’ P; and P, due to
property (1.b) of L1 and property (3.b) of L»).

A lengthy but easy computation yields the upper bound |P;| < (2° + 1) - 46* for the
size of the sets P;. Next, we show that 8 is indeed a pre-model, i.e., that it satisfies
properties (1)—(4) from Definition 5.14:

(1) Let d € Ly and (F)' (s) € t;(d). Since t;(d) = t(d) by the definition of B,
property (2.c) of Ry yields a d’ € R; such that (d,d") € F?® and s € t(d'). By the
definition of B, we have e(d,d’) = ct(d,d’) and ty(d") = t(d’). Thus, e(d,d’) F F and
s € to(d’), as required.

In the case d € Ry and (F)?(s) € ty(d), we may use an analogous argument
employing property (3.b) of L, instead of property (2.c) of R;. Similarly, in the case
d € L, we may use property (4.b) of Rj.

Now let d € Ry and (F)?(s) € ty(d). By property (5.a) of K, there exists ad’ € L;
such that K(d',d) E F and s € t(d’). By the definition of 3, we have e(d’,d) = K(d',d)
and t1(d") = t(d"). Thus, e(d,d') F Fand s € t;(d’).

(2) Letd € L ULy and (F)! (a) € t;(d). By property (2.b) of Ry, we have a™ € R;.
Moreover, by the definition of g3, we have t;(d) = t(d). Thus, (F)' (a) € t(d) which
implies ct(d,a™) F F. Since e(d,a™) = ct(d,a™) and 02(a) = a™ by the definition of
B, we obtain e(d, 02(a)) F F, as required.

In the case d € Ry and (F)? (a) € t2(d), we may use an analogous argument
employing property (1.b) of L; instead of property (2.b) of R;.

Now letd € Ry and (F)? (a) € ty(d). By property (1.b) of Lj, we have a™ € L;. By
property (5.b) of K, we have K(a™,d) F F. Since e(a™,d) = K(a™,d) and 01 (a) = a™
by the definition of 3, we obtain e(01(a),d) = e(d, o1 (a)) F F, as required.

(3) As the definition of ~» is symmetric, it suffices to show t1(dy) ~+¢“142) t5(dy)
foralld; € Py and d, € Ps. First, letd; € P; and dy € Ry. The definition of 3 implies
e(dy,dy) = ct(dy,dy). By the definition of ~», we need to show two properties:

o Let = (F)'(s) € ti(dy) and e(dy,d2) E F. Since t;(dy) = t(d), we have
—~(F)! (s) € t(dy). Since e(dy,dy) = ct(dy,dy) and e(dy,d,) = F, we obtain
s & t(d2). Now t(dy) = t2(dp) implies s & to(dz), as required.

e The case of = (F)? (s) € t,(dy) and e(dy, dy) E F is considered analogously.
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Now let d; € P; and d; € Ry. The definition of 3 implies e(d, d2) = K(d1,d2). Again
we need to show two properties:

o Let —(F)! (s) € ti(dy) and e(dy,d;) E F. Since t;(dy) = t(d1), we have
—(F\' (s) € t(dq). Since e(dy,dy) = K(dq,d»), we obtain s & #(dy) by prop-
erty (5.c) of K. Now t(dp) = tp(d2) implies s ¢ t»(d>) as required.

e The case of — (F)2 s € to(dy) and e(dq,dz) F F is considered analogously.

(4) Letd € Ly ULy and - (F)! (a) € t1(d). By property (2.b) of Ry, a™ € R;.
Moreover, by the definition of 3 we have t;(d) = t(d). Thus - (F)' (a) € t(d), which
implies ct(d,a™) ¥ F. Since e(d,a™) = ct(d,a™) and 02(a) = a™ by the definition of
B, we obtain e(d, 02(a)) ¥ F, as required.

In the case d € Ry and (F)?(a) € t»(d), we may use an analogous argument
employing property (1.b) of L; instead of property (2.b) of R;.

Now let d € Ry and — (F)? (a) € ty(d). By property (1.b) of Li, we have a™ € L;.
By property (5.d) of K, K(d,a™) ¥ F. Since e(d,a™) = K(d,a™) and 01 (a) = a™ by the
definition of ‘B3, we obtain e(d, 01 (a)) 7 F as required.

To complete the proof of the ‘only if” direction, it remains to show that the sets I’;

are §; satisfiable, which is done as in Lemma 5.9 by additionally setting (a,)™ = p for
all pe P;.

(<=) Suppose that A1, Ay, and P = (Py, P>, t1, t2, e, 01, 02) satisfying the conditions
of the theorem are given. We construct a model satisfying I'. To this end, take models
20; € M; with domain W; satisfying I';, for i = 1,2. Let, ford € W,

td) = [\{s € cli(T) | d € (sur;(s))™}.
By the definition of I';, we clearly have t(d) € A; for each d € W;. Now fix an element
p(d) € Piforeachd € W;such thatt(d) = t;(p(d)) and d = a%n" implies p(d) = p, for all
p € P;. This is possible, since the functions ¢; of P are surjective and t(a%ﬁi) = ti(p) by
the definition of I';. Let rel(I') = {Ej,...,Ex}. For 1 < j < k, we define the extension
E;m of a link relation E; by setting

m g /
dE"d <= Ei€e(p(d),p(d)).
The proof of the following claim is straightforward and left to the reader:
(&) Foralllinks F,d; € Wy, and d, € W,
(di,dy) € F' <= e(p(d1),p(d2)) E F.

We now show that 9t = <Q31,QU2, (E;m) j§k> is a model for I'. It clearly suffices to

prove that

2 m

d € sur;(s) < des
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foralld € W;, s € cl;(T'), and i € {1,2}, which can be done by simultaneous structural
induction. We only consider the interesting cases, i.e., Case (i): t = <F)i (s'), and

further, Case (ii): t = (F)' (a), for i = 1 (the case i = 2 is symmetric).

(i) Assume t = (F)!(s'). Letd € suri((F)'s')®@1. This implies (F)' (s') € t(d),
and so (F)' (s') € t1(p(d)). By property (1) of pre-models, there exists a p € P, such
that e(p(d),p) F F and s’ € f(p). By the choice of p, we have p(a%ﬂz) = p. Since
e(p(d),p) E F, we thus obtain (d, a%nz) € F™ from (&). Moreover, s' € ty(p) and
p(ap?)
a%ﬁz es™ by the induction hypotheses. To sum up, d € ((F)' (s'))™.

For the “if” direction, we show the contrapositive. Let d ¢ sur((F VL (s) W1, We
need to prove that d ¢ ((F)' (s'))™. Fixa d’ € W, with (d,d’) € F™. By (&), we have
e(o(d),p(d")) E F,and d & suri((F)' (s'))% yields — (F)! (s') € t(d) and furthermore
—~ (F)' (s') € t1(p(d)). Thus, we have s’ & t,(o(d")) by property (3) of pre-models and
the definition of ~». This clearly yields s’ ¢ t(d’) and thus d’ ¢ sury(s')®, which
implies d’ ¢ s’ M by the induction hypotheses. Since this holds independently of the
choice of d’, we obtain d ¢ ((F)" (s'))™, as required.

= ield s € t(a>?), and hence a2 € sury(s')%¥2, from which we obtain
Py p p

(i) Let t = (F)' (a) and d € suri((F)' (a))%¥". This implies (F)' (a) € #(d) and so
(F)! (a) € t1(p(d)). By property (2) of pre-models, e(p(d), 02(a)) E F. By the construc-
tion of I'y, there is a p € P, such that p = 02(a) and a%ﬂz = a%2, By the choice of p, we
then have p(a%nz) = 02(a). Since e(p(d), 02(a)) E F, we thus obtain (d, a%m) € F™ from
(%). Hence, d € ((F)! (a))™.

For the ‘i direction, we show the contrapositive. Let d ¢ suri((F)' (a))¥. We
need to prove thatd & ((F)! (a))™. Fixa d’ € W, such that (d,d’) € F™. By the claim,
we have e(o(d),p(d')) E F. Moreover, d ¢ sur;((F)" (a))® yields — (F\! (a) € t(d)
and — (F)! (a) € t1(p(d)). Thus, e(o(d), 02(a)) ¥ F, ie., p(d') # o2(a), by property (4)
of pre-models, and so d’ # a™2 by the definition of I'; and the choice of p. Thus
d’ # a™. Since this holds independently of the choice of d’, we obtain d ¢ ((F W (a)™,

as required.

This completes the proof of Lemma 5.15. ]

Similarly to the proof of Theorem 5.7, Lemma 5.15 almost immediately provides
us with a decision procedure for the connection (‘383 (81, 82) if decision procedures for
81 and 8, are known: since the sets €;(I') are finite and ‘Pi] < (22 +1) - 46*, to decide
whether a set I of G5 (81, S2)-assertions is satisfiable, we may ‘guess’ sets Ay C &;(T)
and Ay C &(T') and a pre-model B3, and then check whether they satisfy the conditions

listed in the formulation of the theorem. O
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As before, a non-deterministic upper time bound for the satisfiability problem for
the &-connection C 83 (81,...,8y) is obtained by adding one exponential to the maximal
time complexity of the components. The following result shows that this upper bound
cannot be improved, in general, since the satisfiability problem for the basic ADS B
introduced in Section 4.4 is NP-complete (cf. Lemma 5.2).

The proof is by reduction of the NEXPTIME-complete satisfiability problem for
the modal logic S5 x S5 [Marx, 1999] (i.e., the full binary product of modal S5 with
itself) to satisfiability in C§(B,B). Since the ADS B is rather trivial, while S5 x S5
is known to be a variant of the two-variable fragment of first-order logic!, this result
demonstrates the considerable expressive power which the Boolean operators on links

add to €-connections.

THEOREM 5.16. The satisfiability problem for C&(B, B) is NEXPTIME-complete, for any
infinite &.

PROOF. Recall that S5 x S5-formulae are composed from propositional variables
p1,p2, - .. by means of the Boolean operators and the modal operators 0J; and 0.
The models of S5 x S5 are structures 91 = (W; x W, ¥) that consist of the Cartesian
product of two non-empty sets W; and W, and a valuation U which maps any pro-
positional variable to a subset of Wy x W,. The extension ¢ of an S5 x S5-formula ¢

in 91 is computed inductively as follows:

Pl =B(pi), (W1 AP)T =9 nyd, (—)™ = (Wy x Wa) \ 97,
(019)™ = {(w1,w2) | Yo € Wi (v,w2) € 9},
(ngb)m = {(wy,wy) | Yo € Wy (w1,0) € gbm}.

A formula ¢ is S5 x S5-satisfiable if there exists an §5 x S5-model in which ¢ has a
non-empty extension.

Suppose now that ¢ is an S5 x S5-formula. Denote by sub(¢) the set of all subfor-
mulae of ¢. For any ¢ € sub(¢), take a link Ey, € € and let the €§(B, B)-knowledge

base I' consist of:

(1) Eyny, = Ey; A Eyy; (Y1 Ao € sub(g))
(2)  Eny =-Ey (—9 € sub(g))
3) <ﬁE¢>2 (T1) = [Eoyyp]*(L1);

[Eoyp]*(L1) = <ﬁED1¢>2 (T1); (019 € sub(e))
@) (~Ey)' (T2) = [Eop]'(La);

[Eayyl!(L2) = (=Eoyy)’ (T2). (Dap € sub(g))

1To be more precise, the two-variable substitution free fragment, Gabbay et al. [2003].
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It was shown on Page 150 that such equations can be added to the vocabulary when
working with connections allowing the Boolean closure of links. More precisely, an
equation of the form F = G is shorthand for the conjunction of the two link inclusions
F C Gand G C F. Moreover, we use expressions of the form [E]'p as abbreviations
for the formula — (E)’ .

We now claim that
(%) ¢is S5 x S5-satisfiable < T'U{a: <E¢>1 (T2)} is satisfiable in C§(B, B),

where a is an object name of the first component of €§(B, B).

