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Abstract—A formal model called database manipulating sys-
tems was introduced to model data-aware dynamic systems. Its
semantics is given by an infinite labelled transition systems where
a label can be an unbounded relational database. Reachability
problem is undecidable over schemas consisting of either a
binary relation or two unary relations. We study the reachability
problem under schema restrictions and restrictions on the query
language. We provide tight complexity bounds for different
combinations of schema and query language, by reductions
to/from standard formalism of infinite state systems such as Petri
nets and counter systems. Our reductions throw light into the
connections between these two seemingly unrelated models.

I. INTRODUCTION

A lot of research in the verification community revolve
around modeling of increasingly complex systems by classes
of infinite state systems and studying their reachability. The
verification of ubiquitous data-aware dynamic systems such as
business processes is desirable along this line. A formal model
called database manipulating systems (DMS) was introduced
in [1] for their modelling and their model-checking was
studied using under-approximation techniques. In this paper
we study the precise complexity of the reachability problem,
and how it is affected by varying the system parameters.

Database manipulating systems (DMS) have a dynamic
relational database as an infinite memory. The actions of DMS
will modify the database as per the rules of the actions:
it first queries the database to retrieve some elements from
it, and then updates the database by deleting some tuples
involving the retrieved elements and/or adding new tuples to
the database. The newly added tuples can contain elements
that were not present in the database before. Thus they give
rise to an infinite state system, where states are databases (or
relational structures) over a relational schema. Though each
database is finite, their data domain is unbounded, and the
number of such databases can be infinite.

The infinite state system generated by our model can also
be viewed laterally as generalizations of Kripke structures.
While the state/world of a Kripke structure is labelled with a
valuation of propositions, in our case it may be labelled with
relations over an infinite domain (or databases). In other words,
if the schema has only nullary relations or propositions, then a
DMS will generate a Kripke structure. This view of relational
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Kripke structures has been proposed for modeling database-
systems for verification purposes [28].

Reachability problem asks whether, given a DMS and an
initial database, it is possible to reach another database from a
target set of databases. The target set, for instance, can be the
set of databases in which some proposition (nullary relation)
is true. The propositional reachability problem is undecidable
as one would expect. We showed in [1] that the undecidability
holds as soon as the schema has at least two unary relations
and the actions allow first-order queries, or, if the relational
schema has a binary relation even when the action queries are
conjunctive queries.

This poses the question of whether decidability can be
achieved by weakening the schema and/or the query language
used by actions. We answer this affirmatively in this paper and
study the complexity of the reachability problem for various
restrictions on schema and the query language.

Our techniques involve reductions to (variants of) Petri nets,
throwing lights into the connections between these two seem-
ingly different models of infinite state systems. As manifested
in our reductions, the schema-restricted DMS serves as a
succinct counter system.

Related work: The foundations of data management com-
munity has produced an impressive body of work on the
verification of data-aware processes, that is, business processes
synergically accounting for the control-flow and the data
perspective [26], with the main goal of finding a suitable
trade-off between expressiveness and decidability [9]. Several
different formal models have been proposed towards this grand
objective, tackling a plethora of concrete settings such as
e-commerce applications [2], Web services exchanging data
[17], the business artifact paradigm [15], [12], [5], business
processes operating over relational databases with constraints
[31, [11, [23] and over description logic knowledge bases [4],
dynamic systems navigating over XML data [7], Situation
Calculus [13], and multiagent systems [6], [24], [10].

Verification in these rich settings has been studied either by
considering the system in its full generality but starting from a
given initial state, or by considering the system independently
from its initial state but limiting its ability of updating the data
component. In this paper, we focus on processes operating over
relational databases, and on the first kind of verification, which
in general amounts to checking temporal/dynamic properties



over the relational transition system [28] induced by the
database-driven dynamic system of interest starting from a
given initial state.

Unsurprisingly, verification turns out to be undecidable even
under severe restrictions, and decidability is typically regained
by controlling how the process operates over the underlying
data component [3], [23], [13], and/or by incorporating tech-
niques from formal methods, such as sound abstraction [5]
and under-approximation [1]. However, very little attention
has been given to understanding how the schema of the data
component, and the query language adopted by the process,
relate to decidability of verification while considering the
formal model of interest in its full generality.

In this paper, we focus on this problem and provide a full
characterization of decidability and complexity of reachability
under different restrictions on the schema of the DMS data
component, and on the query language employed by the
DMS process component. As for the schema, we consider in
particular the presence of a single or multiple relations, and
the arity of such relations. As for the query language, it ranges
from conjunctive queries (and unions thereof) to full first-order
queries with and without negation.

In the literature, few endeavors have been attempted in
this direction. They typically refer to unbounded systems as
a way to stress that no restriction is imposed on how the
data component is updated by the process component, which
can in fact even exploit the data component to accumulate
an unbounded amount of information in each single state of
the system. Specifically, [5] investigates unbounded artifact-
centric systems, but only provides a partial model checking
procedure, which does not provide any termination guaran-
tee. In [23], so-called case-centric database-driven dynamic
systems are studied, where each process execution (i.e., case)
is associated to an explicit process instance identifier, in turn
used to record all the data that relate to that case. Decidability
of verification is then obtained for unboundedly many cases,
but requiring two strong necessary conditions: first, that cases
are isolated, i.e., do not co-refer the same tuples in the data
component; second, that each case stores a bounded amount
of information. This means that the system is still essentially
bounded. Neither [5] nor [23] study how the obtained results
are affected by the schema used to structure the data and the
language used to query such data.

The closest approach to ours is [21], where the authors
show that model checking unbounded artifact systems against
a variant of first-order CTL is decidable when the artifact
system under study is equipped with a single, unary relation.
The result comes with a 3EXPTIME upper bound, but is not
refined by focusing just on reachability properties, nor by
studying the impact of the query language (e.g., by removing
negation, essential to simulate zero-testing of a counter). Since
the CARL formal model investigated in [21] is a fragment of
the DMS model studied in this paper, our tight complexity
results on reachability directly carry over to the setting of [21].

