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Università di Roma “La Sapienza”

Via Salaria 113, I-00198 Roma, Italy

{calvanese,lenzerini,nardi}@dis.uniroma1.it

In Jan Chomicki and Günter Saake, editors,
Logics for Databases and Information Systems.
Kluwer Academic Publisher, 1998.

Abstract: The article aims at establishing a logical approach to class-based
data modeling. After a discussion on class-based formalisms for data model-
ing, we introduce a family of logics, called Description Logics, which stem from
research on Knowledge Representation in Artificial Intelligence. The logics of
this family are particularly well suited for specifying data classes and relation-
ships among classes, and are equipped with both formal semantics and inference
mechanisms. We demonstrate that several popular data modeling formalisms,
including the Entity-Relationship Model, and the most common variants of
object-oriented data models, can be expressed in terms of specific logics of the
family. For this purpose we use a unifying Description Logic, which incorpo-
rates all the features needed for the logical reformulation of the data models
used in the various contexts. We also discuss the problem of devising reason-
ing procedures for the unifying formalism, and show that they provide valuable
supports for several important data modeling activities.



8.1 INTRODUCTION

Data modeling is the activity of specifying the structure of the data to be
managed within an application. In the last two decades, data modeling has
been the subject of a large body of work in several areas, including Databases,
Information Systems, Software Engineering, and Knowledge Representation.
In particular, recent approaches to conceptual data modeling advocate the
use of abstract formalisms for describing data, mostly based on the notion
of class [HK87]. In this paper, we concentrate on such class-based formalisms
for data modeling, with the aim of demonstrating that they can be profitably
reconstructed within a logical framework. We argue that the reasoning tech-
niques available in the logical framework provide valuable support for the data
modeling activity.

Generally speaking, a class denotes a subset of the domain of discourse,
and a class-based representation formalism allows one to express several kinds
of relationships and constraints (e.g. subclass constraints) holding among
classes [MM92]. Moreover, class-based formalisms aim at taking advantage
of the class structure in order to provide various information, such as whether
an element belongs to a class, whether a class is a subclass of another class, and
more generally, whether a given constraint holds among a given set of classes.

Two main families of class-based formalisms for data modeling are addressed
in this paper. The first one originates in the field of databases and in particular
from the work on semantic data models (see e.g. [HK87]). The second one arises
from the work on types in programming languages and object-oriented systems
(see e.g. [KL89]).

In the past, there have been several attempts to establish relationships
among class-based formalisms used in knowledge representation (e.g. semantic
networks and frames [Leh92; Sow91]) and the above two families of class-based
formalisms. One significant aspect of this work is the identification of reason-
ing problems, where one can take advantage of techniques for reasoning on
hierarchical structures that have been developed in different areas.

The relationship between frame-based languages and types has been ad-
dressed in [BHR90; LNS91; Bor92], while in [BS92; PSS92; Bor95; ACS96]
frame-based languages are used to enrich the deductive capabilities of data
models. The analysis of the above cited works makes it clear that, although a
number of steps have been accomplished, several difficulties arise in identifying
a common framework, which is expressive enough to capture the essential fea-
tures of various class-based formalisms, while still providing techniques for the
associated reasoning problems. Other formalisms have been recently proposed
with the aim of integrating the object-oriented and the logic programming
paradigms. A notable example of this effort is F-Logic [KLW95], which pro-
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vides an elegant framework equipped with a sound and complete resolution
based proof procedure. However, the goal of these proposals is to provide a
sophisticated environment for computing with objects, rather than a system
supporting reasoning over a conceptual specification. For this reason, they
cannot be easily compared to the approach proposed here.

In this paper, we make a step towards a unified view of class-based lan-
guages by establishing a relationship between semantic and object-oriented
data models, rephrasing them in terms of the knowledge representation frame-
work of Description Logics. Specifically, building on the results of [CLN94],
we present a class-based representation formalism, of the family of Description
Logics [SS91; DLNN91], and show that it is able to capture the most popular
data modeling formalisms presently used in Databases and Information System
Analysis, providing powerful reasoning techniques.

In Description Logics, structured knowledge is described by means of so
called concepts and roles, which denote unary and binary predicates, respec-
tively. Starting from a set of atomic symbols one can build complex concept
and role expressions by applying suitable constructors which characterize a De-
scription Logic. Formally, concepts are interpreted as subsets of a domain and
roles as binary relations over that domain, and all constructors are equipped
with a precise set-theoretic semantics. The most common constructors include
boolean operators on concepts, and quantification over roles. For example, the
concept Person⊓∀child.Male, denotes the set of individuals that are instances
of the concept Person and are connected through the role child only to in-
stances of the concept Male, while the concept ∃child denotes all individuals
that are connected through role child to some individual. Further constructors
that have been considered important include more general forms of quantifi-
cation, number restrictions, which allow one to state limits on the number of
connections that an individual may have via a certain role, and constructors
on roles, such as intersection, concatenation and inverse. A Description Logic
knowledge base, expressing the intensional knowledge about the modeled do-
main, is built by stating inclusion and/or equality assertions between concepts,
which have to be satisfied by the models of the knowledge base. The assertions
are used to specify necessary and/or necessary and sufficient conditions for in-
dividuals to be instances of certain concepts. Reasoning on such knowledge
bases includes detecting inconsistencies in the knowledge base itself, determin-
ing whether a concept can be populated in a model of the knowledge base, and
checking subsumption, i.e. whether all instances of a concept are necessarily
also instances of another concept in all models of the knowledge base.