To prove (&), assume first that ¢ is satisfied in 9 = (W; x W, U). We construct
a model M = <9ﬁ1,9ﬁz, {Ewm}wesub(¢)> that satisfies T' U {a : <Eq,>1 (T2)}. Let M, be
any model for B with domain W,. By assumption, q)m # &, so we can pick some
(u,v) € ¢” and choose My to be any model for B with domain W;, where a™ = u.
Finally, we can define Ej' = ¢ C Wy x W, for every ¢ € sub(¢). By construction,
MEa: <Ecp>1 (T2), so it suffices to show that equations (1)-(4) hold in 9, which can
be done by structural induction.

If 1 Ao € sub(¢), then

Epings = (1 Ag2)™ = 9 Ny = Ejin By,
Equation (2) is shown in the same way. To prove (3), notice that the following equival-
ences hold:
S (<ﬁE¢>2 (T <= Ju (u,0) ¢ Ef/’,ﬁ — Ju (u,0) ¢ P —

= Vu(u,0) ¢ ()™ <= Vu (u,0) ¢ EB, <= v € ([Eoyl*(L1)”,

and

vE ([Emllp]z(J_l))m <~ Yu (u,v) ¢ (Dlt/))m <~ Ju(u,v) & (Dltp)m
= Ju (,0) & (Eoyg)™ = ve ((~Eoy)” (T)™

The equations in (4) are proved in exactly the same way.

Conversely, assume that I' U {a : <E(p>1 (T2)} is satisfied in a model 9, where
m = <9ﬁ1, My, {E?}lpesub(<p)> is based on the domains W; and W,. We define a model
N for S5 x S5 based on the domain W; x W, by letting p?t = E?ff for p; € sub(¢) and
arbitrary otherwise. It can now be shown by induction that, for all ¢ € sub(¢),

(@) "
The base case, = p;, follows from the definition of 91. If ¢ = ¥; A ¢, we obtain

(P AP) = gl Ny = E% N Egﬁ = E%A% by (1). The case of ¢ = = is shown in
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the same way using (2). The case of { = Oy x is shown using (3) as follows:
(w,0) & (Ory)™ 30 € Wy (4,0) ¢ 97

3 € Wy (4,0) ¢ Ey' (by induction)

v e ((-Ey)" (T1)™

v € ([Eoyyl*(11)™ (by (3.1))

Vi € Wy (1,0) & (Eg,g)™

(M, Z)) g (Emllﬁ)m/

U A

and
(1,0) & (Eo,p)™ 30 € Wi (1,0) & (Eoyy)™
v e ((=Eoyy)” (T1)™
v € ([Egyp*(L1))™ (by (3.2))

(u,v) ¢ (O19)™ (from above).

[N

The case of i = Oy is treated in the same way. This shows (V).
AsMEa: <Eq,>1 (T2), there is a v € W such that (a™,0) € EJ' = ¢” # @. It
follows that ¢ is satisfied in 9, which proves (). U

5.4. Number Restrictions on Links

An obviously desirable expressive capability when dealing with €-connections
is the ability to constrain the number of objects that are connected via the link rela-
tions. For example, in the real estate agent’s application, we may want to say that—
according to the chosen granularity of the spatial domain—the spatial extension of any
house consists of precisely one point in space. Thus, the corresponding link relation
should be a partial function. The concept constructors employed in description logic
to represent this kind of constraints are known as (qualified) number restrictions?; in
modal logic they are called graded modalities®. So let us investigate what happens if

we introduce similar constructors for links in €-connections.

DEFINITION 5.17 (NUMBER RESTRICTIONS ON LINKS).
Suppose that §; = (L;, M;) are ADSs, 1 <i < n,and that € = {E; | j € ]} is a set of n-ary
relation symbols. Denote by
C5(S1,--.,8n)
the E-connection in which the definition of i-terms, 1 < i < n, is extended with the following

clause, for every natural number r:

2Cf. Hollunder and Baader [1991], De Giacomo and Lenzerini [1996], and Horrocks et al. [1999].
3Cf. Fine [1972], de de Rijke [2000], and Tobies [2001b].
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o ift; = (t1,...,ti_1,tix1, ..., tn) is a sequence of j-terms ti, forj #i,and k € ], then
(< rE) () and (> rE)’ (F) are i-terms.
The semantics of the new constructors, called number restrictions on links, is defined as
follows. Let
M = ((W)icn E™)

be a model for C¢(81,...,8y,). Then

X € (<§ rEj>l )" = ‘{Y,' | (X1, .-, Xi21,X,Xis1,---,Xn) € E;‘m/\xk € tkm}] <r
and

X € (<Z VE]'>1 (EZ))W — Hfi | (xl,. s Xic1, X, Xig 1, - ..,xn) S E?ﬁ NX € tzn}‘ >,

where X; = (X1, ., Xi_1,Xi11,---,Xn).

Combinations of G(% (81,...,8,) with previous extensions are denoted by the obvi-
ous names, e.g., 683(81, ...,8y,) stands for the extension of basic £-connections with

both number restrictions and the Boolean operators on links.

Unfortunately, it turns out that, in general, decidability does not transfer from

ADSs 81, ..., 8, to their E-connection with number restrictions 65(81, e Sn).

5.4.1. Undecidable £-Connections with Number Restrictions. In Section 4.3, we
introduced the reasoning problem of singleton satisfiability of terms, and we showed
in Theorem 4.17 that there are number tolerant ADSs with a decidable satisfiability
problem for which singleton satisfiability is undecidable.

Apart from ADSs for which singleton satisfiability is undecidable, there is one

more ADS that will play an important role in this section:

DEFINITION 5.18. The ADS By = (L3, M, ) is defined as follows:
o Ly is the ADL (as defined on Page 138) without function symbols (apart from the

Booleans) and relation symbols;

o Mgy, consists of all ADMs of the signature of Ly based on a singleton domain.

It is obviously trivial to decide satisfiability in B;. Note also that B; is not num-
ber tolerant. We are now in a position to prove the undecidability results concerning

E-connections that allow for qualified number restrictions.

THEOREM 5.19. There exist ADSs 81 and Sy, not both number tolerant, with decidable
satisfiability problems and such that the satisfiability problem for 65(81,82) is undecidable,
even if € is a singleton.

PROOF. We first prove a technical lemma. This, together with Theorem 4.17, im-

plies the result:
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LEMMA 5.20. Let § = (L, M) be an ADS for which singleton satisfiability is undecidable
and let € be a non-empty set of link symbols. Then the satisfiability problem for 65(8, Bq) is
undecidable.

PROOF. By Theorem 4.17, there exist ADS § for which singleton satisfiability is
undecidable but which have a decidable satisfiability problem. Take any such §. We
prove the lemma by reducing singleton satisfiability in 8 to satisfiability in (‘38(8, By):
it is readily checked that an L-term ¢ is singleton satisfiable if and only if the set of

65(8, B, )-assertions (consisting of a 1-assertion and a 2-assertion)
{tC(E)' (T2), T2C(=1E)*(1)}

is satisfiable, where E is a link relation from & and (=1E)’ (t) is an abbreviation for
(STE) () A (ZTE) (1). =

O

The intuitive reason for this ‘negative’ result is that number restrictions on links
allow the transfer of ‘counting capabilities” from one component to another. For ex-
ample, in G{QE} (SfHJQﬁ,ALGOﬁ), we can ‘export’ the nominals of ALCO? to $HIQ": the
assertions

Ta=(<1E(T1), Ta=(=1E)*(T1), T1=(<1E)!(T2), T1=(>1E)' (T2)

state that E is a bijective function, and so we can use (E V! ({a}), a an object variable of
ALCO!, as a nominal in SHIQE.

When introducing number restrictions on links, it is thus natural to confine
ourselves to ADSs which, intuitively, ‘cannot count’. Indeed, as the decidability trans-
fer result from the next section shows, the fact that one of the ADSs used in the proof

of Theorem 5.19 was not number tolerant, is essential.

5.4.2. Decidable E-Connections with Number Restrictions. Fortunately, number
tolerance is precisely what we need in order to preserve decidability in the presence
of number restrictions on links.

The proof of the next result is similar to that of Theorem 5.1: we guess sets of
1-types and 2-types to be realised in a potential model. Additionally, for each i-type t
we need to guess the number and type of witnesses for the link operators (> rE)(s)
such that none of the link operators (< rE)(s) of t is violated. Similarly to the pre-
vious variants of £-connections, we get a non-deterministic upper time bound for the
satisfiability problem that is obtained by adding one exponential to the maximal time

complexity of the component ADSs.
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THEOREM 5.21 (TRANSFER OF DECIDABILITY FOR Gg).
Let 81, ...,8, be number tolerant ADSs with decidable satisfiability problems. Then the satis-
fiability problem is also decidable for any E-connection 65(81, cesSn).

PROOF. As in the proofs of Theorems 5.7 and 5.12, we restrict ourselves to two
ADSs and a single link relation E. For simplicity, we will therefore write number
restrictions as (>r)’ (s) and (<)’ (s), thus omitting the link symbol E.

Here is the variant of Theorem 5.21 obtained by the two restrictions:

THEOREM 5.22. Suppose that the satisfiability problems for the ADSs 81 and Sy are
decidable and both, 81 and 8,, are number tolerant. Then the satisfiability problem for the
{ E}-connection G{QE} (81, 82) is decidable as well.

Fix two ADSs 81 = (L1, M1) and 87 = (L, M) with decidable satisfiability prob-
lems. Note that for any model 9t of @g}(&, 82) and any i-term s of §; (i = 1,2) we

have

(<A ()™= (~(>r+1)(s)™forallr € N, and

(B) (s))™ = ({ = 1) (s)™
Therefore, without loss of generality we may assume that we do not have terms of the

form ( <r) (s)and (E) (s). Let us fix some notational conventions:

e We use cl;(T'), i = 1,2, to denote the closure under negation of the set of
i-terms occurring in I'. Without loss of generality we can identify ——t with ¢,
and thus cl;(T') is finite.

e For an i-term t, we define a surrogate sur;(t) as described on Page 142, but
now replacing subterms s of the form (> r>i (s") with surrogate variables x;.

e Fori € {1,2} , we use deg;(T') to denote the maximum number r such that
(>7) (s) e cli(T), for some term s.

¢ Given domain elements d € W; and d’ € W; (or object variables a of §; and b
of 8;) we use the expression [d,d’] (or [a, b]) to denote the pair (d,d’) (respect-
ively, (a,b)),if i = 1, and the pair (d',d) (or (b,a)),if i = 2.

As observed on Page 151, without loss of generality we may assume that the ADSs
81 and 8 support assertions of the form a = a’ and a # a’, where a and 4’ are object
names. Note that, since we do not allow the application of link operators on object
variables, we cannot replace link assertions with object assertions as in the previous
decidability transfer proofs. Hence, we will treat link assertions (4, b) : E explicitly in
this proof.

We can now reduce satisfiability for the connection G{QE} (81,82) to satisfiability for

the components §; and 8.
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LEMMA 5.23 (SATISFIABILITY CRITERION FOR G{QE} (81,82))-
LetT bea Gg} (81, 82)-knowledge base, where the 8; are number tolerant. Then T is satisfiable
if and only if there are subsets

A C &) and A, CE(T)
and equivalence relations
~1 Coby(T) xoby(I') and ~p Coby(T) x 0by(T)

such that, for i € {1,2}, the following conditions are satisfied:

(1) Foreacht € A, there exists aset Wy = {(Z1,71), - -, (Zk (), ’yk(t))}, where Z; C A;
and the «y; are functions y; : Zj — {1,...,deg;(T')} such that, for (Z;,7;) € W,
we have the following:

(a) For each term (>71)' (s) € cl(T"), we have
Eris et — Y yt)zn
{HeZﬂseﬂ}
(b) for each t' € Z;, there exists (Z,~y) € Wy such that t € Z.