In [16], the authors study verification of a class of hier-
archical artifact systems and use reduction to vector addition
systems with states. Their setting is different since the initial
database is not fixed, and in that sense is more parametric.

Further they do not study schema restrictions / query language
variations, but rather restrict the hierarchical nature for decid-
ability.

II. PRELIMINARIES

Databases. We fix a (data) domain A, which is a count-
ably infinite set of data values, acting as standard names. A
relational schema R is a finite set {R;/aq,...,Ry/a,} of
relation names R;, each coming with its own arity a;. A
database instance I over schema R and domain A is the
union set U1 <;<, RY, where RF C {R;} x A% represents the
content of relation R; in the database instance I. If I contains
a tuple (R;,e1,...,€q,), We write R;(e1,...,eq,) € 1. A
nullary relation p/0 (also known as proposition) can be either
instantiated as the singleton set {p()} or the empty set (). In the
former case, we say the proposition is frue, and write p € 1.
In the latter case p ¢ I and we say p is false.

We denote the set of all database instances over R and
A by DB-Inst-Set(R, A). The active domain of I, denoted
ADOM(I), is the subset of A such that e € ADOM(]) iff e
occurs in some tuple in I (i.e. there exist (R;,e1,...,€q,) € I
such that e = e; for some j:1 <7 < ay).

We may also view a database instance as a first-order
structure where the vocabulary is specified by the schema.
The active domain is the set of elements of this first-order
structure which participates in some relation.

Given two database instances I1, I; € DB-Inst-Set(R, A),

we define Iy + I, to be the database instance I €
DB-Inst-Set(R, A) obtained by taking the relation-wise
union. Similarly we define I; — I> where we take the relation-
wise set difference. Simply put, for each relation R, we have
RO+ = Ry R2 and R~z = RI1\ R,
Queries. We use queries to access databases and extract
data values of interest. Queries are expressed in FOL with
equality over the schema R (FOL(R) for short). Let Vars =
{u,v,u1,...} be the set of FO data-variables ranging over the
data values in A. A FOL(R) query is given by the syntax:

O i=true | R(uy,...,uq) | 7P| @1 A Dy | Fu.® | up = ug

where R/a € R, and w,u; are variables from Vars. We use
standard abbreviations like @1V @y = —(—P; A—Ds), Vu.d =
—Ju.—®, etc. We also denote with Free-Vars(®) the set of
free variables appearing in a query .

A query is said to be an existential FO query (EXFO) if
it is of the form Ju; ...3u,, ® where ¢ is quantifier free. A
query is said to be a union of conjunctive queries (UCQ) if it
is of the form ;o1 .y Ajeqr.n;y ti; Where ;5 is a term
of the form R(uq,...,uq) or u3 = ug or true.

For a set V' C Vars, a substitution o of V is a function that
maps every variable in V' to a value in A (i.e.,, o: V — A).
Given a substitution o : V. — A and set V' C V, we define
the restriction of o on V' as the substitution ¢’ : V' — A such
that o’ (u) = o(u) for every u € V’. We denote the restriction
of o to V' by oly.

Given a database instance I over R and A, a FOL(R) query
® over R, and a substitution o : Free-Vars(®) — ADOM(J),
we write I,0 | @ if the query ® under the substitution o



I,o E

true

I,o = R(ui,...,ua) if(el,...,ea)eRI
where e; = o(u;) forall i:1 <i<a.
ILoE u =uj if o(u;) = o(uy).
IL,oE —-Q if I,o = Q
I,O"Z Q1N Q2 if[,a):Ql,andI,a|:Q2.
IoE Fu.Q if there exists e € ADOM([) such that
, i e ifu' =wu
I,0' = Qwherea(u){a(u,) il £

TABLE I: The semantics of FOL(R).

holds in database I. The semantics of I,o |= @ is standard.
It is given in Table I. If ® is a sentence, we may simply write
I = ® instead of I, 0 = ® since o is empty.

Substitutions in database instances. Let V' C Vars be
a set of variables. Consider a substitution o vV —
A that assigns each variable to an element from A. Let
I € DB-Inst-Set(R, V') be a database instance over schema
R and the variables V. We define Substitute(l,0) €
DB-Inst-Set(R, A) to be the database instance obtained from
I by substituting every occurrence of variable u by o(u), for
each variable u € V.

IIT1. DATA-BASE MANIPULATING SYSTEMS

A Database-Manipulating System (DMS) over domain A
and schema R is a pair S = (I, ACTS), where:

o Iy € DB-Inst-Set(R, A) is the inifial database instance,
with ADOM(Iy) = 0. I gives truth-values to nullary
relations (aka propositions), and has empty non-nullary
relations.

e ACTS is a set of (guarded) actions. An action « is a tuple
a = (i, 7, ®, Del, Add), where

- « and ¥ are disjoint finite subsets of Vars, respec-
tively denoting action parameters and input vari-
ables.

- ® is a FOL(R) query, called the guard of «, such
that @ = Free-Vars(®).

— Del € DB-Inst-Set(R, @) is a database instance over
variables @ and the schema R.

- Add € DB-Inst-Set(R, % W ¥) is a database in-
stance over the variables 4 W ¥ and R, with ¥ C
ADOM(Add). The set ¥ contains the so-called input
variables of a.

Given an action o = (i, 9, ®, Del, Add), we sometimes
simply write it as (®; Del; Add), colored to easily distinguish
the Del and Add parts. Notice that « can be inferred from
the guard (¢ is given by the free variables of ®), and ¢ =
ADOM(Add) \ 4.