The Description Logic we propose, called ALCQI, features a rich combi-
nation of constructors, including qualified number restrictions, inverse roles
and inclusion assertions of a general form. We show that these features make
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ALCQI powerful enough to provide a unified framework for object-oriented
languages and semantic data models. This is done by establishing a precise cor-
respondence with the Entity Relationship model [Che76], and with an object-
oriented language in the style of [AK89]. Moreover, we demonstrate that the
formalism proposed in this paper provides important features that are currently
missing in each family, although their relevance has often been stressed.

Because of the expressive power of ALCQI, the computational complexity
of reasoning becomes high, but the relevant reasoning tasks remain nonetheless
decidable. We consider this feature very important, because it makes this
language an actual knowledge representation and data modeling language and
not simply a formal framework for comparing apparently different approaches.

The paper is organized as follows. In the next section we present the De-
scription Logic ALCQI. In Sections 8.3, and 8.4 we deal with semantic data
models and object-oriented data models, respectively, showing that their basic
features are captured by knowledge bases in ALCQI. Section 8.5 describes
how reasoning in ALCQI supports data modeling. The final section contains
some concluding remarks.

8.2 DESCRIPTION LOGICS

The basic elements of Description Logics are concepts and roles, which denote
classes and binary relations, respectively. Arbitrary concept and role expres-
sions (in the following simply called concepts and roles) are formed by starting
from two sets of atomic concepts and atomic roles and applying concept and
role constructors.

8.2.1 Syntax and Semantics of the Logic ALCQI

We introduce now the Description Logic ALCQI, in which concepts and roles
are formed according to the following syntax:

C,C ′ −→ A | ¬C | C ⊓ C ′ | C ⊔ C ′ |

∀R.C | ∃R.C | ∃≥nR.C | ∃≤nR.C

R −→ P | P−

where, A and P , denote atomic concepts and atomic roles respectively, C and
R denote arbitrary concepts and roles, and n denotes a positive integer. We
also use the following abbreviations to increase readability:

⊥ for A ⊓ ¬A where A is any atomic concept
⊤ for A ⊔ ¬A where A is any atomic concept

∃=nR.C for ∃≥nR.C ⊓ ∃≤nR.C
∃≥nR for ∃≥nR.⊤ (similarly for ∃≤nR and ∃=nR)
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Among the constructors used in forming concept expressions we find the basic
set operators, namely set complement (¬), union (⊔), and intersection (⊓) that
are denoted as negation, disjunction, and conjunction, respectively. Description
Logics admit a restricted form of quantification which is realized through so
called quantified role restrictions, that are composed by a quantifier (existential
or universal), a role and a concept expression. Quantified role restrictions allow
one to represent the relationships existing between the objects in two classes,
and the forms considered in ALCQI are general enough to capture the most
common ways of establishing such relationships. For example, one can charac-
terize the set of objects all of whose children are male as ∀child.Male, as well
as the set of objects that have at least one male child as ∃child.Male. Number
restrictions are used to constrain the number of instances that are in a cer-
tain relationship. For example, ∃=2child.Male characterizes the set of parents
with exactly two male children. The form used here (called qualified number
restrictions [HB91]) is a very general one, allowing one to pose restrictions on
the number of instances connected through a certain role, counting only those
objects that satisfy a certain condition. Observe that the restricted forms of
cardinality restrictions where the involved number is equal to 1, express func-
tionality (∃≤1R) and existence constraints (∃≥1R). Finally, in ALCQI we have
one role constructor, namely inverse role, that allows us to denote the inverse
of a given relation. One can for example state with ∃≤2child− that someone
has at most two parents, by making use of the inverse of role child. It is worth
noticing, that in a language without the inverse of roles, in order to express such
a constraint one must make use of two distinct roles (e.g. child and parent)
that cannot be put in the proper relation to each other.

From the semantic point of view, concepts are interpreted as subsets of
a domain and roles as binary relations over that domain. An interpretation
I = (∆I , ·I) over a set A of atomic concepts and a set P of atomic roles
consists of a nonempty finite set ∆I (the domain of I) and a function ·I (the
interpretation function of I) that maps every atomic concept A ∈ A to a subset
AI of ∆I (the set of instances of A) and every atomic role P ∈ P to a subset
P I of ∆I×∆I (the set of instances of P ). The interpretation function can
then be extended to arbitrary concepts and roles as follows: (♯S denotes the
cardinality of the set S)

(¬C)I = ∆I \ CI

(C1 ⊓ C2)
I = CI

1 ∩ CI
2

(C1 ⊔ C2)
I = CI

1 ∪ CI
2

(∀R.C)I = {o ∈ ∆I | ∀o′. (o, o′) ∈ RI → o′ ∈ CI}

(∃R.C)I = {o ∈ ∆I | ∃o′. (o, o′) ∈ RI ∧ o′ ∈ CI}
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(∃≥nR.C)I = {o ∈ ∆I | ♯{o′ | (o, o′) ∈ RI ∧ o′ ∈ CI} ≥ n}

(∃≤nR.C)I = {o ∈ ∆I | ♯{o′ | (o, o′) ∈ RI ∧ o′ ∈ CI} ≤ n}

(P−)I = {(o, o′) ∈ ∆I×∆I | (o′, o) ∈ P I}

Notice that ∃≥1R.C is equivalent to ∃R.C.