(2) For each equivalence class C of ~;, there exist a type tc € A;, a set of types Zc C A;,

and a function yc : Zc — {1,...,deg;(I') } such that
(a) for each term (>7)' (s) € cl(T), we have

>riG)ete <= Y qclt)+ [{C' € connr(C) |'s € tor}
{t'eZc|set'}

21,

where the set connr (C) contains precisely those equivalence classes C' of ~ for
which [a,b] : E € T, for somea € Cand b € C’;
(b) foreacht' € Z¢, thereis (Z,y) € Wy such that tc € Z.
(8) The union I'; of the sets
= {suri(V Ai) = Ti},
— {a; s suri(t) | t € A},
—{a=dfa~d},
~{a#d |agal,
— {a :suri(ty),) | a € obi(T)},
— {suri(s1) C suri(sz) | (s1 C s2) € I an i-term assertion},
- {Rj(a1,...,am) | Rj(a1, ..., am;) € I an i-object assertion}, and
— {a:suri(s) | (a:s) €I ani-object assertion},
is 8;-satisfiable, where [a]; denotes the equivalence class of a with respect to ~; and
ay is a fresh object name from X;(I') for each t € A;.

PROOF. (= ) Let9M = <QB1, 20, Em> be a model for I', where 20, is based on the
domain Wj and 20, is based on the domain W,. We use 91 to choose sets A; and A, and
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equivalence relations ~; and ~; satisfying the conditions given in the formulation
of the theorem.

We start with some preliminaries. A domain element d € W; is called anonym-
ous if d # a”™ foralla € ob;(T). Fori € {1,2},d € W, and ' € ¢ (I), define the

abbreviations

td) = \{s € () | d €s™;
R(d)={d € W;| [d,d| € E™};
P(d) = {t(d") | d" € R(d)};
Py(d) = {t(d") | d' € R(d) is anonymous};
(d,1') = min{deg,(T), [{#' € R(d) | 1d') = '}|};
ca(d,t') = min{deg,(T), |{d' € R(d) | t(d’) = t' and d’ is anonymous}|}.

Then we set

A= {t(d) | d € W;

~; = {(a,b) € ob;(T) x ob;(T) | a™ = b™};

Wi = {(P(d),v4) | d € W;and t(d) = t} for each t € A;, where

Ya={t'—c(dt) |t e P(d)};

tc = t(am), with a € C, for each equivalence class C of ~;;

Zc = P4(a™), with a € C, for each equivalence class C of ~;;

Yo = {t' = ca(@™,t') | t' € P4(a™)}, with a € C, for each equivalence class
Cof ~i.

Note that tc, Z¢, and ¢ are well-defined by the definition of the relations ~;. It
remains to show that these definitions satisfy conditions (1)—(3) from the formulation

of the theorem. We only do this for i = 1, since the case i = 2 is symmetric.

1. Fix terms (>7)' (s) € ch(T), t € Ay, and a pair (Z,7y) € W;. Then there is a
d € Wy such thatt(d) =t,Z = P(d), and 7y = 4. Let

S={d c¢W,|(d,d)cE™ands c t(d)}.
By definition we have
>l et = de(EnN'()" = [Z=>r
By the definition of P(d) and 7y,

Y yt)=|{d e W, | (d,d') € E%and s € t(d)}|
{t'eZ|set'}
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if forall ' € Z with s € ¢ we have |{d’ € R(d) | t(d") = t'}| < deg;(T), and

V(') = degy(T) =
{HeZ|set'}

otherwise. The latter case implies |Z5| > deg>(T') > r. We thus obtain

= >r = Y, )=,
{HeZ|set'}

which gives (1.a).
To prove (1.b), let ' € Z. Then there exists a d’ € W, such that (d,d’) € E™ and
t(d") = t'. Ttis readily checked that (P(d’), v4) € Wy is as required, i.e., t € P(d’).

2. Fix an equivalence class C of ~j,ana € Cand aterm (>7)! (s) € cly(T). Let
¥ ={d e Wo| (a™,d') € E®™ands e t(d")}.
As above, we have by definition that (>7)' (s) € tc if and only if |Z5| > r and,
moreover,
1= = [{d' e Wp| (a™,d') € E™,s € t(d'), and d’ anonymous}| +
[{d" € Wy | (a™,d’) € E™,s € t(d'), and d’ not anonymous}|.

By the definition of P4, c4, ~1, Z¢c, and ¢, the sum

ve(t)
{t'eZc|set'}
is equal to the former component of |ZZ | oris atleast deg, (I'). Further, by the definition

of ~q and fc, the second component is equal to
[{C" € connp(C) | s € tor}].
Thus, as in the proof of (1.a), we obtain
= >r = Y. )+ |{C €connr(C) |s€eta}] >
{FeZc|set'}

which gives (2.a).
To prove (2.b), let t' € Zc. Then there is a d’ € W, such that (a™,d") € E™ and
t(d") = t'. Itis readily checked that (P(d’), vy) € Wy is as required, i.e., tc € P(d").

3. Take the model 207 and extend it as follows:

e for each surrogate variable xs occurring in I'; with s of the form (> r)i (s"), set
K =%
e for each newly introduced object name a; (with t € Aq), set afnl to some ele-

ment of %,
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Note that the resulting model 20 can be found in the set of models M; by the closure
conditions that are required to hold for M;. It is easy to prove by induction that, for
alld € Wy and s € cly(T), we have d € sury(s)¥ if and only if d € s™; details are left
to the reader. Using this fact, in turn, it is straightforward to verify that 20} is a model
of I'7.

(<=) Suppose that there exist Aj, Ay, ~1, and ~; satisfying the conditions of the
theorem. Hence, there also exist sets Wy, for t € A;, and types tc, sets of types Zc,
and functions ‘¢, for equivalence classes C of ~;, satisfying conditions (1.a), (1.b) and
(2.a), (2.b). Our aim is to construct a model satisfying I'. For each ADS 8;,i = 1,2, let
k; denote the cardinal number for §; from the definition of ‘number tolerance.” Take
an infinite cardinal x such that ¥ > «;, fori = 1,2, and models 20; € M; with domains
W; satisfying I';, fori = 1,2. Let, ford € W;,

t(d) = N\{s € cli(T) | d € (sur;(s))™}.
By the definition of the I';, we clearly have t(d) € A; for each d € W;. Since 81 and 8,

are number tolerant and t € A; implies the existence of some d € W; such that t(d) = ¢

by the definition of the I';, by the choice of ¥ we may assume that
(%) [{d € W; | t(d) = t}| =k for each t € A,.

Again, a domain element d € W; is called anonymous if d # a™ for all a € ob;(T).
We now show that there exists a relation E™ C W; x W, satisfying the following

conditions:

(I) Foralla € 0b1(I') and b € 0by(I"), we have

(a™1,p%2) ¢ ™ <= thereared’ € [a]y, b € [b] such that (a/,b) : E € T.
(I) Foralli € {1,2} and a € ob;(T"), we have

o [a%i,d'] € E™ implies t(d') € Z),;

e foreacht ¢ Zia);s

Vi, (1) = |[{d' € W: | [a%,d'] € E™,d’ anonymous and t(d') = t}|.
(Il) Foralli € {1,2} and d € W;, there exists a (Z, ) € Wy such that

e [d,d"] € E™ implies t(d') € Z;

e foreacht € Z,

v(t) = |{d' € W; | [d,d'] € E™ and t(d') = t}|.

Since there are only finitely many types t € A; and each  is of the form t(d) for some
d € W;, we have ‘Wl-‘ = ‘Ai| -k = k. Hence, we can assume that the sets W; are ordered

by <;such that (x, €) is order-isomorphic to (W, <;) (i.e., <;isa well-ordering on W;



168 5. COMPUTATIONAL PROPERTIES OF E-CONNECTIONS

such that no <;-initial subset of W; is of cardinality ). We construct the relation E™
by transfinite induction as
EM = JE,
<K
and simultaneously define (partial) functions 71}, & < x, i = 1,2, that take anonymous
domain elements d € W; to elements of W;;). We start with a = 0, 1:

o Set EJ' = {(a®™,b%™2) | (a,b) : E€T}and 1) = 1) = 2.

e Foralli € {1,2},a € obj(I'), t € Z,, and j, 1 < j < 7y, (t), choose an
anonymous element d,;; € W; with t(d,;;) = t such that (a,t,j) # (a’,t,]')
implies d, ;; # dy v y—this is possible since Z;), C A; and in view of (). Then
set, for each 4, t,] as above, n}(da,t,j) to some (Z,y) € W; such that ta € Z,
which exists by property (2.b). Further, set

oo U U U @l

ie{1,2} acob;(T) tEZ[g]i 1§j§’)/[ﬂ]i(t)

e Suppose that a < x is the minimal ordinal for which E2" is not yet defined. If

« is a limit ordinal set

Egﬁ = U E%ﬁ and 77 = U nfforizl,Z.
B<« B<«
Now suppose that « = a’ + 1. Let B be the largest limit ordinal which is
smaller than «, or 0 if no such limit ordinal exists. If « = B + 2n for some
natural number 1, set i = 1. Otherwise set i = 2. Choose the <;-minimal

domain element d € W; such that

(i) 7'[2’" (d) is undefined, or
(i) 7¥(d) = (Z,v)and thereisat' € Z such that

‘{d’ eW:|d,d]e EX and t(d') = t'}‘ < y(t).
In case (i), set

BN =Ey, m=nu{d ()} m=n,

al s i

where (Z,y) is an element of W; ;). In case (ii), we do the following: choose
an anonymous element d’ € W; with t(d’) = t' and [d,d'] ¢ E} such that
nlﬁ." (d") is undefined—this is possible since Z C A; and by (). Then set

!

;‘X = 7T;'x , T = 7-[?, U {(d/l (Z”Y))}’

1

EM—EXU{[d,d]},

for some (Z,y) € Wy such that t(d) € Z, which is possible by property (1.b).
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It is not hard to verify that the relation E™ = |J,_, EX' constructed in this way
indeed satisfies properties (I)—(III).

We now show that 90t = (201, 20,, E™) is a model for I. Since (a,b) : E € T implies
(a™,b™) € E™ by property (I) of E™, it clearly suffices to show that

20;

d € suri(s) — des™

foralld € W;, s € cl;(T'), and i € {1,2}, which can be done by simultaneous struc-
tural induction. The case of set variables and the Boolean cases are trivial, so we only
consider the case s = (>r) (s) and i = 1.

Lets = (>7)! (s') for s’ a 2-term. First assume that d € sur;(s)¥, i.e., s € t(d), and
consider the case where d is not anonymous, i.e., there exists an a € ob;(I') such that
A =d. By condition (2.a), we then have

r< Y. Y () + [{C" € connr([a]y) | ' € to}
{teZy,, Is'ct}

a]l

By the definitions of I'; and of 91, we have ™ — p™ if and only if b ~; V' for all
b,b" € oby(T). Thus, property (I) of E™ and the definition of I'; yield

{d' e W, | (d,d") € E™, s’ € t(d’'), and d’ not anonymous}| =
[{[b]2 | §" € ty), and (a', V') : E € T for some a’ € [a], b’ € [b]2}| =
[{C" € connr([a1) | ' € ter}].
By property (II) of E™, we have for each t € Z,;:
Vi, (1) = [{d € Wy | (a™,d') € E™,d’ anonymous and #(d') = t}|.
Moreover, (a®1,d’) € E™ implies t(d') € Z,,. This yields
[{d' € W | (d,d') € E™and s’ € t(d')}| > r.

Since, by the induction hypotheses, s’ € t(d') if and only if d’ € s, this yields d € s™,
as required.

Now assume that d € sury(s)®! and d is anonymous. Then s € t(d), property (1.a),
and property (IIT) of E™ yield

[{d" € W | (d,d') € E™ and s’ € t(d")}| >,

which is equivalent to d € s™M and we are done.
Conversely, assume that d € s™. By definition and the induction hypotheses, we
have that
|Z§,] >r, where X ={deWy|(dd)eE™ands ct(d)}.

Assume first that d = a™ for some a € ob;(T). Clearly, for each d’ € Zfi' that is not
anonymous, i.e., b = d’ for some b € ob,(T), there are a’ € [a]; and b’ € [b], such that



170 5. COMPUTATIONAL PROPERTIES OF E-CONNECTIONS

(a',b') : E € T and s’ € t,, by condition (I) and the definition of I'>. By condition (II)
of E™ we further have that for all ' € Z;’, s’ € t(d’) € Zj,, and forany t € Zj;,,

Vi, (£) = [{d' € Wy | (a™,d") € E™,d’ anonymous and +(d') = t}|.