Intuitively, a DMS operates as follows. It starts with the
initial database instance /. At an instant, the DMS can update
the current database instance by applying an action. An action
is applied in three steps. In the first step the current database
is queried using & to retrieve some elements of interest from
its active domain. In the second step, some tuples involving
the retrieved elements are removed from the current database,

as dictated by the variable-database instance Del. Finally, new
tuples may be added to the relations of the current database
instance, as dictated by Add. The newly inserted tuples may
contain fresh values that are not present in the active domain,
and that are injected through the input variables. We give the
formal execution semantics below.

Execution semantics. The execution semantics of a DMS
S = (Ip,ACTS) over R and A is defined in terms of a
(possibly infinite) configuration graph Cs, which has the form
of a relational transition system [28], [3]. Each configuration
is a database instance I € DB-Inst-Set(R, A).

Consider an action o = (i, ¥, ®, Del, Add), and a substi-
tution 0 : ¥ W ¥ — A. We say that o is an instantiating
substitution for o at a database instance [ if it satisfies the
following:

o for every variable u; € @, o(u;) € ADOM(I) (action
parameters are substituted with values from the current
active domain);

o for every variable v; € U, o(v;) € ADOM(I) (input
variables are substituted fresh values that are not present
in the current active domain);

e 0|z is injective (input variables are assigned to pairwise
distinct values);

o I,0|z E ® (the action guard is satisfied).

For a pair of database instances I,I’, an action a =

(0, V,®, Del, Add) € ACTS, and a substitution o : TWT — A,
we have an edge I =% I’ in Cg, if

e o is an instantiating substitution for « at I; and
o I' = (I — Substitute(Del, o)) + Substitute(Add, o);

.02

. @O0 «1:0
A run p of S is a sequence Iy —> I} —— I

I3...I, where I is the initial database instance of S. It is
simply a finite path in the configuration graph starting at Ij.

Remark 1. The model of DMS that we introduce in this
paper is slightly different than the one we had in [1]. In [1]
we imposed that the input variables must be assigned values
that have never been used in the history of a run. History-
freshness was very crucial for the result of [1]. In the current
model we relax this history-freshness requirement on the input
variables, as the results of this paper will go through even
without this assumption. We can achieve history-freshness in
the new setting at the expense of two extra unary relations.

IV. REACHABILITY PROBLEM AND ITS VARIANTS

Since DMS are a very expressive model of computation,
their verification is undecidable, even if we consider the
simplest reachability problem. We state the problem below.

Problem:  FO reachability
Input: A DMS S, and FO sentence ® 4
Question: Does there exist a run

IO «p:0Q Il «1:071 I2 a2:02 IS L I,,L
such that I,, = ®.q
The EXFO reachability (resp. propositional reachability) prob-

lem is similar, we just require the input sentence ®. to be
an EXFO (resp. propositional) sentence.

Theorem 1. [1] The reachability problem is undecidable.



{Propositional, EXFO, Schema of the form
FO } reachability R={Ri/2,...} | R={Ri/1,Rao/1,...}
= FO Undecidable Undecidable
S € TEXFO Undecidable Decidable
=]
<5 UCQ Undecidable Decidable
TABLE II: Frontiers of decidability

FO Reacha- | g 1ma of the form
bility

R ={R1/1, R ={R1/1, R ={P1/0,

Ra/1, ...} P /0,...Py/0} | ...Pp/0}
s FO Undecidable PSPACE-c PSPACE-c
é EXFO Cubic Ackermann, | PSPACE-c PSPACE-c
2 as hard as
g Petri net Reach.
= UuCQ Cubic Ackermann, | PSPACE-c PSPACE-c
< as hard as

Petri net Reach.

TABLE III: Complexity of FO reachability

The undecidability proved in [1] was for propositional
reachability (i.e, when ®.4. is a single proposition). Further
the DMS there assumed history-freshness. The undecidability
proof there will carry over even without this assumption. No-
tice that the propositional reachability and EXFO reachability
reduce to FO reachability trivially. We can also reduce the
FO reachability to propositional reachability by adding a new
proposition p.q: which will also act as the target sentence in
the propositional reachability problem, and an action of the
form (®rge; 0; pege).

The undecidability holds as long as the schema contains
a binary relation, even if the action guards are restricted to
just UCQ. In fact, the undecidability holds even if the schema
contains only unary relations if we allow the full power of
action guards (FO). We study this in detail to understand the
precise boundaries of (un)decidability — what restrictions on
the schema/action guards can make the reachability problem
decidable? We show that it is decidable in all other cases (cf.
Table II). Furthermore, in the cases where we obtain decidabil-
ity, we study the complexity of the reachability problem. Since
we consider restricted languages for action guards, the FO
reachability problem is not always reducible to propositional
reachability problem. We provide the precise complexity char-
acterization of FO reachability problem (Table III) and EXFO/
propositional reachability problem (Table IV) for the various

{Propositional, Schema of the form
EXFO} reach-
abimy} R={Ri/1, | R={Ri/1, R = {P1/0,
Ro/1,...} P /0,... Py /0} | ...Pp/0}
= FO Undecidable PSPACE-c PSPACE-c
g £ TEXFO || 2EXPSPACE< | PSPACE< PSPACE-c
< & TUCQ |[ 2EXPSPACE< | PSPACE< PSPACE-c

TABLE IV: Complexity of propositional reachability and
EXFO reachability

combinations of schema restrictions and query languages'.
The rest of the paper is devoted to proving the results in
the above tables.

V. DMS OVER UNARY SCHEMA

In this section we will consider schema which consists of
only unary and nullary relations. Let the schema be R =
{U1/1,U3/1,...,U,/1, P/0,...Py,/0}. We denote the set
of unary relations of R by U and the set of propositions of R
by P. That is U = {Ul,UQ,...7Un} and P = {P17~~-Pm,}-

We will show that, given any DMS S with only EXFO
action guards over R, we can construct an exponential sized
Petri net corresponding to S in Section V-A2. This Petri
net will provide a faithful abstraction of the DMS S. The
FO reachability problem is then reduced to configuration
reachability problem of this Petri net (Section V-A4), there
by proving the decidability claimed in Table II. The EXFO
reachability problem is reduced to coverability problem of
this exponential sized Petri net, there by justifying the 2EX-
PSPACE upper bound claimed in Table IV (Section V-A3).