8.2.2 Knowledge Bases in ALCQI

Using concept expressions of ALCQI, intensional knowledge about classes and
relations can be expressed through a knowledge base. An ALCQI knowledge
base is constituted by a finite set of assertions of the following form:

A �̇ C (inclusion assertion)

A
.
= C (equality assertion)

where A is an atomic concept and C is an arbitrary ALCQI concept expression.
An inclusion assertion A �̇ C specifies (by means of C) only necessary con-

ditions for an object to be an instance of the concept A, and thus corresponds
naturally to the constraints imposed on classes by a schema expressed in a
traditional database model. In such models an object can never be inferred to
be an instance of a certain class, unless this is explicitly stated. In contrast,
an equality assertion specifies both necessary and sufficient conditions for the
instances of the class, and thus corresponds to the concept of view used in
databases. Observe, however, that views are usually not considered to be part
of the schema, but are built on top of it in order to define how the data present
in the schema is used [BDNS94] (see [CDGL95] for a different “view” on this
aspect).

We pose no restrictions at all on the form of the assertions in a knowledge
base. In particular:

1. Each atomic concept may appear more than once on the left side of an
assertion.

2. The assertions may contain (terminological) cycles, i.e. the concept in the
right part of an assertion may refer (either directly or indirectly) to the
atomic concept in the left part of the assertion.

Both these assumptions have a strong impact on the expressiveness of our
formalism, although this is paid by an increased computational complexity of
reasoning. Making assumption (1) is equivalent to allowing for the use of so
called free inclusion assertions [BDS93], which have the form C1 �̇ C2, with
C1 and C2 arbitrary concept expressions. Assumption (2) is seldom made in
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existing concept-based knowledge representation systems, since terminological
cycles increase the computational complexity of reasoning [Baa96], and can be
interpreted under different semantics [Neb91; Sch94; DGL94]. From a data
modeling perspective it is however unrealistic to assume the absence of cycles.

The semantics of a knowledge base is specified through the notion of satisfac-
tion of assertions. An interpretation I satisfies the inclusion assertion A �̇ C

if AI ⊆ CI , and it satisfies the equality A
.
= C if AI = CI . An interpretation

is a model of a knowledge base if it satisfies all terminological assertions in it.
The fundamental reasoning tasks considered in the context of Description

Logics at the intensional level (which is the only one we address here) are
knowledge base satisfiability, concept satisfiability, and logical implication. A
knowledge base K is satisfiable if it admits a model; a concept C is satisfiable
in K if K admits a model in which C has a nonempty interpretation; K logically
implies an inclusion assertion C1 �̇ C2 if in all models of K the interpretation
of C1 is a subset of the interpretation of C2.

We would like to remark that we are restricting our attention to finite inter-
pretations (and thus models), which are the only ones of interest in data model-
ing. The assumption of dealing with finite structures is, however, by no means
common in Description Logics, and needs to be taken explicitly into account
when devising reasoning procedures [CLN94; Cal96a]. In fact, the constructs
present in ALCQI, and in particular functionality, inverse roles and cycles in
the knowledge base may interact in such a way that a knowledge base admits no
finite model, although it admits one with an infinite domain [CKV90; CLN94].
In other words, ALCQI lacks the finite model property, and reasoning in the
finite and in the unrestricted case are different.

8.3 SEMANTIC DATA MODELS

Semantic data models were introduced primarily as formalisms for database
schema design. They provide a means to model databases in a much richer way
than traditional data models supported by Database Management Systems, and
are becoming more and more important because they are adopted in most of the
recent database and information system design methodologies and Computer
Aided Software Engineering tools.

A rich variety of semantic data models have been introduced with various
degrees of expressiveness (see [HK87] for an extensive survey). They provide
by means of classes an explicit representation of objects with their attributes
and the relationships to other objects. An important feature of semantic data
models is the possibility to specify subtype/supertype relationships (also called
is-a) which provide for the inheritance of properties.
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For simplicity of presentation, we concentrate our attention on one of the
most widespread semantic data models, which has by now become a standard,
extensively used in the design phase of commercial applications, namely the
Entity-Relationship (ER) model. The ER model was introduced in [Che76],
and subsequently several variants and extensions have been proposed, which
differ in minor aspects in expressiveness and in notation [Teo89; BCN92; Tha92;
Tha93]. In the ER model the domain of interest is modeled by means of an ER
schema, usually represented in a graphical notation which is particularly useful
for an easy visualization of the data dependencies. However, in the following
we introduce a first-order formalization, which includes the most important
features present in the different variants and makes it possible to establish a
precise correspondence with Description Logics.