Hence
r<|zy) = Yo v, () + [{C € connr([a]1) | 8" € tor}].
{tEZ[u]l |S’Ef}
By condition (2.a), s € t|;,. Since, by the definition of I';, we have tHd) = tg),, this
yields d € surq(s)™, as required.
Assume now that d is anonymous. By condition (IIl) of E™ there exists some
(Z,7) € Wy such thats’ € t(d') € Z foralld' € Z;’. As above we obtain

r<gil= Y ),
{teZ|s'et}
and so s € t(d) by condition (1.a), which completes the proof of Lemma 5.23. O

Assuming that there exist decision procedures for §; and 8, it is now easy to use
Lemma 5.23 to derive a decision procedure for the connection Gg} (81,87). Since the
sets €;(I') are finite, to decide whether a set I of @g} (81, 82)-assertions is satisfiable, we
may ‘guess’ sets A1 C €(I') and A, C &,(T), equivalence relations ~7 and ~», sets
Wy for each t € A; U Ay, and types tc, sets Z¢, and functions 7y for each equivalence
class C of ~jand ~3, and then check whether they satisfy the conditions listed in the

formulation of the theorem.
O

The time complexity of the obtained decision procedure is the same as in the pre-
vious two transfer theorems: it is one exponential higher than the complexity of the
original decision procedures for §;- and 8,-satisfiability. Moreover, the decision pro-
cedure for the connection is non-deterministic.

Now, for example, the £-connection Gg(S}CJQu, S4f,) is decidable, since both com-
ponents are number tolerant. But then it is a natural question to ask whether an £-con-
nection allowing number restrictions on links can be extended by also allowing link
operators on objects variables and/or Boolean operators on links, without losing the
transfer of decidability.

Unfortunately, this is not the case.

5.4.3. £-Connections of Type G(%B and Géo. Adding Boolean operators on links
to a decidable €-connection of type Gé, or additionally allowing the application of
link operators on object variables, leads, in general, to undecidability. The proof of the

following theorem is similar to the proof of Theorem 5.19:
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THEOREM 5.24 (FAILURE OF TRANSFER FOR €5, AND €§,).

(i) There exist number tolerant ADSs 81, 8 with decidable satisfiability problems such that
the satisfiability problem for (‘383(81, 82) is undecidable even if € is a singleton.

(ii) There exist number tolerant 81, S with decidable satisfiability problems such that the sat-
isfiability problem for 650(81, 82) is undecidable even if € is a singleton.

PROOF. As in the proof of Theorem 5.19, we give a technical lemma similar to
Lemma 5.20 from which, together with Theorem 4.17, the result follows:

LEMMA 5.25.
(i) Let 81 = (L, M) be an ADS for which singleton satisfiability is undecidable and € a non-
empty set of link symbols. Then the satisfiability problem for 683(81, 82) is undecidable for
any ADS §,.
(i) Let 81 = (L, M) be an ADS for which singleton satisfiability is undecidable and € a non-
empty set of link symbols. Then the satisfiability problem for GéO(Sl, 82) is undecidable for
any ADS 8,.

PROOF. As the proofs for (i) and (ii) are similar to the proof of Lemma 5.20, we
give only the set of reduction assertions which varies with the type of £-connection
under consideration.

For a proof of (i) we use the following set, which consists only of a single 2-
assertion:

{b: ((E)* (1)) A (=1E)*(T1) A= (=E)* ())}.

To prove (ii), we can use the following set of assertions (one 1-assertion and one
2-assertion):

(FC(EY (), b:(=1EY (1)}

Here, b is an object variable from L. O
O

Thus, by Theorem 5.24, if number restrictions on links are important for a certain
application, we have to disallow Boolean operators on link relations and the use of link
operators on object variables in order to avoid the danger of possibly using an unde-
cidable E-connection. This, of course, does not mean that any specific £-connection
of type (‘3830(81, 87) is undecidable, but that a proof of its decidability requires some

extra effort.






CHAPTER 6

Expressivity, Link Constraints, and DDL

This chapter studies a number of questions related to the expressivity of basic
&-connections. In Section 6.1, we show that while basic £-connections are expressive
enough to simulate distributed description logics (DDLs) without so-called complete
individual correspondences, to be able to treat DDL in general within the framework
of &-connections we have to add a new kind of assertion to basic £-connections. We
provide a number of transfer results for DDLs and show where transfer of decidability
fails in general.

In Section 6.2, we study the expressivity of £-connections more systematically by
defining a notion of bisimulation for £-connections which enables us to give a number
of examples of properties of £-connections that are not definable in the basic language.
We take this as an opportunity to study so-called link constraints in Section 6.3, which
allow us to express some of those undefinable properties without losing the general
transfer of decidability.

Finally, in Section 6.4, we will compare the methodology of £-connections with
related combination techniques for logics, namey with multi-dimensional formalism,

independent fusions, fibrings, and description logics with concrete domains.

6.1. E-Connections and Distributed Description Logics

Let us recall the knowledge base regulating relations between people in the EU
from Section 4.5.3. We proposed to employ the &-connection C(SHIQ?, ALCO): the
8HIQ* component was used to talk about people and their relations, and the ALCO?
component to talk about the EU countries. Apart from computational considerations,
there is another important motivation for such a separation of various aspects of a
large application: we may think of the components as independently maintained data-
bases which are constantly updated, systematically linked, and import information
from each other. This leads us to a discussion of distributed DLs (DDLs) introduced
by Borgida and Serafini [2002] and further studied in Borgida and Serafini [2003], who
observed that in some cases functional correspondences between different informa-
tion systems are not enough to capture important information and who provided a

173
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number of examples illustrating this point. They also stressed that, unlike other ap-
proaches relating databases, a suitable logic-based approach enlarges the possible in-
ferences we may draw from a combined knowledge base.

In this section, we show that the distributed description logics of Borgida and
Serafini can be regarded as a special case of £-connections linking a finite number of

DLs. In what follows, all DLs are considered as their ADS representations.

6.1.1. The DDL Formalism. We start with a brief, but self-contained, description
of the DDL formalism. Suppose that n description logics DLy, ..., DL, are given. A
sequence ® = (DL;)<, is then called a distributed description logic (DDL). We use
subscripts to indicate that some concept C; belongs to the language of the description
logic DL;. Two types of assertions—bridge rules and individual correspondence—are
used to establish interconnections between the components of a DDL.

DEFINITION 6.1 (BRIDGE RULES). Let C; and C; be concepts from DL; and DL;, re-

spectively. A bridge rule is an expression of the form

(into rule) G — C
or of the form
(onto rule) C; = C;.

Let a; be an object name of DL; and b, b}, by object names of DL;. A partial individual

correspondence is an expression of the form

(PIC) a; — bj.

A complete individual correspondence is an expression of the form
(CIC) a; — {b},...,b;?}.

A distributed TBox ¥ consists of TBoxes T; of DL; together with a set of bridge rules. A
distributed ABox ‘A consists of ABoxes A; of DL; together with a set of partial and complete
individual correspondences. A distributed knowledge base is a pair (T, ).

The semantics of distributed knowledge bases is defined as follows.

DEFINITION 6.2 (SEMANTICS FOR DDL). A distributed interpretation J of a distrib-
uted knowledge base (T,2) as above is a pair ({J;}i<,, R), where each J; is a model for the
corresponding DL; and R is a function associating with every pair (i,j), i # j, a binary rela-
tion rij € W; x W; between the domains W; and W; of J; and J;, respectively. Given a point
u € W; and a subset U C W;, we set

rij(u) ={v e W; | (u,0) €ry},  r(U) = U rij(u).
uel
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The truth-relation is standard for formulae of the component DLs. For bridge rules and
individual correspondences it is defined as follows:

¢ JEGC—C = (G

¢ JEGC=C = rg(C)2CY

e JFa—b < b]:' € rij(aij);

o JEa = {bl,.. b1} = ry(ad) = {(b))7,..., (b))7}.

Asusual, T F C T D means that for every distributed interpretation 3, if I E ¢ forall ¢ € T,
then 3 F C T D. The same definition applies to ABoxes 2 and individual assertions.

It is of interest to note that, unlike £-connections, DDLs do not provide new
concept-formation operators to link the components of the DDL: both bridge rules
and individual correspondences are assertions, and so atoms of knowledge bases, but
not part of the concept language.

The satisfiability problem for distributed knowledge bases without complete indi-
vidual correspondences (CIC) is easily reduced to the satisfiability problem for basic
&-connections. Indeed, fixa DDL ® = (DL;)<, and associate with it the £-connection
DF = GS(DLﬁ,. . .,DL,E), where € = {E;; | i,j < n,i # j} consists of n x (n — 1) many
n-ary relations. To define a translation -* of D-assertions into D*-assertions, we mainly
have to take care of the fact that DDL relations are binary, while £-connection links are

n-ary.

DEFINITION 6.3 (TRANSLATION). Suppose that & = (%, %) is a distributed knowledge
base for ® = (DL;);i<, without complete individual correspondences. We define a translation
2 from D-assertions to D*-assertions as follows:

e if ¢ is neither a bridge rule nor an individual correspondence, then ¢* is defined by

translating the concepts in ¢ using the .* translation from Section 4.2.2;

o (C;—C) = (B (T1,....C,....,T)CC
« (G C) = (B (T1,....CL....,Tw)3CL
) (6ll'l—>a]')ﬁ = (al,...,ai,...,aj,...,an):Eij,

where ay, for k # i, j, are fresh object variables of DLy.
Finally, we put T = {¢* | ¢ € T}, A = {¢" | ¢ € A} and &* = T U AL

Note that we only need simple link assertions to translate partial individual cor-
respondences: no application of link operators to object variables is required. The

theorem below follows now easily from the definition of the translation -#:

THEOREM 6.4 (REDUCTION). A distributed knowledge base R for a DDL ® without
complete individual correspondences is satisfiable if and only if & is satisfiable in a model of

the basic &-connection DF.
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PROOF. Suppose first that R is satisfied in the interpretation 3 = ({J;}i<,, R) of
DDL ® = (DL;)j«p. Define a model 9 of the associated &-connection D* by defining,
for R((i,j)) = r;j C Wi x Wyand alluy € Wy, ..., u, € Wy:

(ul,...,ui,...,u]-,...,un) € Ei]' < (ui,uj) ETZ']'.

We claim that for any ¢ € & 9 F ¢F. Indeed, if ¢ is in some DLy, the claim is trivial

since the local interpretations are the same. Due to the definition of Eij, we have that

(12) (Lli,u]')ET’i]' < \v/ ukGWk:(ul,...,ui,...,u]-,...,un)GEZ-]-
k#i,j

(13) < 3 ukeWk:(ul,...,ui,...,u]-,...,un)GEZ-]-.
k#i,j

Hence, for any concept C; of DL;,
Vl](Clj) = {Ll] | Ju; € Clj such that (ui,u]') € 1’1']'} = (<E1]>] (T1,...,GCi, .. .,Tn))m

by equivalence (13). This shows the case of bridge rules. Finally, suppose ¢ = a; — a;

is a partial individual correspondence in & Then J F ¢ implies M F ¢ by (12).

Conversely, suppose that & is satisfied in a model 9. We define the relations rij
of the associated DDL by letting:

(ui,uj) S rij i <= 3 ur € W : (u1,...,ui,...,uj,...,un) € El]
k#i,j
This defines an interpretation J for the DDL in the obvious way. We claim that for any
¢ € R,T F ¢. The proof is as above with the exception that we need (13) to prove the
implication for (PIC). U

COROLLARY 6.5. The satisfiability problem for DDLs (DL;);<, without complete indi-
vidual correspondences is decidable whenever the satisfiability problem for ABoxes relative to
TBoxes is decidable for each of the DL;.

Unfortunately, complete individual correspondences cannot be translated into ba-
sic &-connections, and Corollary 6.5 does not hold for arbitrary distributed description
logics with knowledge bases including complete individual correspondences. To be

able to deal with these as well, we introduce another extension of £-connections.