The FO reachability problem is shown to be at least as
hard as the Petri net reachability in Section V-B1. We prove
the lower bounds claimed in Table IV by a reduction from the
reachability problem in chain counter systems in Section V-B2.

A. Upper bounds: from ExFO-DMS to Petri nets

1) Petri nets: We will first fix some notations that come
handy in this section. Let N denote the set of natural numbers
{0,1,...}. Let S be a set. A multiset X of S, is a collection
X = {x1,22,...2,}} where each z; € S, but they need not
be pairwise distinct. It may also be equivalently seen as a
mapping X : S — N indicating the number of occurrences of
each element of S in X. For x € X, we sometimes write X ()
as | X|,. Given two multisets X : S - Nand Y : S — N,
we denote their union by X + Y, ie.,, (X +Y)(z) = X(z)+
Y (z) for all x € S and their intersection by X NY, ie.,
(XNY)(z) = min{X(x),Y ()} for all z € S. The set of all
multisets of S is denoted N°.

Recall that a Petri net is a tuple PN =
(Places, Trans, in,out) where Places is the set of places,
Trans is the set of transitions, and in,out : Trans — NPaces
assign multisets of places to transitions describing the
flow relation. A marking is map m Places — N
indicating the number of tokens present in each place.
We writt m 5 m’ for some transition ¢ € Trans if
for all p € Places 1) m(p) > [in(t)[, where [in(t)|,
denotes the number of occurrences of p in in(t) and 2)
m'(p) = m(p) — [in(£)|p + [out(t) .

The coverability problem of Petri net asks, given a Petri net
PN, an initial marking my and a target marking my, does
there exist a sequence of transitions t; ...t, € Trans” such
that mp 2 my 22 . In m’; where m’,(p) > my(p) for
each p € Places. The coverability problem is known to be
EXPSPACE-COMPLETE [25], [20]. The reachability problem

'Cubic Ackermann complexity upperbound is established for Petri net
reachability [19].



of Petri net asks, given a Petri net PN, an initial marking
Mo and a target marking m s, does there exist a sequence of

transitions t; . . .t, € Trans™ such that mg Beom By Iy
M. The reachability problem for Petri nets is decidable [22],
[18], with a cubic Ackermann upper bound [19] .

2) Construction of the Petri net: We will first introduce
some terminologies and definitions that we will be using in
the construction. Consider a DMS over a schema consisting
of n unary relations &Y = {Uy,Us,...,U,} and m nullary
relations / propositions P = {Py,...P,}. A propositional
state is a subset of P, indicating which propositions could be
true at some database instance. A unary state is a non-empty
subset of U/, indicating which unary relations an element in the
active domain may be part of. Given a database instance I over
U and P, its propositional state is {P; | I |= P;}. Further, for
an element e € ADOM([), its unary state is {U; | e € U!}. The
set of possible unary states is 2\ (), and the set of propositional
states is 27

The construction of the Petri net is in two steps. First, we
will obtain a new DMS S’ = ([p, ACTS’) whose actions are
written in a normal form called type fully specified. Next we
will construct the Petri net corresponding to S'.

In order to describe the transitions of the Petri net, it
is convenient to assume that the guards of an action fully
specify the unary type of every variable mentioned in the
query. Let ustate € 2¥ \ () be a unary state and let = be
a free variable. We write type(x) = ustate as a shorthand for
Niv, custate Vi(®) A Niov, qustate ~Ui (). Type fully-specified
query with free variables zi,...,x; is an existential first-
order query of the form

pstate A Izpy1 ... Ixkte Nin<i<ire type(z;) = ustate;

where pstate € 27 is a propositional state and ustate; €
24\ () is a unary state for all 7:1 <4 <k + /.

Given any DMS S, we can convert it into a DMS S’ with
fully specified queries in exponential time with an exponential
blow-up in the number of actions. Basically we convert the
guard of an action into a disjunction of type fully-specified
queries. For each disjunct, we write a separate action. The
non-determinism of the DMS takes care of the disjunction.
This does not change the schema. The DMS S and &’
are equivalent, meaning that both of them have the same
configuration graph. The DMS S’ simply makes the action
guards more explicit about the type.

Next we will construct the Petri net PNg =
(Places, Trans, in, out) corresponding to the DMS S’. Each
configuration of the Petri net will represent an abstraction of
a database instance. The Petri net transitions will bring in the
effect of an action on these abstractions.

We will first describe the places of PN s/. There will be two
places corresponding to each proposition and also one place
corresponding to each unary state. The place corresponding
to a unary state ustate € 2\ () is denoted plc(ustate). The
two places corresponding to a proposition P € P are denoted
plc(+P) and plc(—P). In any configuration, exactly one of
plc(+P) and plc(—P) will contain a token indicating whether
the proposition holds or not in a database instance. That is

Places = {plc(+P) | P € P} U{plc(—P) | P € P} U
{plc(ustate) | ustate € 2“ \ ()}. Thus the number of places
will be 2m + 2™ — 1, where m is the number of propositions
in the schema and n is the number of unary relations. Notice
that the set of places only depend upon the schema.