8.3.1 The Entity-Relationship Model

The basic elements of the ER model are entities, relationships, and attributes.
An entity set (or simply entity) denotes a set of objects, called its instances,
that have common properties. Elementary properties are modeled through at-
tributes, whose values belong to one of several predefined domains, such as
Integer, String, or Boolean. Properties that are due to relations to other
entities are modeled through the participation of the entity in relationships. A
relationship set (or simply relationship) denotes a set of tuples (also called its
instances), each of which represents an association among a different combina-
tion of instances of the entities that participate in the relationship. Since each
entity can participate in a relationship more than once, the notion of ER-role is
introduced, which represents such a participation and to which a unique name
is assigned. The arity of a relationship is the number of its ER-roles. Cardinal-
ity constraints can be attached to an ER-role in order to restrict the number
of times each instance of an entity is allowed to participate via that ER-role
in instances of the relationship. Such constraints can be used to specify both
existence dependencies and functionality of relations [CK86]. They are often
used only in a restricted form, where the minimum cardinality is either 0 or 1
and the maximum cardinality is either 1 or ∞. Cardinality constraints in the
form considered here have been introduced already in [Abr74] and subsequently
studied in [GM84; LN90; Fer91; YPS94; Tha92; CL94b; CL94a]. Additionally,
so called is-a relations are used to represent inclusion assertions between enti-
ties, and therefore the inheritance of properties from a more general entity to
a more specific one. We do not consider keys in our formalization, which are
essential for a mapping of ER schemas into relational schemas, but lose their
relevance when reasoning on a conceptual specification. For a treatment of
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reasoning on keys in a logic based framework see [BW97; CDGL95]. We define
now in a more formal way syntax and semantics of ER schemata.

An ER schema S is constructed starting from pairwise disjoint sets of entity
symbols, relationship symbols (each with an arity), ER-role symbols, attribute
symbols, and domain symbols. Each domain symbol D has an associated pre-
defined basic domain DBD , and we assume the basic domains to be pairwise
disjoint. For each entity symbol a set of attribute symbols is defined, and to
each such attribute a unique domain symbol is associated. Each relationship
symbol of arity k has k associated ER-role symbols, each with an associated
entity symbol, and defines a relationship between these entities. We assume
that each ER-role symbol belongs to a unique relationship, thus determining
also a unique entity. The cardinality constraints are represented by two func-
tions cminS , from ER-role symbols to nonnegative integers, and cmaxS , from
ER-role symbols to positive integers union the special symbol ∞. is-a relations
between entities are modeled by means of a binary relation �S . We do not
need to make any special assumption on the form of �S , such as requiring that
it is acyclic or injective.

In the commonly accepted graphical ER notation, entities are represented
as boxes, whereas relationships are represented as diamonds. An attribute is
shown as a circle attached to the entity for which it is defined. ER-roles are
graphically depicted by connecting the relationship to the participating entities
and labeling the connection with the associated cardinality constraints. An is-a
relation between two entities is denoted by an arrow from the more specific to
the more general entity.

Example 1 Figure 8.1 shows a simple ER schema modeling the situation at
an university. The entity Course represents courses which enroll students and
are taught by professors. Cardinality constraints are used to impose limits on
the number of students that may be enrolled in a course (between 10 and 50)
and on the number of courses that each student may attend (between 3 and 6),
and to express that each course is taught by exactly one professor, who in turn
must teach at least one course. The entities AdvCourse and GradStudent are
specializations of Course and Student, respectively.

The semantics of an ER schema can be given by specifying which database
states are consistent with the information structure represented by the schema.
Formally, a database state B corresponding to an ER schema S is constituted
by a nonempty finite set ∆B, assumed to be disjoint from all basic domains,
and a function ·B that maps

every domain symbol D to the corresponding basic domain DBD ,

every entity E to a subset EB of ∆B,
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Figure 8.1 An ER schema

every attribute A to a partial function AB from ∆B to the union, for all
domains D, of DBD , and

every relationship R to a set RB of labeled tuples over ∆B.

A labeled tuple over a domain ∆B is a function from a set of ER-roles to ∆B.
The labeled tuple T that maps ER-role Ui to oi, for i ∈ {1, . . . , k}, is de-
noted [U1: o1, . . . , Uk: ok]. We also write T [Ui] to denote oi, and call it the
Ui-component of T . The elements of EB, AB, and RB are called instances of
E, A, and R respectively.

A database state is considered acceptable if it satisfies all integrity con-
straints that are part of the schema. This is captured by the notion of legal
database state. A database state B is legal for an ER schema S, if it satisfies
the following conditions:

For each pair of entities E1, E2 with E1 �S E2, it holds that EB
1 ⊆ EB

2 .

For each entity E, if E has an attribute A with domain D, then for each
instance e ∈ EB, AB(e) is defined and in DBD .