6.1.2. Complete Individual Correspondence in £-Connections. In this section,
we extend the basic €-connections of n ADSs with an analogue of complete individual

corresp ondences.
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DEFINITION 6.6 (E-CONNECTIONS WITH CIC).

Suppose that §; = (L;,M;), 1 <i < n,are ADSs and that & = {E; | j € ]} is a set of n-ary
relation symbols. We denote by

C¥(81,...,84)
the E-connection in which the set of i-object assertions is extended with (CIC) i-assertions of
the form

(Ex)' (a)) = B,
where1 <i <mn, k € ], B; is a finite set of object variables of L;, and a; is an object variable of
L;, for some j # i.

The truth-relation for the new assertions is defined as follows. Given an ADM
M = ((W)izn, €™ ),

we put

ME (E)' (a) = B; =

{Xl' e W, ‘ 3 X] € Wl(xl,...,a?t,...,xn) S E,%n} = {b?ﬁ | b; € Bi}.
1#i,]
Obviously, (CIC) i-assertions of the form (Eg)’ (aj) = B; can be expressed in the ba-
sic &-connection C¢(8y,...,8,) if allits components have nominals: if B; = {b}, .

then (Ex)' (a;) = B; is equivalent to
(E)' (T, {aj}, o, Tu) = b}y U L {b )

Therefore, as a consequence of Theorem 5.12 we obtain:

THEOREM 6.7 (CIC AND NOMINALS). Suppose that 84, ...,8, are ADSs with decid-
able satisfiability problems and that each of them has nominals. Then the satisfiability problem
for any E-connection 6531(81, ..., 8y) is decidable as well.

Moreover, there exists a connection to number restrictions on links: if we consider
the connection of two ADSs 8; and 8, then (E;)' (a) = B, where a is an object variable
of & and B = {b},..., b7} is a set of object variables of 81, is equivalent to the set of
object assertions

{(b%,a) tEg, ..., (b, a)  E, a: (< rEk)le}
if we adopt the unique name assumption (UNA), i.e., assume that (b})” # (bi)fm for
any distinct b, and b, and any model 9. It should be clear that this assumption can be
made without loss of generality: reasoning without UNA can be reduced to reasoning
with UNA by first ‘guessing’ an equivalence relation on the set of object names of each
§;, then choosing a representative of each equivalence class, and finally replacing each

object name with the representative of its class. We thus obtain from Theorem 5.21:
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THEOREM 6.8 (CIC AND NUMBER RESTRICTIONS). Let 81 and S, be number tol-
erant ADSs with decidable satisfiability problems. Then the satisfiability problem for any
&-connection 651(81, 8,) is decidable as well.

Let us now transfer these results to distributed description logics. Obviously, the
translation -* can be extended to a map from distributed knowledge bases which pos-
sibly contain CICs into the set of assertions of the corresponding £-connection by tak-
ing

o (a;— {b},...,b;?})ji = (Ej) (a;) = {bl,...,b]’?}.
We then obtain the following transfer results for DDLs:

COROLLARY 6.9 (TRANSFER RESULTS FOR DDL).
(i) The satisfiability problem for DDLs ® = (DL;);<, is decidable whenever the satisfiability
problem for ABoxes relative to TBoxes is decidable for each of the DL;, and all of them have
nominals.

(ii) The satisfiability problem for distributed description logics ® = (DL, DL,) is decidable
whenever the satisfiability problem for ABoxes relative to TBoxes is decidable for each of the
DL;, and both of them are number tolerant.

Although we were able to identify some natural cases in which decidability trans-
fers from 81, 8, to 6’15(81, 82), the transfer of decidability fails in general. The proof of

the following theorem is similar to the proofs of Theorems 5.19 and 5.24:

THEOREM 6.10 (CIC AND UNDECIDABILITY).
(i) There exist ADS 8 and 8, with decidable satisfiability problems such that the satisfiability
problem for € (81, 8,) is undecidable even if € is a singleton.

(ii) There exist number tolerant 81, S with decidable satisfiability problems such that the sat-
isfiability problem for €% (81, 82) is undecidable even if € is a singleton.

(iii) There exist number tolerant 81,8, with decidable satisfiability problems such that the
satisfiability problem for €, (81, 82) is undecidable even if € is a singleton.

PROOF. Again, as in Theorem 5.19, this follows from Lemma 4.17 that states that
there exist (number tolerant) ADSs with an undecidable singleton satisfiability prob-
lem, together with the following technical lemma. The definition of the ADS B; can
be found on Page 161.

LEMMA 6.11.
(i) Let 8§ = (L, M) be an ADS for which singleton satisfiability is undecidable and € a non-
empty set of link symbols. Then the satisfiability problem for C¥ (8, By) is undecidable.
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(ii) Let 81 = (L, M) be an ADS for which singleton satisfiability is undecidable and € a non-
empty set of link symbols. Then the satisfiability problem for €&, (81, 8,) is undecidable for any
ADS 8.

(iii) Let 8 = (L, M) be an ADS for which singleton satisfiability is undecidable and € a
non-empty set of link symbols. Then the satisfiability problem for C%,(81,8,) is undecidable
for any ADS 8.

PROOF. The proofs of (i), (ii) and (iii) are similar to the proof of Lemma 5.20,
whence we only give the respective reduction sets:

(i) We can use the following set of assertions (three 1-assertions):
{a:t, tC(E)'(T2), (E)'b={a}}.

Here, the last assertion is a CIC assertion, a is an object variable from £, and b is an
object variable from L.

(ii) Use the following set of assertions (two 1-assertions and one 2-assertion):

{a:t, (E)'(b)={a}, b:=(=E)*(1)}.

Here, a is an object variable from £ and b is an object variable from £L,.

(iii) Use the following set of assertions (three 1-assertions):

{a:t, tC(E)' (b), (E)'(b)={a}}.

Again, a is an object variable from £; and b is such a variable from L,. ]

6.2. Expressivity of £-Connections

Given that the basic €-connection of any finite number of decidable ADSs is de-
cidable as well (Theorem 5.1), it is clear that the interaction between the components
has to be rather limited. Yet, it is not obvious what exactly can and what cannot be
expressed in the combined language. In Section 4.5, we have gone into great depth
to provide examples of potentially useful £-connections. This section is devoted to
shedding some light on the question of expressivity.

Recall the example from Section 4.5.3, where we constructed a knowledge base
containing information about relationships between people, companies etc. and coun-
tries in the EU, based on an &-connection C¢(SHIQ?, ALCO*). We used SHIQ to repres-
ent knowledge about people etc., ALCO to talk about countries, and used link relations

being interpreted as, e.g., "has citizenship in’.
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Suppose we want to extend this knowledge base with the following information:'

(1) “Children have the citizenship of their parents’;
(2) ‘If a company cooperates with another company then the countries from
which they operate have diplomatic relations’.

Assume we have link relations C for “having citizenship in” and O for ‘operating from’,
as well as roles has_child and cooperate of SHJQ, and a role diplomatic of ALCO. Then
these constraints can easily be expressed in the language of first-order logic, compare
Figure 6.1, as:

(1y VxVyVz ((x haschild y AxCz) — yCz));

2) VxVyVx'Vy' ((x cooperate y Ax Ox' AyOy') — x’ diplomatic /).

0]
Y e Y o7 GV
. C
has_child AN cooperate ' diplomatic
\ !
[ J [ J [ ] [ J
x N Az x = 7 X
C 0]
Constraint (1) Constraint (2)

Figure 6.1: Undefinable Properties

Unfortunately, as we will show below, the basic €-connection @S(SJ{JQﬁ,AL G(f)ﬁ)
is not expressive enough to enforce these conditions. Here, we will work with the fol-
lowing definition of definability in £-connections, where by property we shall mean
any condition specified in the €-connections analogue of a first-order correspondence

language, compare Page 83.

DEFINITION 6.12 (DEFINABILITY IN £-CONNECTIONS). Let C be an E-connection. A
property P of models of C is called definable in C if there exists a finite set T of assertions of C
such that, for all models 9 of C, the following holds:

Mhas P < MET.

As is well known, undefinability results in modal logic—such as the undefinability
of the irreflexivity of a Kripke frame—are usually gained by the concept of bisimula-

tion, compare for instance Proposition 2.6 on Page 43. In what is to follow, we first lift

!These constraints are not true empirically: for instance, (1) is false according to US law, but true
according to German law. Nevertheless, they can serve as prescriptions or regulations, e.g., of the new

EU constitution.



6.2. EXPRESSIVITY OF E-CONNECTIONS 181

this concept to cover ADSs, and then generalise bisimulations to £-connections. Fi-
nally, we are able to derive that properties like (1) and (2) from above are not definable

properties of E-connections.

6.2.1. Bisimulations for ADSs. As ADSs abstract from the concrete definition of
a given logic, it is difficult to come up with a notion of bisimulation that is non-trivial
in the sense that it reflects certain properties of the logics under investigation—as is
the case with bisimulations for modal logics, where the semantic definition of modal
operators is reflected in the definition of bisimulations.

So let us use a rather straightforward definition of bisimulation that simply pins

down exactly what is needed to ensure that two models are indistinguishable.?
DEFINITION 6.13 (BISIMULATIONS FOR ADSs). Let (£, M) be an ADS, and let
20 = (W, VI, 20, 5, R,

k =1,2, be two abstract description models from the class M.
We say that 20, and 20, are locally bisimilar, in symbols 20, =1, 205, if there exists a
non-empty binary relation =C Wy x W, such that the following holds:

(@)  For all object variables a, ay, .. .,a, € X and n-ary relation symbols R € R:
- a® = g2 gnd
- R(a%ﬂl,...,a%nl) — R(a%ﬂz,...,a%nz);
(b)  For all set variables x € V, u € Wy and v € Wy:
- Ifuﬁvthenuexin — v e xP;
(c) For mf—aryfunction symbols f € F, terms t;, 1 < mpg, of L,and u € Wy, v € Wy:
~Ifu=ovthenue (0, ) = ve fE, ).
Further, we say that 201 and 20, are globally bisimilar, in symbols 201 = 20y, if they are
locally bisimilar and the relation =C W; x W, is global in the sense that for all u € Wy
there is some v € Wy such that u = v, and, conversely, for all v € W, there is some u € Wy

such that u = v.

The next proposition states the basic properties we expect from a notion of bisim-

ulation between ADS.

PROPOSITION 6.14 (BISIMILAR MODELS IN ADSs).
Let § = (L, M) be an ADS and 2y, k = 1,2, any two ADMs from the class M that are
locally bisimilar, 201 =1 20>. Then:
(i) For all terms t of L and all points u € Wy, v € Wy, we have:

ifu=othenuct™ — vec it

2If one is interested in particular classes of logics, this definition of bisimulation can be accordingly

strengthened.
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(ii) For all object assertions ¢ of L:
Wi F o <= WrF e
(iii) For all term assertions t; C tp:
if0 =c Wothen W Ft; Tty <= WorFEt C .

PROOF. Claim (i) follows directly from items (b) and (c) of Definition 6.13 (with
the Boolean connectives being a trivial inductive step) and (ii) follows from (i) and
item (a).

For the proof of the third claim, suppose that = is global and that 20; = ¢; C f,.
If t%ﬁz = O then 2, F t; C t; follows. So assume otherwise. Take any v € t%ﬁz. By
globality, there is a u € Wj such that © = v. Hence u ¢ t%nl by (i). By assumption,
u e tgnl as well, whence v € t%UZ by (i). ]

6.2.2. Bisimulations for £-Connections. We will now extend the notion of bisim-
ulation for ADSs to €-connections.

DEFINITION 6.15 (BISIMULATIONS FOR E-CONNECTIONS). Let 8; = (L;,M;), for
i=1,...,n,ben ADSs and let @ = C%(Sy,...,8,) be an E-connection. Two models

W = (@i (] )jen) - and - 9 = (Wi, (B )jm)

for C are called E-bisimilar, symbolically MM' =g M2, if there are global relations =;, for
i =1,...,n, satisfying conditions (a)—(c) from Definition 6.13 such that the following holds
for any j:
(d) If (u,...,un) € E;ml and u; =; v; for some i, then there exist points
v1,...,0i-1,0i41, ..., 0y such that (vy,...,v,) € E?ﬁz and uy =y vy for all k.
(e If (v1,...,04) € E;mz and u; =; v; for some i, then there exist points

1
Ui, ..., Ui, Uix1, ..., Uy Such that (uq,...,u,) € E;m and uy =y vy for all k.

Again, the following proposition tells us that we have defined the notion of bisim-
ulation for €-connections appropriately.