Next we describe the transitions and the flow relations. The
Petri net will have one transition ¢, corresponding to each
action o of §'. That is, Trans = {t, | @ € ACTS'}. Recall that
the DMS S’ has only type-fully-specified queries. Consider an
action o = (i, U, ®, Del, Add) where 4 = uy,...u and

® =pstateAJugs1 ... Juppe [\ type(u;) = ustate;

ie{l,....k+0}

is a type fully-specified EXFO query. We have a transition ¢,
in the Petri net corresponding to this action a. Its flow relations
will reflect the effect of «. The inflow of ¢, is the multiset
given by in(t,) = {plc(+P) | P € pstate}} + {plc(—P) |
P ¢ pstate}} + {{plc(ustate;) | 1 <i < k+ ¢}}. For each i :
1 <i <k, let ustate; = ustate; \ {U | U(u;) € Del} U{U |
U(u;) € Add}. Further for each v € ¢ let ustate, = {U |
U(v) € Add}. Let pstate’ = pstate\{p | p € Del}U{p |p €
Add}. The outflow of ¢, is the multiset out(t,,) = {plc(+P) |
P ¢ pstate’ )} + {{plc(—P) | P ¢ pstate’}} + {{plc(ustate’) |
1 < i < k and ustate] # 0} + {plc(ustate;) | k < i <
k+ ¢} + {plc(ustate,) | v € ¥ and ustate(v) # 0}.

This completes our construction of the Petri net. Next we
argue that it provides a faithful abstraction of DMS S’. A
configuration/marking of the Petri net represents a database
instance. In any configuration, there will be exactly one token
corresponding to each proposition P, which could either be
in the place plc(+P) indicating that the proposition is true
in the database instance, or in the place plc(—P) otherwise.
Further, the number of tokens in each unary state indicates
the number of the elements in the database instance with the
corresponding unary state.

The net effect of an action on the database instance include
a) change of the unary state of some elements b) change
of the propositional state c¢) removal of some elements from
the active domain and d) addition of some elements with
particular unary states into the active domain. Basically, for
firing the transition ¢,, we ensure that the guard is satisfied
by checking there are enough tokens in the specified unary
states. The existentially quantified bound variables are not
changing their unary states. So transition just ensures that
these elements exits by removing tokens from the respective
unary states and putting them back. The propositional state
is updated as dictated by the «. The free variables will be
assigned to elements that may potentially change their unary
state. The new unary state is described by ustate’. Notice that
if an element is removed from the active domain, then ustate;
will be () and in this case the corresponding token is not put
back by the transition. New elements may be inserted by the
transition in the unary states given by ustate,,.

We make this connection formal by defining the type-
counting abstraction of a database instance tca(I). It is de-
fined as the multiset containing the propositional state of 7, and
the unary states of the elements in the active domain of . That
is, tca(l) = {pstate(I)} + {ustate(e) | e € aDOM(I)}}.



We can think of tca(l) as a marking m in the Petri net.
Whenever we have I =% I’ we have tca([) LN tca(l’) in
the Petri net. Further, let the marking m be tca(I) for some
database instance I. If m % m’ then in the DMS S’ we have
I =% I’ for some database instance I’ with tca(l’) = m’
and some substitution o.

3) EXFO reachability to coverability in Petri nets: We
will now describe the reduction from the EXFO reachability
problem of DMS to coverability problem of Petri nets. Recall
that the input to the EXFO reachability problem is a DMS
S = (o, ACTS) and an EXFO sentence ®:.

First of all, we will reduce the EXFO reachability to
propositional reachability by adding a new proposition p g
to the schema which will also act as the target sentence in the
propositional reachability problem, and an action of the form
(Pige; 0;pege). As we described before, we will construct
the type fully-specified DMS S’ from the modified input
DMS and the corresponding Petri net PN s/. To complete the
reduction we need to specify the instance of the coverability
problem which includes initial marking and the target marking
in the Petri net. The initial marking my = {plc(+P) |
P € pstate(Ip)}} + {plc(—P) | P ¢ pstate(Ip)}}. Note
that the initial marking corresponds to tca(lp). The target
marking my = {plc(+Pqyc)}} where &, is the target
proposition given by the reachability problem. The proposition
Drgt is reachable from Iy in S if and only if the proposition
Pegt is reachable from Iy in S’ if and only if the following
coverability problem answers yes: given the Petri net PN g/,
the initial marking mq and the target marking my, does there
exist a sequence of transitions ¢ ...t, € Trans™ such that

me 2 my 2 I m’; where m’;(p) > my(p) for each
p € Places.

This concludes our reduction. We will now analyse the
complexity of the reduction and the decision procedure. The
construction of &’ from S takes time exponential in the size
of S. Further the number of actions of S’ can be exponential
in the number of actions of S since we make them type fully-
specified. The schema is the same for both. The number of
places of the Petri net PN s/ is exponential in the size of the
schema. Further it has one transition of each action of S’. Thus
the size of the Petri net is exponential in the size of S and the
construction takes only exponential time. Now the coverability
problem of this exponential sized Petri net can be decided in
double exponential space [25]. To summarize:

Theorem 2. EXFO reachability in DMS with EXFO guards
over schemas containing only unary and nullary relations is
decidable in 2EXPSPACE.

4) FO reachability to reachability in Petri nets: We now
describe the reduction from the FO reachability problem of
DMS to the reachability problem of Petri nets. Recall that the
input to the FO reachability problem is a DMS S = (I, ACTS)
and a FO sentence ® .

First, we will write the FO sentence ®., as a finite
disjunction of type fully-specified FO sentences. Each disjunct
is a conjunction of terms stating conditions of the form

 a propositional state

o there are at least Ib(ustate) elements of unary type
ustate for ustate € 24 \ ()
o there are at most ub(ustate) elements of unary type
ustate for ustate € 24 \ ()
Note that this is effectively possible since P, is a monadic
FO sentence [8]. Further we will rewrite these disjuncts to
more disjuncts where each disjunct is of the form

pstate A\

ustatee 2\ ()

count-of-ustate o< nystate

where 1 € {=,>}. count-of-ustate = nysate is a formula
stating that there are exactly nygiate €lements of unary type
ustate, and count-of-ustate > nystate is a formula stating that
there are at least nysiate €lements of unary type ustate.

For each of these disjunct we will synthesize an instance of
the reachability problem. If at least one of these reachability
problem answers yes, then we deduce a positive answer to the
FO reachability problem of DMS, and a NO otherwise.