For each relationship R of arity k between entities E1, . . . , Ek, to which
R is connected by means of ER-roles U1, . . . , Uk respectively, all instances
of R are of the form [U1: e1, . . . , Uk: ek], where ei ∈ EB

i , for i ∈ {1, . . . , k}.
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For each ER-role U associated to relationship R and entity E, and for
each instance e of E, it holds that

cminS(U) ≤ ♯{r ∈ RB | r[U ] = e} ≤ cmaxS(U).

Notice that an is-a relation is interpreted as set containment between the
extensions of the involved entities. In addition, it is worth emphasizing that
the definition of database state reflects the usual assumption that database
states are finite structures (see also [CKV90]). In fact, the basic domains are
not required to be finite, but for each legal database state for a schema, only
the finite set of values of attributes of elements of ∆B is actually of interest.

8.3.2 Formalizing Entity-Relationship Schemata in Description Logics

We now show that the semantics of the ER model can be captured in Descrip-
tion Logics, by defining a translation φ from ER schemata to ALCQI knowledge
bases, and then establishing a correspondence between legal database states and
models of the derived knowledge base.

The knowledge base φ(S) derived from an ER schema S is defined as follows:
It contains an atomic concept φ(A) for each domain symbol, entity symbol, or
relationship symbol A in S, an atomic role φ(P ) for each attribute symbol or
ER-role symbol P in S, and the set of assertions of φ(S) contains the following
elements:

For each pair of entities E1, E2 such that E1 �S E2, the assertion

φ(E1) �̇ φ(E2).

For each entity E with attributes A1, . . . , Ah with domains D1, . . . ,Dh

respectively, the assertion

φ(E) �̇ ∀φ(A1).φ(D1) ⊓ · · · ⊓ ∀φ(Ah).φ(Dh) ⊓
∃=1φ(A1) ⊓ · · · ⊓ ∃=1φ(Ah).

For each relationship R of arity k between entities E1, . . . , Ek, to which R
is connected by means of ER-roles U1, . . . , Uk respectively, the assertions

φ(R) �̇ ∀φ(U1).φ(E1) ⊓ · · · ⊓ ∀φ(Uk).φ(Ek) ⊓
∃=1φ(U1) ⊓ · · · ⊓ ∃=1φ(Uk)

φ(Ei) �̇ ∀(φ(Ui))
−.φ(R), for i ∈ {1, . . . , k}.

For each ER-role U associated to relationship R and entity E,
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TEACHING �̇ ∀Tof.Course ⊓ ∃
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Figure 8.2 The knowledge base corresponding to the ER schema in Figure 8.1

– if m = cminS(U) 6= 0, the assertion

φ(E) �̇ ∃≥m(φ(U))−.

– if n = cmaxS(U) 6= ∞, the assertion

φ(E) �̇ ∃≤n(φ(U))−.

For each pair of symbols C1, C2 such that C1 is either a relationship or a
domain symbol, C2 is either an entity, a relationship, or a domain symbol,
and C1 6= C2, the assertion

φ(C1) �̇ ¬φ(C2). (8.1)

Example 1 (cont.) We illustrate the translation on the ER schema of Fig-
ure 8.1. The knowledge base that captures its semantics is shown in Figure 8.2,
where the disjointness assertions (8.1) are omitted for brevity.

Regarding the transformation provided above we observe the following:

Since an ER schema expresses only necessary conditions for objects of
the domain to be instances of entities, the translation makes only use of
inclusion assertions, while equality assertions are not necessary.

Each relationship is reified, i.e. is modeled by means of a concept, whose
instances represent the tuples of the relationship. The assertions enforce
that for each role φ(U) of the relationship each such instance is connected
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to exactly one object that represents the U -component of the correspond-
ing tuple.

Both inverse roles and number restrictions are exploited to capture the
semantics of ER schemata. More precisely, functionality of the roles asso-
ciated to the ER-roles is needed to represent the fact that each instance of
a relationship is connected via each ER-role to exactly one instance of the
associated entity, while we use number restrictions on the corresponding
inverse roles to represent cardinality constraints of the ER schema.

Even when the ER schema is acyclic, the resulting knowledge base con-
tains cycles.

By means of the inverse constructor, a binary relationship could be
treated in a simpler way by choosing a traversal direction and mapping
the relationship directly to a role.

In order to show that the translation preserves the semantics of the ER
schema we define a mapping between database states corresponding to the ER
schema and finite interpretations of the knowledge base derived from it. Due to
reification of relationships, this mapping is however not one-to-one and we first
need to characterize those interpretations of the knowledge base that directly
correspond to database states.

We say that an interpretation I of the knowledge base φ(S) derived from
an ER schema S is relation-descriptive, if for every relationship R of S, with
ER-roles U1, . . . , Uk, for every d, d′ ∈ (φ(R))I , we have that

(
∧

1≤i≤k

(∀d′′ ∈ ∆I. (d, d′′) ∈ (φ(Ui))
I ↔ (d′, d′′) ∈ (φ(Ui))

I)) → d = d′.