PROPOSITION 6.16 (BISIMILAR MODELS IN £-CONNECTIONS).

Let C = 68(81,...,8n) be an E-connection and suppose that M = M2 Then for all
assertions ¢ of C it holds that:

MEg «— M E g,

i.e., E-bisimilar models are indistinguishable by means of assertions.
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PROOF. For simplicity, let us assume that the -connection is 2-dimensional, i.e.,
@ = €%(81,8,), and that & contains only a single link relation E. Suppose ¢ = (E)! (),

with t a 2-term. We prove that for all u} € W] and u$ € W? with u} =1 u?

e (B ()™ = e ((B) (1)

The case ¢ = (E )2 (s), s a 1-term, can be treated similarly. From this and the fact that
the =; are global bisimulations, the claim follows.

So suppose that u} € ((E)' (t))ml, i.e., that there is a u} € ™ such that we have
(ul,ub) € E™. Since ul = u}, it follows that there is a 13 such that (u3,u3) € E™
and u} =, u3. Hence, u3 € ™ by induction hypothesis, whence u} € ((E)" (t))mz.

O

6.2.3. Undefinability in £-Connections. We will now give examples of undefin-
able properties of £-connections. For brevity, we will restrict the examples to the case
of 2-dimensional £-connections with a single link relation E and show that the prop-

erties (1) and (2) given earlier are not definable in basic -connections.

THEOREM 6.17 (UNDEFINABILITY IN £-CONNECTIONS).
(i) Let © be any of the E-connections CUE}(ALEH,MSOL), CIE}(ALCO? S4L) or
@{E}(S%JQﬁ,ALGOﬁ) and R be a role name of, respectively, ALC, ALCO, or SHIQ. Then
the property
(t) VaVyVz(xRy — (xEz — yEz))

is not definable in C.
(ii) Let C be the E-connection G{E}(S%JQﬁ,ALGOﬁ), R a role name of SHIQ, and S a role
name of ALCO. Then the property

(1) Vavyvx'vy' (xRy A xEx' AyEy — x'Sy’)
is not definable in C.

PROOF. Our strategy will be to give appropriate pairs of models for the respective
&-connections, one model satisfying the given property, the other not, and to provide
an &-bisimulation between them. This shows that the properties (1) and (f) are not
definable in those £-connections.

Let us prove (i) and consider first the case of the &-connection C{E} (8HIQ, ALCO).
We treat this case rather detailed and will be briefer in the remaining cases. To visual-
ise the models we define below, compare Figure 6.2.

Let M! = (201,203, E™ ) be a model for C1E} (SHIQ, ALCO) with

2w} = (W}, v, o, 7 R,
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where
Wl1 :={ay,az,b1,bp,01}, K= @, forallx eV, A% — 01, foralla € X.
There is one (non-trivial) role name R with
R¥H = {{a1,b), (a2, b2)}.

For other roles 5 we assume S = . The function symbols f3g, fag-1, fa_,r (n € N),

etc. have the usual §HJQ interpretation, compare Page 115.

Figure 6.2: E-bisimilar models of C€(8HJQ, ALCO) for (1)

Further, let
Wzl :={c1,02,02}, K= @, forallx €V, 2% — 0y, foralla € X.

We assume that in 20}, all roles are interpreted by the empty set. For every nominal
1
o of ALCO we have a 0-ary function symbol f, which we interpret as fom 2 = {02}

Finally, we define
E™ = {{ay,c1), (az, c2), (b1, c1), (b2, c2) }.
Next, let the model M, = (202,203, E™ ) with
W2 i {ah,ah, bl by, 01} and W3 i= {c},ch 03}
be defined just like in 90;, except for ™2, which is given by

E™ .= {{a},ch), {ah,c}), (bi,ct), (bh,ch)}.
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Figure 6.3: E-bisimilar models of C€(8HIQ, ALCO) for (1)

It should be obvious that 9y satisfies (1), while 9, does not. We claim that the rela-

tion =1 and =; defined by

=1 = {(ay,ay),{(m,ay),(az,a}),(aza5),
(b1, b1, (b, b2) , (b2, 1), (b2, B2)
(01,01)}, and

=y = {{a,c}),{c1,c3),{coc}),(co,ch),

(02,02)}

are global relations satisfying conditions (a)—(e) of the definition of {E }-bisimulation
for My and M. First, it is obvious that the relations =;, i = 1,2, are global. Further,
it should also be rather obvious that conditions (a), (b) and (c) from Definition 6.13 are
satisfied for =;,i=1,2.

It remains to establish that conditions (d) and (e) of the definition of £-bisimulation
hold. We show only (d). There are a total of 16 cases to be considered. We go through
some of them and leave the rest to the reader.

We have (ay,c1) € E™ and four possibilities to instantiate the antecedent of (d).
In the cases a; =1 4} and ¢; = ¢}, we have <a’1,c’2> € E™ and ¢; = 5 and a1 =1 4j.
In the cases a1 =1 a5 and ¢; = ¢}, we have <a’2, cﬁ) € E” and ¢ =1 ¢jand a1 = a5.
In all cases, (d) is satisfied.

It should be clear how to check the remaining cases. Thus, we have shown that the
models M; and M, are { E }-bisimilar.
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Let us now briefly discuss which modifications are needed in the cases of the
&-connections C(ALEC, MS) and C(ALCO,S4,). Roughly, we can use the same mod-
els as before. But this time, to interpret the distance operators of MSOp and the in-
terior/closure operators as well as the universal modality of S4,, we need to specify
metrics d/d’ (in the case of M§) and topologies T/%’ (in the case of S4,,) for M /M?,
respectively. A straightforward solution to this problem is to choose the discrete met-
ric in the case of MSOp—i.e., the metric d such that d(x,y) = 0 if and only if x = y
and d(x,y) = 1, otherwise—and to choose the topology induced by the discrete met-
ric in the case of S4,. The above proof can then be mimicked without further major
modifications.

For the proof of the second claim, we ask the reader to follow the lines of the proof
of (i) and restore the details from Figure 6.3. ([l

6.3. Link Constraints

We have seen in the last section that rather natural requirements having the logical

form of constraint (1) from the last section, such as

¢ ‘The spatial extension of the capital of every country is included in the spatial
extension of that country’, and

e ‘The EU will never contract’,
and which can be formalised in the language of first-order logic as

(i) VxVyVz (x capital-of y — (xEz — yEz)),
(ii) vxvyvz (y < z — (E(EU, x,y) — E(EU, x,z2))),

are not expressible in the language of basic €-connections, for instance in the &-con-
nections Gg(ALG’Oﬁ, 545,) and Gg(ALGOt, 5S4, PTLﬁ). However, we can of course add
these kinds of constraints as new primitive assertions to £-connections, obtaining vari-
ous ways of increasing the expressive power of E-connections. Thus, it is an interest-
ing question to find out what kinds of first-order constraints are ‘harmless’ from the
computational point of view.

A general investigation of this question seems to be rather complex. Here, we only
consider constraints of the form (i) and (ii) above which have the same structure in the
sense that they enforce a new E-link between the models under certain conditions. In
the following, we will show that, under some weak assumptions, constraints of this
form do not harm the transfer of decidability. We begin by introducing link constraints

formally.
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DEFINITION 6.18 (LINK CONSTRAINTS). Suppose 8; = (L, M;), n > 2, are ADSs, R
is a binary relation symbol of L1, @ = a3, ...,a, are object variables in L3,...,L,, respect-
ively, and E € E. Then the formula

VavyVz (xRy — (E(x,z,3) — E(y,z,a)))

is called a link constraint for CE(81,...,8,).
We say that the binary relation R of L1 is describable in 81 if there exists a term tg in Lq
such that, for every model MM € My with domain W, every x € W and every X C W, we have

xetF(X) <<= VyeW@xR™y —yecX).
A link constraint with describable R is called a describable link constraint.

Clearly, the relations R and < in link constraints (1) and (2) above are describable
by the ALE*- and PTL*-terms corresponding to the ‘box operators’ ¥VR.C and Ofp,
respectively. In what follows, we only consider those link constraints that are describ-
able.

DEFINITION 6.19 (6-CONNECTIONS WITH LINK CONSTRAINTS). Suppose that we
are given n abstract description systems 8; = (L;, M;), 1 <i < n,and that € = {E; | j € |}
is a set of n-ary relation symbols. We denote by

C8(81,...,8)

the E-connection in which the set of link assertions is extended with describable link con-
straints and the link operators can be applied to object variables. The truth-relation for the new
E-connection is defined in the obvious way; in particular, satisfiability of link constraints is

defined via the standard first-order reading of these constraints.

The following transfer theorem is proved by appropriately extending the proof of
Theorem 5.7.

THEOREM 6.20 (TRANSFER OF DECIDABILITY FOR Gfo).
Let 81,...,8, be ADSs with decidable satisfiability problems. Then the satisfiability problem
for any E-connection (i’fo(Sl, ..., 8y) is decidable as well.

PROOF. As before, we prove a simplified version of the theorem involving only
two ADSs, 81 and §,, and a single link relation E. Here is the simplified variant of this

theorem:

THEOREM 6.21. Suppose the satisfiability problems for the ADSs 81 and 8, are decidable.
Then the satisfiability problem for the { E }-connection Ggé} (81,82) is decidable as well.
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We prove this theorem by modifying the proof of Theorem 5.8: we extend
Lemma 5.9 and its proof to take into account constraints, thus obtaining a proof of
Theorem 6.21.

LetT bea (?gé} (81, 82)-knowledge base containing a finite set ® of link constraints
talking only about the link relation E such that the relations Ry, ..., Ry occurring in
® are describable in 8;. Observe that no vectors of object variables @ appear in the
constraints, as we are concerned with the connection of only two ADSs. We need the

following modifications of the notions used in Lemma 5.9 on Page 144.

e We redefine the closure cl;(I') as follows (but keep the definition of clp(I')):
let ®y denote the closure under negation of the set of 1-terms occurring in
I' and 01(T'). Then set

O =@ U{(E)! (5) | s =~ (E)2(s') € clp(T) ors = = (E)* (a) € clp()},
0, =0, U U {tr;(s) | s = (EY' (s') € ©1 0rs = (E)! (a) € ©1},

1<j<k
where, for 1 < j < k, tR; is the Lq-term describing the relation R; (cf. the
definition of ‘describable” in Definition 6.18). Finally, define cl;(I') to be the
closure of ®; under subformulae and negation; again we identify ——t with ¢,

so that the closure is finite.

The formulation of the satisfiability criterion is largely identical to that of
Lemma 5.9. We only add some extra 1-term assertions to the definition of I'; in Con-
dition (2), but leave I'; unchanged:

LEMMA 6.22 (SATISFIABILITY CRITERION FOR Gi’é} (81,82))-

Let T bea Gi’é} (81, 82)-knowledge base containing a finite set ® of link constraints for E such
that the relations R, . .., Ry occurring in ® are describable in 81. Then T is satisfiable if and
only if there exist
(i) subsets A1 C &€ (T') and A, C &,(T),
(ii) a relation e C Ay x Ay, and
(iii) functions o1 : 0by (I') — A1 and o : 0by(I') — Ay,
such that, for i = 1,2, the following conditions are satisfied:
(1) for any a € ob;(T"), we have <E>i - <E>;(a) ¢ oi(a);
(2) the union I'; of
= {suri(V Ai) = Ti},
— {ag s suri(t) | t € Aj},
= {a:suri(oi(a)) [ a € ob;(T)},
— {suri(t1) C suri(tz) | t1 C tp € I is an i-term assertion},

- {Rj(ay, .. .,um/) | Rj(a, .. .,am].) € I' is an i-object assertion }, and
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— {(a:suri(t)) | (a:t) €I isan i-object assertion},
and where T'y contains additionally
~ {sun((E)' (s)) £ tr(sur1((E)" (5))) | (E)' () € ch(I)},
— {sur ((E)! (a)) C tr(sur ((E)" (a))) | (E) (a) € ch(I)},
is §;-satisfiable, where a; € X;(I') is a fresh object variable for each t € A;;
(3) forall t € Ay and (E)' (s) € cly(T) with s a 2-term, we have

(EV' (s) e t < thereexists t' € Ay with (t,t') € eand s € ';
(4) forall t € Ayand (E)?(s) € clo(T) with s a 1-term, we have
(E*(s) e t <= thereexists t' € Ay with (',t) € eand s € ';
(5) forall t € Ay and (E)' (a) € cly(T) with a € oby(T'), we have
(E)' (a) €t <= (t,02(a)) € ¢;
(6) forallt € Ay and (EY?(a) € cly(T) with a € oby(T'), we have
(E\?> (a) € t < (cq(a),t) €e.