Consider a disjunct pstate AustateeQ“\@ count-of-ustate
Nustate Where 1 € {=,>}. We will describe the reachability
problem corresponding to this. As described before, we will
construct the type fully-specified DMS S’ and the correspond-
ing Petri net PN s:. We will then modify the Petri net PN s/
such that a particular target marking is reachable if and only
if the disjunct is satisfied. Towards this, we will add two new
places called phase1 and phase2 to the Petri net. Initially
phase1 is marked and phase2 is unmarked. At any point of
time, the Petri net may non-deterministically choose to unmark
phasel and mark phase2. Once this is done, it cannot be
undone. Towards this, we do the following.

» we add the place phasel to in(t,) as well as to out(t,)
for each transition of P\ s/. Thus it forbids any transition
of PN s/ from firing once the activating token as moved
to the place phase2.

o we add a transition tewitch With in(tswitch) = {phasel}
and out(tswiten) = {phase2}}. This transition enables
the non-deterministic switching of phases.

o For each ustate such that count-of-ustate > nygiate ap-
pears in the disjunct, we will have a transition ¢gtate With
in(tustaie) = {{plc(ustate), phase2}} and out(tustate) =
{phase2}}. This transition allows the Petri net to lose
the extra tokens it might have accumulated in order to
reach the exact marking we ask for in the reachability
problem: exactly nystate tokens in the place plc(ustate).

The initial marking for the reachability problem is my =
{lc(+P) | P € pstate(lo)} + {plc(—=P) | P ¢
pstate(fp)}} + {{phasel}}. Note that the initial marking
corresponds to tca(lp) and it is in the first phase. The
final marking for the reachability problem corresponding to
the disjunct is my = {{phase2}} + {plc(+P) | P €
pstate(lo)}} + {plc(—P) | P ¢ pstate}} + X where X
is a multiset of {plc(ustate) | ustate € 2Y \ (0} such
that X (plc(ustate)) = nuystate- That is, the final marking
must satisfy the propositional state and must be in phase2.
Further, there must be exactly nystate many tokens in the place
corresponding to the unary state ustate. Note that we work
around the count-of-ustate > nygstate constraint by allowing
free decrement of tokens from these places in phase 2.



This completes our reduction. We summarise our result in
the following theorem.

Theorem 3. FO reachability in DMS with EXFO guards
over schemas containing only unary and nullary relations is
decidable in cubic Ackermann.

B. Lower bounds for DMS over unary schema

For establishing lower bounds we give reductions from hard
problems to reachability in DMS. The DMS that we construct
in the reduction uses only UCQ guards in the actions.

1) FO reachability is as hard as Petri net reachability:
Given an instance of a Petri net reachability problem, say
PN = (Places, Trans, in, out), initial marking Mg and tar-
get marking my, we construct, in linear time, an instance
of FO reachability problem in DMS with UCQ guards as
follows. The schema consists of one proposition P and
|Places| many unary relations {U, | p € Places}. The
initial database instance Iy has the proposition F; set to
true and an empty active domain. A special action «g pop-
ulates the database instance to match the initial marking:
ag = (Phit; Pnit; {Up(vp) | p € Places and 1 < i < [mg|p}).
Further it has an action oy = (®y, Del;, Add;) correspond-
ing to each transition ¢ € Trans in PN, where ®; =
—Finit A /\pePIaces /\1§1‘5|in(t)|p Up(%L Dely = {Up(ué) lpe
Places,1 < i < [in(t)lp}, and Add; = {Up(vp) | p €
Places,1 < i < |out(t)|p}. Finally the FO sentence ®: g
is given by =Pt A (Jup )peplaces,1<i<|m;lp (

/\ /\ Up(ué)/\Vu \/ \/ u:ué ).

pePlaces 1<i<|my|p pePlaces 1<i<|my|p

Our reduction is complete.

2) Propositional reachability is 2-ExpSpace hard: We give

a reduction from the control state reachability problem in chain
counter systems introduced in [14] with exponentially many
counters. We describe the latter below, in the special case that
is needed for our reduction.
A chain counter system with exponentially many counters
is described by a tuple CS = (n, States, Init, Acc, Op, Trans),
where the system has 2" many counters, States is the set of
control states, Init is the initial control state, Acc is the set of
final control states, and Trans C States x Op x States is the
set of transitions where the set of operation is given by Op =
{inc, dec, next, prev, first?, notFirst?, last?, notLast?}.

The counters are linearly ordered. At any configuration,
exactly one counter can be acted upon, call it curr-counter.
On taking a transition at a configuration, the operation is
applied to curr-counter if it is inc or dec. A transition with
operation first? (resp. last?) can be taken only if curr-counter
is the first (resp. last). Similarly a transition with operation
notFirst? (resp. notLast?) can be taken only if curr-counter
is not the first (resp. not the last). The operation next (resp.
prev) is used to set the next counter (resp. previous counter)
as curr-counter.

The semantics is as expected. The control state reachability
problem of chain counter systems asks, given a chain counter
system CS and state s of CS, whether s can be reached by a
run of the CS.

Theorem 4. [14] The control state reachability problem of
chain counter system with exponentially many counters is 2-
EXPSPACE-Complete.

Reduction. Given a chain counter systtem CS =
(n, States, Init, Acc, Op, Trans), we will construct a DMS
Scs of polynomial size over a schema with only unary re-
lations and propositions. First we describe the unary relations.
There are 2n unary relations Q1, ..., Q, and Q1,...,Q,. The
relations @Q; and Q; are complementary in the sense that, an
element in the active domain belongs to @; if and only if
it does not belong to @Q;. Thus there are exponentially many
possible types for an element. Indeed, the type of an element
can be seen as a binary number, where the ¢th bit is 1 if and
only if it belongs to @; (and 0 if and only if it belongs to Q;).
We will need one more unary relation mkd that we use in the
simulation of transitions. The use of it will be clear when we
describe the simulations.