Intuitively, the condition states that there are no two instances of a concept
corresponding to a relationship that represent the same tuple. Notice that this
condition is implicit in the semantics of the ER model (where the extension
of a relationship is a set of tuples), while it does not necessarily hold once
relationships are reified. It also cannot be imposed in ALCQI by suitable
assertions. However, when reasoning on the knowledge base corresponding to
an ER schema, it is sufficient to restrict the attention to relation-descriptive
models. Indeed, if a concept expression C of the knowledge base φ(S) obtained
from an ER schema S is satisfiable in φ(S), then there is a relation-descriptive
model of φ(S) in which C has a nonempty extension [Cal96b]. This can be
exploited since relation-descriptive models of an ALCQI knowledge base φ(S)
can be put in correspondence with legal database states for S. More precisely,
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the correspondence can be established by defining two mappings αS and βS as
follows:

αS is a mapping from database states corresponding to S to relation-
descriptive interpretations of φ(S), with the following properties (let B
be a database state and I = αS(B)):

– If B is a legal database state, then I is a model of φ(S).

– ∆I is the union of ∆B, the set of (reified) tuples, and the set of
domain values that appear in B as a value of some attribute.

– For each entity E, (φ(E))I = EB.

βS is a mapping from relation-descriptive interpretations of φ(S) to
database states corresponding to S, with the following properties (let
I be an interpretation of φ(S) and B = βS(I)):

– If I is a model of φ(S), then B is a legal database state.

– ∆B is the set of all objects in ∆I that are not instances of any atomic
concept corresponding to a relationship or a basic domain.

– For each entity E, EB = (φ(E))I .

The existence of the mappings αS and βS , allows us to reduce the problem of
checking properties that hold for an ER schema to the problem of reasoning on
the corresponding ALCQI knowledge base [Cal96b]. Indeed, given a relation-
descriptive model I of φ(S) in which a concept φ(E) corresponding to an entity
E is satisfiable, βS(I) is a legal database state in which entity E is populated.
Conversely, applying αS to such a legal database state, we obtain a suitable
model of φ(S).

8.3.3 Extending the Expressiveness of the Modeling Language

Semantic data models in general, and the ER model in particular, do not pro-
vide several features and modeling primitives which would prove useful in order
to represent complex dependencies between data. The richness of constructs
that is typical of Description Logics, and the correspondence between the two
formalisms established in the previous section, makes it possible however, to
add such constructs to the basic model and take them fully into account when
reasoning on a schema. We provide now several meaningful examples of possi-
ble additions to the basic ER model that arise as a natural consequence of the
correspondence with ALCQI.
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8.3.3.1 Arbitrary Boolean Constructs on Entities. The only direct
relationship between entities that can be expressed in the basic ER model is
the is-a relation. A common extension is by so called generalization hierarchies
(see e.g. [BCN92]), which allow one to express that the extension of an entity
should be the disjoint union of the extensions of other entities. Such construct
can easily be translated by making use of union and negation of Description
Logics.

Example 1 (cont.) The fact that each professor is either an associate or a
full professor can be expressed by a simple generalization hierarchy stating
that the entity Professor is the generalization of the two entities AssProf

and FullProf. We can translate this hierarchy in ALCQI by adding to the
assertions in Figure 8.2 the following:

Professor �̇ AssProf ⊔ FullProf

AssProf �̇ Professor ⊓ ¬FullProf

FullProf �̇ Professor

In general, each level in a generalization hierarchy expressing that entity E
is the generalization of the disjoint entities E1, . . . , En can be translated to the
following assertions:

φ(E) �̇ φ(E1) ⊔ · · · ⊔ φ(En)

φ(E1) �̇ φ(E) ⊓ ¬φ(E2) ⊓ ¬φ(E3) ⊓ · · · ⊓ ¬φ(En)

φ(E2) �̇ φ(E) ⊓ ¬φ(E3) ⊓ ¬φ(E4) ⊓ · · · ⊓ ¬φ(En)

...

φ(En−1) �̇ φ(E) ⊓ ¬φ(En)

φ(En) �̇ φ(E)

More generally, exploiting the possibility to construct general boolean ex-
pressions in ALCQI we can make use of arbitrary boolean combinations of
entities in a schema, thus expressing in particular disjointness and disjunction
of entities, which are forms of negative and incomplete knowledge [DL93].

8.3.3.2 Refinement of Properties along an ISA Hierarchy. Another
important extension that should be considered is the possibility to specify more
complex forms of refinement of properties of entities along ISA hierarchies, than
the mere addition of attributes. This is already an essential feature of the more
recent object-oriented models. In particular, cardinality constraints could be
refined by restricting the range of values, and the participation in relationships
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can be restricted. One may require for specific instances of an entity that the
objects they are related to via a certain relationship belong to a more specific
entity than the one directly associated to the ER-role. Such forms of constraints
can be naturally expressed in ALCQI by making use of universal quantification
over roles.