PROOF OF LEMMA. The proof of the lemma remains largely unchanged. The
( =) direction can be proved as before. Only in the (<=) direction, the definition of
the link relation E™ has to be modified.

Thus, suppose that A1, Ay, ¢, 01, and 0y satisfy the conditions of the theorem. By
(2), there exist a model 20; € M; of I'1 and a model 20, € M, of I',. Fori = 1,2, let 2U;
be based on the domain W;. For each d € W;, we set

t(d) = \{t € cli(T) | d € (sur;(t))™'} € &(T).
Now, define the extension E™ C W; x W, of the link symbol E by taking;:

Eft = {dd) | (td) t(d)) €e};

EX, = EPU{(dd)|3d" (d",d) € R with1 < j <kand (d",d') € EJ'};
E? = |JEM

n>0
It is easy to see that E™ satisfies all of the constraints in ®. We have to show that
M = (W1, Wo, Em) is a model of I'. As in the proof of Lemma 5.9, it suffices to show
that

(%) de (suri(s)¥ «— des™

fori=1,2,alld € W;,and all s € cl;(T).
The proof of this claim is by induction on the term structure of s, simultaneously

fori = 1,2. For set variables, the claim is an immediate consequence of the definition
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of M. The cases of the Boolean operators and the function symbols of £;, i = 1,2, are
trivial. Thus, it remains to consider the cases of

(@) s=(E)'(s), withs ani-term,and

(b) s=(E)'(a), witha e oby(T).
The proofs of

) d e (sur;(s))¥ — des™

for the Cases (a) and (b) remain unchanged. However, the proofs of

(69 des™ — d e (suri(s))™

for (a) and (b) have to be modified. Let us prove the following auxiliary lemma:

LEMMA 6.23. Let s be a 1-term, s’ a 2-term, a an object variable of L1, and a’ an object
variable of Lo with {(E)' (s'), (E)! (')} C ch(T) and {(E)? (s), (E)? (a)} C clp(I).
If (d,d') € E™, then the following holds:
(i) s' € t(d") implies (E)* (s') € t(d);
(i) s € t(d) implies (E)? (s) € t(d");
(iii) @™ = d’ implies (E)' (@) € t(d);
(iv) a™ = d implies (E)* (a) € t(d").

PROOF. The proof is by induction on n. Let n = 0. Then (d,d’) € Egﬁ implies
(t(d),t(d")) € e. Thus, (i) is an immediate consequence of condition (3), (ii) is an
immediate consequence of (4), (iii) of (5), and (iv) of (6).

Let n > 0. Then (d,d") € EY" implies that either (d,d’') € EX | or there exists a d”
such that (d”,d) € R]m for some jwith1 < j < kand (d",d’) € E?Er In the former
case, (i)-(iv) follow by the induction hypotheses. Let us consider the latter one.

(i) Let s’ € t(d’). By the induction hypotheses and since (d”,d’) € E™,, we have
(EY' (s') € t(d") and so d" € suri((E)' (s'))¥1. Due to the new components of T
and the fact that (d”,d) € R?Dl, we then have d € suri((E)' (s'))%, which yields
(EY' (s') € t(d), as required.

(ii) Assume by contraposition that — (EY2 (s) € t(d). By induction hypotheses
(and since we extended the closure cly(T)), we obtain (E)! = (E)?(s) € t(d") using
(i), and thus d” € sury((E)! = (E)*(s))%¥:. Due to the new components of I'y, this
yields d” € tg(suri((E)' = (E)? (s)))®". Because (d”,d) € R]m, we obtain that we have
d € suri((E)' = (E)? (s))®1, and hence (E)' = (E)? (s) € t(d). By conditions (3) and (4),
we then have s ¢ t(d), which had to be shown.

Finally, (iii) is proved analogously to (i), and (iv) is proved analogously to (ii). [

We can now adapt the proof of (1) for the cases of (a) and (b). As before, we restrict

ourselves to the case i = 1.
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(@) s = (E)' (s') with s’ a 2-term. Suppose d € ((E)' (s'))™. We find ' € W,
with (d,d") € E™ and d’ € s™. By the induction hypothesis, d’ € (sura(s'))™? and so
s' € t(d'). As (d,d') € E™, part (i) of Lemma 6.23 yields (E)' (s') € t(d), which implies
d € (sun((E)! ()))%

(b)s = (EY' (a )w1tha € oby(T). Letd € ((E)' (a))™. Then (d,a™) € E™ by
definition and thus (E)' (a) € t(d) by part (iii) of Lemma 6.23. This obviously implies
d € (suri((E)' (a)))%, as required.

The case i = 2 is similar and uses parts (ii) and (iv) of Lemma 6.23 instead of

parts (i) and (iii).
This completes the proof of Lemma 6.22. As before, Theorem 6.21—and thus The-

orem 6.20—is an immediate consequence. ]

As already noted, a general investigation of first-order constraints seems to be
rather complex. As to the link constraints of the form above, we conjecture that by
dropping the describability condition one destroys the (general) transfer of decidabil-
ity. The combination of link constraints with other variants of £-connections and the
computational properties of different kinds of first-order constraints are left for future

work.

6.4. Comparison with Other Combination Methodologies

We now briefly compare €-connections with three other (families of) combination

methodologies which are important in knowledge representation and reasoning.

6.4.1. Multi-dimensional Systems. The formation of multi-dimensional systems
out of one-dimensional ones is probably the most frequently employed methodo-
logy of combining knowledge representation and reasoning formalisms. Given 7 lan-
guages Ly, ..., L, interpreted in domains Dy, ..., D,, we take the union L of the L; and
interpret it in the Cartesian product D; x - - - x D, consisting of all n-tuples (dy, ..., d,),
d; € D;. (The combined language L contains no new constructors as compared with
the original languages L;.) Typical examples of such multi-dimensional formalisms

are:

— temporal epistemic logics for reasoning about multi-agent systems—these
are based on the Cartesian product of a flow of time and a set of possible states
of a system (see Fagin et al. [1995], Halpern and Vardi [1989] and references
therein);

— first-order modal and temporal logics based on the Cartesian product of a set
of possible worlds or moments of time and a domain of first-order individuals
[Fitting and Mendelsohn, 1998, Gabbay et al., 2003];
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— spatio-temporal logics based on the Cartesian product of a flow of time and
a model of space (see, e.g., Wolter and Zakharyaschev [2000, 2002]);

— modal and temporal description logics based on the Cartesian product of
a set of possible worlds and a description logic domain [Laux, 1994, Baader
and Laux, 1995, Baader and Ohlbach, 1995, Bettini, 1997, Artale and Franconi,
1998, Wolter and Zakharyaschev, 1998, 1999].

The main difference between multi-dimensional systems and E-connections is the
range of the quantifiers: while the former quantify (at least implicitly) over the set of
n-tuples, in €-connections we can quantify only over one-dimensional objects which
form a component of a link. This seems to be the main reason why £-connections ex-
hibit a much more robust computational behaviour than multi-dimensional combina-
tions (see, e.g., Gabbay et al. [2003] and references therein). In the multi-dimensional
setting, even the two-dimensional combination of simple, say, NP-complete logics, can
be highly undecidable [Spaan, 1993]. In contrast to £-connections, no general transfer
results are available for multi-dimensional combinations: their algorithmic behaviour
is governed by rather subtle features of the component logics, so that the concept of
abstract description systems is ‘too abstract’ to be useful in this context. On the con-
trary, it has been proved that three-dimensional products of standard unimodal lo-
gics (and even the two-dimensional products of CTL* with standard unimodal logics)
are usually undecidable [Hirsch et al., 2002, Hodkinson et al., 2002]. In this respect,

E-connections do not ‘feel’ the number of combined formalisms.

6.4.2. Independent Fusions and Gabbay’s Fibring Methodology. Another way
of combining formalisms without adding new constructors to the union of the lan-
guages is known as the formation of independent fusions or joins [Kracht and Wolter,
1991, Spaan, 1993, Fine and Schurz, 1996, Wolter, 1998, Baader et al., 2002]. In this case,
it is assumed that the component languages L; actually speak about the same domain
D. In other words, the expressive capabilities of the L; are combined by the inde-
pendent fusion in order to reason about the same objects, yet viewed from different
perspectives. As in the case of multi-dimensional systems, no new constructors are
added.

A typical example of an independent fusion is the standard multi-modal epistemic
logic modelling knowledge of n > 1 agents [Halpern and Moses, 1992], where we
simply join n epistemic logics for a single agent. Sometimes, temporal epistemic logics
degenerate to fusions of temporal and epistemic logics [Halpern and Vardi, 1989].

Independent fusions have also been suggested in the context of description logics
[Baader et al., 2002], where constructors of different DLs may be required to represent

knowledge about certain domains. Note that putting the constructors of different DLs



6.4. COMPARISON WITH OTHER COMBINATION METHODOLOGIES 193

together to form a new DL often results in an undecidable logic, even if the compon-
ents are decidable? It has been shown in Baader et al. [2002] that independent fusions
form a more robust (but, of course, less expressive) way of combining the constructors
of different DLs than multi-dimensional combinations.

In contrast to £-connections, independent fusions behave ‘badly” if the class of
models is not closed under the formation of disjoint unions (the corresponding ADS is
not local), for instance, when nominals or negations of roles are present [Baader et al.,
2002] or when we combine logics of time and space—while linear orders are natural
models of time, their disjoint unions are certainly not.

The fibring methodology of Gabbay [1999] is a generalisation of independent fu-
sions: when constructing the fibring of two formalisms L; and L, their models are
not matched, but combined by a so-called fibring function F which associates with
any element of the domain D; of a model M; for L; a model M; of the other formalism.
The truth-values of formulae at point w are computed inductively: the Boolean oper-
ators are treated as usual, and the inductive step for a given constructor of L; depends
on whether w is a member of a model M; for L,—in which case it is computed as in
M,—or a member of a model M; for the other logic L;, in which case the truth-value is
computed in the model F(w) for L;.

In contrast to £-connections and similarly to multi-dimensional systems and inde-
pendent fusions, the fibring formalisms do not add any new constructors to the com-
bined languages, but are based on their unions. Also, in contrast to £-connections, the
atoms of the component languages are supposed to be identical. Finally, because of
the guarded quantification in £-connections in ‘any direction’ of a link relation, the in-
teraction between the fibred components is much weaker than the interaction between
the E-connected ones.

6.4.3. Description Logics with Concrete Domains. As demonstrated in Sec-
tion 4.5.1, E-connections can be used to connect a description logic, such as ALC, with
another logic, such as M8Op, which is evaluated in a single model, say, a map of Liv-
erpool. This idea—to fix a single model in one of the combined formalisms—also un-
derlies the extension of description logics with so-called concrete domains: since “clas-
sical” description logics represent knowledge at a rather abstract logical level, concrete
domains have been proposed to cope with applications that require predefined pre-

dicates or temporal and spatial dimensions [Baader and Hanschke, 1991, Lutz, 2003].