Each counter in the chain system can be represented in
binary in n bits. The value of a counter c is determined by the
number of elements ¢ whose type corresponds to the binary
representation of c.

Further the schema of DMS Sgs will  have
Poly(n, |States|, | Trans|) many propositions. The values of
the propositions encode the current state and the current
counter. To encode the current counter we use n propositions
Py,...P,. The truth assignment of these n propositions
can be seen as a binary number indicating the index of the
current counter that is being acted upon. Further there are
propositions of the form P, for s € States which is true if
and only if the current state of the CS is s. Moreover, we
will have (n — 1) x |Trans| propositions of the form P! for
7 € Trans and ¢ € {2,...,n}. These propositions acts as
intermediate states during the simulation of the transition .
Among all the propositions of the form P, and P!, one and
only one can be true at any time. Thus the schema R =
{Ql/l,...,Qn/l,Ql/l,.j.,Qn/l,mkd/l,Pl/O,...Pn/O}U
{P,;/0| s € States} U{P! | 7 € Trans, 2 < i < n}.

Next we describe how we simulate the transitions. For each
transition we give below a gadget representing the simulation.
The vertices of these gadgets are labelled by propositions
meaning that in order to take any outgoing edge from such
a vertex, the corresponding proposition must be true. Having
said this, we do not explicitly write it in the transition guard for
the sake of conciseness. The edge labels represent the actions
of the DMS S¢s. A special unary relation mkd is used by the
gadgets to mark a particular element through the various steps
in the gadget.

The transition 7 = (s, inc, t) corresponds to the gadget shown
in Fig. 1. Basically it adds a new element to the database
instance whose type corresponds to the current counter, which
is given by the propositional state of the P; ... P,. The new
element is added to the unary relation ); if P; is true, and to
Qi if P; is false. Further, the proposition P; must be true in
order to enter the gadget, and when it exits the gadget it is set
to false and P; is set to true.

The gadget corresponding to the transition 7 = (s,dec,t) is
given Fig. 2. It is similar in structure to that of inc, but it



Py;; Q1 (y), mkd(y)

—Py;;5Q1(y), mkd(y) ]

________________

=P; Amkd(z);; Qi(x) y

________________

v P, A mkd(z); mkd(z); P, (z)

- P, A mkd(z); mkd(z); Q. ()

Fig. 1: Gadget simulating 7 = (s, inc, t)

P1 A Qi(x); Qi (x); mkd(x)

_____________________

Al 7

_____________________

=P, A Qn(x) A mkd(z); mkd(z), Qn();

Fig. 2: Gadget simulating 7 = (s,dec,t)

removes an element from the active domain. Further the type
of the removed element corresponds to the current counter,
which is given by the propositional state of the P; ... P,.
This is ensured by the conjunction of all the action guards in
the taken in a path from P, to P;. Notice that, by using the
special unary relation mkd we ensure that the same element
is affected in each action.

Next we give the gadgets for transitions of the form
T = (s,first?,¢) and 7 = (s, notFirst?, ¢) respectively in Fig.3
and Fig.4. Basically the former checks that the propositional
state of P; ... P, corresponds to binary 0 representing the first
counter, and the latter checks that at least one bit is 1 (FP; is
true). The gadgets for transitions of the form 7 = (s, last?,¢)
and 7 = (s, notLast?,¢) are analogous.

The gadgets for next and prev are more tricky. A next ac-
tion corresponds to incrementing the binary number indicated
by the propositional state of P; ... P,. Let ¢ be the first bit to
be flipped by the increment operation (assuming the nth bit
is the least significant bit). That is, P; was set to false before,
and will be set to true now, and each FP;;; was set to true
before, and will be set to false now. For each value of 7 we
have a unique path from the source state s to the target state
t as given in the gadget for 7 = (s, next, ¢) in Fig. 5. Notice
that the path taking the ith outgoing edge makes sure that P;
was set to false before and all F;1; was set to true before.

P;L >
“Pnﬁ

Fig. 3: Gadget for 7 = (s, first?,¢)

Pr;;

Fig. 4: Gadget for T = (s, notFirst?,¢)

Further when P; is reached, P; is set to true and all P ; is
set to false. The gadget for 7 = (s, prev, t) is analogous, given
in Fig. 6.

We have now described the schema and actions of the DMS
Scs. Notice that S¢s employs only UCQ guards in actions. It
remains to describe the Iy as well as the target proposition to
complete the reduction. The initial database will have all the
propositions set to false but Py, the proposition indicating the
initial state of the chain counter system. If the control state
reachability problem gives s € States as the target state of the

Fig. 5: Gadget for 7 = (s, next, t)



Piy1; Pigas

Pi"« Pi's

Fig. 6: Gadget for 7 = (s, prev,t)

counter system, we will set the proposition P, as the target
proposition ¥4 for the propositional reachability problem
in Ses. This completes our polynomial time reduction. To
summarize:

Theorem 5. Propositional reachability problem of DMS with
UCQ action guards over schemas with only unary relations
and propositions is 2EXPSPACE-hard.

This proves all the 2EXPSPACE-hardness stated in Table IV.
Along with the upper bound stated in Theorem 2, we conclude
all the 2EXPSPACE-completeness claimed in Table IV.

VI. DMS OVER AT MOST ONE UNARY RELATION

For DMS over schemas with at most one unary relation
(i.e, schemas of the form R = {R;/1,P,/0,...P,/0} or
R = {P/0,...P,/0}), the {FO,EXFO, propositional }-
reachability problem are PSPACE complete, no matter which
language is chosen for action guards.

We will show in Section VI-A the PSPACE upper bound for
FO reachability problem of DMS with FO action guards over a
schema of the form R = {R;/1, P,/0, ... P,,/0}, thereby im-
plying all the other PSPACE upper bounds claimed in Tables III
and IV. In Section VI-B we show the PSPACE-hardness for
propositional reachability of DMS with UCQ action guards
over a schema of the form R = {P,/0,... P,,/0}, thereby
validating all PSPACE lower bounds claimed in Tables III
and IV.