Example 1 (cont.) The following assertion imposes that advanced courses
are followed by at least 5 and at most 15 students (thus refining the limits that
hold for arbitrary courses), and that all these students are graduate:

AdvCourse �̇ ∃≥5Ein− ⊓ ∃≤15Ein− ⊓ ∀Ein−.∀Eof.GradStudent

8.3.3.3 Definitions of Classes by Means of Complex Properties. In
the ER model (and more generally in semantic data models) one can spec-
ify only necessary conditions that the instances of entities (or more generally
classes) must satisfy. This means that in a database that conforms to the
schema one cannot deduce that a certain object is an instance of an entity un-
less this fact is explicitly stated. When modeling a complex domain, however,
in order to capture more precisely the intended semantics, one would like to
be able to define classes of objects through necessary and sufficient conditions,
or even to state just sufficient conditions for an object to be an instance of a
class. By using the different types of assertions of ALCQI such conditions can
be easily imposed and become part of the schema. In addition, the availability
of the various constructors allows one to express relatively complex conditions.

Example 1 (cont.) A sufficient condition for a student to be considered grad-
uate is that he has a degree. This can be specified by the following assertion,
which is used together with the assertion in Figure 8.2 that specifies the nec-
essary conditions.

Student ⊓ ∃degree �̇ GradStudent

8.4 OBJECT-ORIENTED DATA MODELS

Object-oriented data models have been proposed with the goal of devising
database formalisms that could be integrated with object-oriented program-
ming systems [Kim90]. They are the subject of an active area of research in
the Database field, and are based on the following features:

They rely on the notion of object identifier at the extensional level (as
opposed to traditional data models which are value-oriented) and on the
notion of class at the intensional level.
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The structure of the classes is specified by means of typing and inheri-
tance.

As in the previous section, we introduce a language for specifying object-
oriented schemata, which includes the common features of object-oriented data
models, and discuss its relationship with other class-based formalisms by show-
ing that schemata expressed in this language can be correctly represented as
knowledge bases in ALCQI.

8.4.1 An Object-Oriented Data Model

We define a simple object-oriented language in the style of the most popular
models featuring complex objects and object identity. Although we do not refer
to any specific formalism, our model is inspired by the one presented in [AK89],
where a formal characterization is presented, but embodies the basic features
of the static part of the ODMG standard [CB97]. We recall that we restrict
our attention to the structural component of object-oriented models and do
not consider those aspects related to the definition of methods associated to
the classes.

An object-oriented schema is defined over a finite set of class names, denoted
by the letter C and a finite set of attribute names, denoted by the letter A. An
object-oriented S schema is a finite set of class declarations of the form:

Class C is-a C1, . . . , Ck type-is T,

with exactly one such declaration for each class C, and where T denotes a type
expression built according to the following syntax:

T −→ C |

Union T1, . . . , Tk End |

Set-of T |

Record A1:T1, . . . , Ak:Tk End.

Example 2 Figure 8.3 shows a fragment of the object-oriented schema corre-
sponding to the Entity-Relationship schema of Figure 8.1.

Each class declaration imposes constraints on the instances of the class it
refers to. The is-a part of a class declaration allows one to specify inclusion
between the sets of instances of the involved classes, while the type-is part
specifies through a type expression the structure assigned to the objects that
are instances of the class.
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Class Teacher type-is

Union Professor, GradStudent
End

Class GradStudent is-a Student type-is

Record
degree: String

End

Class Course type-is

Record
enrolls: Set-of Student,
taughtby: Teacher

End

Figure 8.3 An object-oriented schema

The meaning of an object-oriented schema is given by specifying the char-
acteristics of an instance of the schema. The definition of instance makes use
of the notions of object identifier and value.

Let us first characterize the set of values that can be constructed from a set
of symbols, called object identifiers. Given a finite set O of symbols, the set VO

of values over O is inductively defined as follows:

O ⊆ VO.

If v1, . . . , vk ∈ VO then {|v1, . . . , vk|} ∈ VO.

If v1, . . . , vk ∈ VO then [[A1: v1, . . . , Ak: vk]] ∈ VO.

Nothing else is in VO.

A database instance J of a schema S is constituted by

a finite set OJ of object identifiers;

a mapping πJ assigning to each class name a subset of OJ ;

a mapping ρJ assigning a value in VOJ to each object in OJ .

Although the set VOJ of values that can be constructed from a set OJ of object
identifiers is infinite, for a database instance one needs only to consider a finite
subset of VOJ , since finite are the structures that can be stored in a database.
For an object-oriented schema S and an instance J of S, this finite set is called
the set VJ of active values with respect to J , and is constituted by the union
of

the set OJ of object identifiers and

the set of values assigned by ρJ to the elements of OJ , including those
values that are not explicitly associated with object identifiers, but are
used to form other values.
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The interpretation of type expressions in J is defined through an interpre-
tation function ·J that assigns to each type expression a subset of VOJ such
that the following conditions are satisfied:

CJ = πJ (C)

(Union T1, . . . , Tk End)J = TJ
1 ∪ · · · ∪ TJ

k

(Set-of T )J = {{|v1, . . . , vk|} | k ≥ 0, vi ∈ TJ ,

for i ∈ {1, . . . , k}}

(Record A1:T1, . . . , Ak:Tk End)J = {[[A1: v1, . . . , Ah: vh]] | h ≥ k,

vi ∈ TJ
i , for i ∈ {1, . . . , k},

vj ∈ VOJ , for j ∈ {k + 1, . . . , h}}.