3As an example, consider the DLs ALCT (introduced on Page 140) and ALCT°H (extending ALC
with transitive closure, composition, and union of roles). For both DLs, the subsumption of concept
descriptions is known to be decidable [Hollunder and Nutt, 1990, Schild, 1991, Baader, 1991]. However,
the subsumption problem for their union ALECFT°H is undecidable [Baader et al., 1993].
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Examples of concrete domains include the natural numbers equipped with predicates
like =17, <, and + [Baader and Hanschke, 1992, Lutz, 2002], Allen’s interval algebra
[Allen, 1983, Lutz, 2001a], and the RCC-8 calculus discussed in Section 4.2.4 [Haarslev
et al., 1998].

However, the expressive power provided by concrete domains is largely ortho-
gonal to the expressive power of £-connections. First, in DLs with concrete domains,
the coupling of the two formalisms is ‘one way,” i.e., we can only talk about the con-
crete domain in the description logic, but not vice versa. Clearly, £-connections are
‘two way’ in this sense. Second, in DLs with concrete domains, the description logic
is equipped with operators which allow us to make statements about relations (of ar-
bitrary arity) between ‘concrete elements’. In contrast, E-connections allow us only
to express that formulae (i.e., unary predicates) are satisfied by domain elements of
other components. It should also be noted that the addition of a concrete domain to
a DL is a rather sensitive operation as far as the preservation of computational prop-
erties is concerned: even ‘weak’ DLs combined with rather ‘weak” concrete domains
can become undecidable, see, e.g., Baader and Hanschke [1992], Haarslev et al. [1998],
Lutz [2001b]. In fact, except for a result in Baader et al. [2002] which treats extremely
inexpressive concrete domains, no general decidability transfer results for the exten-
sion of description logics with concrete domains are known. Indeed, investigating the
computational properties of DLs with concrete domains is a cumbersome task which
involves the development of new and specialised techniques, consult, e.g., the survey
Lutz [2003].



DISCUSSION

We summarise our main results, list open problems and possible extensions to the

formalisms introduced, and point to interesting application areas.

Logics of Distance

In Part 1 of the thesis, we systematically investigated first-order, modal, and
Boolean modal languages intended for reasoning about distances. The structures in
which these languages were interpreted are the class M8 of metric spaces, or the more
general classes of arbitrary, symmetric, and triangular distance spaces. The main motiv-
ation for considering these languages was a lack of knowledge representation form-
alisms capable of representing and reasoning with numerical, quantitative concepts
of distance, where we understood distance in a rather general, not necessarily spatial
way.

In Chapter 1, we compared the expressive power of these languages over different
classes of distance spaces and showed that the modal language LOr[M] is express-
ively complete over symmetric distance spaces for the two-variable fragment L5 [M].
Furthermore, we proved that LOr[M] is expressively complete for the Boolean dis-
tance language LOB[M] over arbitrary distance spaces, and noted that the languages
Lp[M] and Lp[M] can simulate nominals and define the universal modality.

In Chapter 2, we investigated the computational behaviour of these languages and
showed that while both LF,[Q*]-satisfiability and LO[Q]-satisfiability are decidable
for the class of all (symmetric) distance spaces, even weaker languages turn out to
have an undecidable satisfiability problem for the class of metric spaces and the class
D! of triangular distance spaces. We also singled out a natural and expressive frag-
ment LOp[M] of LO[M] which has the finite model property and is decidable, both
for metric and triangular spaces.

In Chapter 3, we studied logical properties of the modal distance logics intro-
duced, gave Hilbert style axiomatisations for the logics M8}, axiomatised the modal
counterpart LOr of the two-variable first-order distance logic interpreted in metric
spaces using a weak form of the covering rule, and discussed compactness and the
interpolation property.

195



196 DISCUSSION

The decidability results from Chapter 2 concerning the language Lp[Q™] obviously
imply corresponding upper complexity bounds for the satisfiability problems. For
instance, the satisfiability problem for Lp[Q"]-formulae in metric spaces is, accord-
ing to the proof of Theorem 2.14, solvable in NEXPTIME if the parameters from Q"
are coded unary, and it is solvable in 2NEXPTIME if the parameters are coded bin-
ary. However, we have not discussed these results in detail since it is known that, in
fact, the satisfiability problem of Lp[Q*] in metric spaces is EXPTIME-complete for
unary encoding [Wolter, 2004]. A proof of EXPTIME-completeness for the language
L0Or,[Q7] interpreted in metric spaces and using binary encoding can be found in
Wolter and Zakharyaschev [2003]. It is, however, an open problem whether Lp[Q]
satisfiability is still EXPTIME-complete if we encode parameters from Q7 in binary.
As was noted in Section 1.1, logics of distance spaces were conceived and investig-
ated primarily in view of their possible applications in knowledge representation and
reasoning. In this respect, the following extensions and open problems seem to be of

special interest.

e The presented decision procedure for the language £p[Q ] based on the finite
model property does not appear to be ‘practical’. While a tableaux based
decision procedure has been developed for the language LOp, [Q*] in Wolter
and Zakharyaschev [2003], no tableaux or resolution based algorithms for the
language LOp[Q™] are known.

e As concerns the logical properties of the distance logics discussed, the follow-
ing problems seem interesting. Can the class of frame-companions of metric
spaces in language Lr[M)] be characterised in an elegant way for parameter
sets such as M = IN,Q,R*? What modal languages are appropriate for
characterising such classes axiomatically? Is the modal logic of the class of
Euclidean spaces axiomatisable in the language LOr[Q*]? Is the rule (COV))
conservative in MSOp[M]? Is the Beth property more widespread in distance
logics than interpolation?

e We have briefly mentioned some extensions of the languages of distance
logics, namely the extension with variables over distances [Wolter and Za-
kharyaschev, 2003] and the extension with topological operators [Wolter and
Zakharyaschev, 2004]. Other interesting extensions that have not been stud-
ied are the following. What is the computational and logical behaviour of
spatial analogues of the temporal binary modalities Since and Until? For in-

stance, we could define

(B,u) F Uy < (B,v) F ¢ for all v with d(u,v) < inf(u, ),
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where inf(u, ) = inf({a = d(u,w) | (B, w) F ¢}); compare also Aiello and
van Benthem [2002] for topological variants of this operator. Furthermore,
some applications might require that we have some algebraic structure on
the parameter sets different to the reals, such as finite groups, which we could
also incorporate into the formal language.

e Logics of distance spaces reflect only one aspect of possible application do-
mains. We envisage these logics as components of more complex, many-
dimensional representation formalisms involving, for instance, also logics of
time and conceptual knowledge. This can be realised, e.g., by constructing
appropriate E-connections, where a specific application might call for a suit-
able fine-tuning of the expressive means of the £-connection.

e Similarly to logics of time, spatial knowledge representation often requires
to capture information at different layers of metric granularity [Montanari,
1996]. Thus, can we construct (computationally well-behaved) formalism
reflecting these different levels of granularity by constructing appropriate
&-connections? Note that naively adding, e.g.,, number restrictions to an
&-connection € S(MSﬁ ,MS%) quickly results in an undecidable system (and
decidability transfer does not apply since MS?_-) is not number tolerant). So

how can we devise more subtle ‘granularity” operators?

&-Connections

Part 2 of the thesis was concerned with a new combination technique for know-
ledge representation and reasoning formalisms, called £-connections. The key idea of
the methodology was to keep the domains of the combined formalisms disjoint and
to introduce ‘link relations’ representing correspondences between objects in different

domains. Typical interpretations of link relations were:

- ‘x is in the spatial extension of y’;

— ‘x belongs to the lifespan of y’;

— ‘Object x in information system IS; corresponds to object y in information
system IS;’;

— ‘Object x is at location y at time z’.

The new methodology was introduced in Chapter 4 within the framework of ab-
stract description systems in order to provide coverage of a wide range of KR&R form-
alisms such as description logics, temporal logics, modal logics of space, epistemic

logics, etc.
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The main theoretical results were shown in Chapter 5, where we proved a number
of theorems showing that the formation of various kinds of £-connections is compu-
tationally robust, even if we allow expressive link operators such as qualified number
restrictions and Boolean combinations of link relations. We continued in Chapter 6
to show that the methodology of distributed description logics (DDLs) can be under-
stood as a special case of €-connections, analysed the expressive power of the lan-
guage of basic £-connections, and provided examples of undefinable first-order con-
straints on models of an £-connection. Finally, we showed that adding new, primitive
assertions expressing such undefinable properties to basic £-connections, again, pre-
serves the transfer of decidability.

As we argued in Section 4.1, the investigation of combination methods for KR&R-
formalisms consists, to a large extent, in an analysis of the trade-off between possible
interactions of the components in the combined system and its computational prop-
erties. In this respect, our complexity and undecidability results show that we have
achieved a rather promising compromise between predictable computational beha-
viour of £-connections and expressive interaction between its components: the com-
plexity results show that the various kinds of £-connections do add a considerable
amount of interaction between the components, while the undecidability results illus-
trate the limits of automatic transfer of decidability.

However, even if we have ‘practical” algorithms for the components of a certain
kind of €-connection, the rather abstract model-theoretic proofs of transfer of de-
cidability do not directly provide a ‘practical” algorithm for the £-connection itself.
Moreover, it is unlikely that such ‘practical” versions of the general transfer results
exist at all. Rather, it is to be expected that the design of efficient reasoning systems
for €-connections cannot be specified at this level of generality, but depends on spe-
cific features of the combined formalisms. Nevertheless, the proofs of the decidability
transfer results indicate that in many cases existing practical decision procedures for
the components can be combined so as to obtain practical decision procedures for
the E-connection—first steps in this direction have been undertaken in Serafini and
Tamilin [2004] for the case of DDLs, and in Grau and Parsia [2004] for weak fragments

of basic E-connections.

Although we have considered in-depth various extensions of the basic £-connections,

many interesting problems remain open. Here are some of them:

e Starting from the decidability transfer results obtained, develop ‘practical” de-
cision procedures for particularly interesting £-connections like, for instance,
CE(8HIQ?, ALLOY), €8 (SHIQ!, MSOT ), or CE(8HIQ?, S4%, PTLY). In all these
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cases, efficient decision procedures for the components are known. Is it pos-
sible to devise decision procedures for the E-connections which are modular
and integrate the existing decision procedures for the components without
substantial modifications? Compare the performance of implemented al-
gorithms for the £-connections with the performance of decision procedures
for their components.

Similarly to DDLs, £-connections can be employed as a tool for reasoning
with distributed ontologies in the ‘semantic web’. But in such a set-up, we
obviously do not want that a local inconsistency, say, in a knowledge base of
description logic DL, spreads via the £-connection to the knowledge bases
of description logics DL, ... DL,. While there is some work on inconsistency-
tolerant description logics, e.g. Odintsov and Wansing [2003], and some ideas
on how to semantically treat inconsistency in the framework of DDLs, e.g.
Borgida and Serafini [2003], there is no developed theory of paraconsistent
reasoning with £-connections, and in particular no analysis of its computa-
tional behaviour.

Consider more general first-order constraints for the link relations and clas-
sify them according to their algorithmic behaviour. This can also lead to a
deeper analysis of the structural properties of ADSs because more subtle con-
ditions than describability are required for decidability transfer results cover-
ing larger classes of first-order constraints.

Introduce elements of ‘fuzziness’ to link relations between different domains
in order to reflect the fact that spatial extensions or ‘corresponding” objects
in distributed databases can often be specified only approximately. It would,
therefore, be of interest to allow link operators stating, for example, that ‘the
probability that y belongs to the spatial extension of x is not more than 75%’.
The embedding of the product logic S5 x S5 into the -connection C§(B, B)
allowing Boolean operations on links provides the first evidence that there
might be an interesting and useful hierarchy of formalisms between the
‘weak’ basic £-connections and multi-dimensional formalisms. For example,
we can take the closure of the set of link relations & not only under the
Booleans, but also under the operations (R) E and [R]E defined by taking

3z ((x,z) € R™ A (z,y) € E™)},
Vz ((x,z) € R™ — (z,y) € E™)},

=
o
=
I
A
® ®
s =

for every binary relation symbol R of the first component of a binary &-con-

nection € (and similarly for the binary relations of the second component).
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Using these new constructors, we can easily ‘simulate” most of multi-
dimensional formalisms. Useful and interesting intermediate formalisms

could be obtained by restricting applications of the Boolean operators to links.
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