A. PSPACE upper bound

We first show that the problem is in PSPACE even for DMS
with full FO guards.

We will prove the upper bound by a reduction to the control
state reachability problem in a one-counter automaton. The

latter is known to be in NL, since if it is reachable, it is
reachable by a short path of polynomial length [11], [27].

Given a DMS over schema R = {R,/1,P,/0,... P,,/0},
our idea is to construct a one-counter automaton of exponential
size. Instead of constructing it entirely, we will perform the
non-deterministic reachability algorithm on-the-fly, showing
that the problem can be solved in PSPACE.

In our reduction, the propositional state of the DMS will
correspond to the control locations of the one counter automa-
ton. Further the size of the active domain will correspond to
the counter value. Since there is only a single unary relation,
the counter value faithfully represents the number of elements
participating in the unary relation. The initial control location
is exactly the propositional state of Iy, and the initial counter
value is 0.

Corresponding to each action, we will have a transition.
Note that every FO query corresponds to a cardinality con-
straint on the relation. An FO query ® can ask for the existence
of (exactly, or at least, or at most) k elements in the unary
relation, where k is polynomially bounded by the length of
the query ®. Thus for each action, there is a gadget which
first checks that the guard is satisfied by making sure that
the current state along with the counter value will satisfy
the guard. For instance if the guard required the existence
of exactly k elements, then the counter will be decremented
k times, followed by a zero-test, followed by k increments.
Notice that k is bounded by the length of the query ®. To
continue with the action, then some m elements may be
deleted and some n elements may be added to the relation.
The gadget implements this by decrementing m times and then
incrementing n times. The target state will correspond to the
new propositional state after updating the truth values of the
propositions as per the action.

The on-the-fly reachability algorithm will check whether
any propositional state where the proposition p.g: is true is
reachable. This can be done non-deterministically in polyno-
mial space, and hence by Savitch’s theorem, is in PSPACE.

Theorem 6. FO reachability problem of DMS with FO action
guards over schema of the form R = {R,/1,P,/0,... P,,/0}
is in PSPACE.

B. PSPACE-hardness

Next we show that the complexity is optimal by giving a
matching lower bound. The PSPACE hardness holds already
for the propositional reachability problem of DMS with UCQ
action guards over a schema with only nullary relations. We
show PSPACE hardness by a reduction from the intersection
non-emptiness problem of m finite state automata.

Suppose the input to the intersection non-emptiness problem
is m finite state automata Ay, ... A,,, over a finite alphabet
3. Let A; = (States;, Trans;, init;, Acc;). Without loss of
generality, we assume that the set of states States; are disjoint.
We also assume that |Acc;| = 1, by letting the automata to be
non-deterministic. The question is whether there exists a word
w € X* such that w is accepted by all A;.

We construct a DMS S with UCQ action guards as follows.
The schema R consists of only nullary relations (or proposi-



tions). For each state s € | J, States;, we have a proposition P,
in R. Further, for each letter a € 32, we have P, in R. Further
‘R also has P4, for each i : 1 < i < m and two special values
Py and Ppcc. Thatis, R = {P,/0 | s € | J, States; } U{P,/0 |
a€X}U{Py,/0|1<i<m}U{P;s/0,Pac/0}.

Initially, the propositions Pjnit, and the special proposition
Py are set to true, and all other propositions are set to false.
This defines Iy. This means that all automata are in their
respective initial states, and that it is ready to start a new
round. The actions ACTS of DMS, are defined as follows. For
each a € Y, it has actions of the form

1) (Pg; Ps; Py, Pa,). It guesses the next letter of the word

accepted commonly by all automata, and gives the control
to automaton A;.
(PAi A Ps A Pa;PAy,ﬂiDs; PS'/7PA7,+I)’ where 1 <7 <m,
if (s,a,s") € Trans;. It simulates a transition of A; on
the letter a and gives the control to A;

3) (Pa,, N Ps A Py;Pa,,, Ps, Py; Py, Ps) if (s,a,s") €

Trans,,. It simulates a transition of A,, on the letter a

and sets Ps indicating that a new round may start.
Further, we add to the set of actions the action (P A
Ni<icm Psisi Pace) if (s; € AcC;)i<i<m. Notice that since
|Acc;| =1 for all ¢, we add only one action at this step. The
total number of actions is 1+ [X| 4+ >, [Trans;|. Finally, the
target proposition for the reachability problem is simply Pacc.

By virtue of our construction, at any point of time, there is
exactly one state per automaton that is set to true. Any run of
S will simulate a synchronous step of the automata 4; in a
sequential fashion: It first guesses the next letter composing the
commonly accepted word, and simulates a transition of each
automaton on that letter one after the other. The proposition
Ps indicates that none of the automata are active currently,
meaning that it is ready to start a new round of sequential
simulation. The control state description Pacc is true only if
Py is true and all automata end up in accepting states. Thus the
proposition Pacc can be satisfied if, and only if, the intersection
of the automata A; is non-empty. Note that, the size of S is
polynomial in the input and the reduction is also polynomial
time.

We summarize the results below:

Theorem 7. Propositional reachability of DMS with UCQ ac-
tion guards over a schema of the form R = {P1/0, ... P,,/0}
is PSPACE-hard.

2)

This, along with Theorem 6 justifies all the PSPACE-
completeness claimed in Tables III and IV.

VII. CONCLUSIONS

We have studied the boundaries of decidability of the
reachability problem in DMS — a formal model for evolving
database systems, along possible restrictions of schema and
the query language used for updates. Further we have given
tight complexity bounds for the reachability problem in the
decidable cases, as summarized in Tables II, III and IV.

As a possible direction for future research, it would be
interesting to study the decidability status and complexity of
more involved linear/branching-time temporal properties while
subject to similar restrictions on schema and query language.
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