Notice that the instances of a class of type record may have more compo-
nents than those specified in the type of the class. Thus we are using an
open semantics for records, which is typical of object-oriented data models (see
e.g. [AK89]).

In order to characterize object-oriented data models we define which in-
stances are admissible for a schema. A database instance J of an object-
oriented schema S is said to be legal (with respect to S) if for each declaration

Class C is-a C1, . . . , Cn type-is T

in S, it holds that CJ ⊆ CJ
i for each i ∈ {1, . . . , n}, and that ρJ (CJ ) ⊆ TJ .

Therefore, for a legal database instance, the type expressions that are present
in the schema determine the (finite) set of active values that must be considered.
The construction of such values is limited by the depth of type expressions.

8.4.2 Formalizing Object-Oriented Schemata in Description Logics

We establish a relationship between ALCQI and the object-oriented language
presented above. This is done by providing a mapping from object-oriented
schemata into ALCQI knowledge bases. Since the interpretation domain for
an ALCQI knowledge base consists of atomic objects, whereas each instance of
an object-oriented schema is assigned a possibly structured value (see the defi-
nition of VO), we need to explicitly represent some of the notions that underlie
the object-oriented language. In particular, while there is a correspondence be-
tween concepts and classes, one must explicitly account for the type structure
of each class. This can be accomplished by introducing in ALCQI a con-
cept AbstractClass, to represent the classes, and two concepts RecType and
SetType to represent the corresponding types. The associations between classes
and types induced by the class declarations, as well as the basic characteristics
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of types, are modeled by means of roles: the (functional) role value models the
association between classes and types, and the role member is used for specifying
the type of the elements of a set. Moreover, the concepts representing types are
assumed to be mutually disjoint, and disjoint from the concepts representing
classes. These constraints are expressed by suitable inclusion assertions in the
knowledge base.

More formally, the knowledge base ψ(S) corresponding to an object-oriented
schema S contains the predefined atomic concepts AbstractClass, RecType,
and SetType, and one concept ψ(C) for each class name C in S. It contains
also the predefined atomic roles value and member, and one atomic role ψ(A)
for each attribute name A in S.

Before specifying the set of assertions of ψ(S) we specify how the function
ψ maps each type expression into a concept expression as follows:

Every class C is mapped into an atomic concept ψ(C).

Every type expression Union T1, . . . , Tk End is mapped into ψ(T1) ⊔ · · · ⊔
ψ(Tk).

Every type expression Set-of T is mapped into SetType⊓∀member.ψ(T ).

Every attribute A is mapped into an atomic role ψ(A), and every type
expression Record A1:T1, . . . , Ak:Tk End is mapped into

RecType ⊓ ∀ψ(A1).ψ(T1) ⊓ ∃=1ψ(A1) ⊓ · · · ⊓
∀ψ(Ak).ψ(Tk) ⊓ ∃=1ψ(Ak).

Using ψ we define the knowledge base ψ(S) corresponding to S as constituted
by the inclusion assertions

AbstractClass �̇ ∃=1value

RecType �̇ ∀value.⊥

SetType �̇ ∀value.⊥ ⊓ ¬RecType

and for each class declaration

Class C is-a C1, . . . , Cn type-is T

in S, an inclusion assertion

ψ(C) �̇ AbstractClass ⊓ ψ(C1) ⊓ · · · ⊓ ψ(Cn) ⊓ ∀value.ψ(T ).

Example 2 (cont.) We illustrate the translation on the fragment of object-
oriented schema in Figure 8.3. The corresponding ALCQI knowledge base is
shown in Figure 8.4.
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Course �̇ AbstractClass ⊓

∀value.(RecType ⊓ ∃
=1enrolls ⊓ ∃

=1taughtby ⊓

∀enrolls.(SetType ⊓ ∀member.Student) ⊓
∀taughtby.Teacher)

Teacher �̇ AbstractClass ⊓ ∀value.(GradStudent ⊔ Professor)

GradStudent �̇ AbstractClass ⊓ Student ⊓

∀value.(RecType ⊓ ∀degree.String ⊓ ∃
=1degree)

AbstractClass �̇ ∃
=1

value

RecType �̇ ∀value.⊥

SetType �̇ ∀value.⊥ ⊓ ¬RecType

Figure 8.4 The ALCQI knowledge base corresponding to the object-oriented schema in

Figure 8.3

Some remarks on the above translation are in order.

As for the ER model the resulting knowledge base contains inclusion
assertions, but not equality assertions.

The relationship between a class and the associated type expression is rei-
fied, i.e. explicitly represented through the role value. Moreover, the type
structure of each class is represented in terms of the concepts RecType

and SetType, that explicitly characterize records and sets, respectively.
The record attributes are directly mapped into functional roles, while set
elements are associated to a set through the role member.

Inverse roles are not needed for the formalization of object-oriented data
models.

The use of number restrictions is limited to the value 1, which corresponds
to existence constraints and functionality.

Below we discuss the effectiveness of the translation ψ. First of all ob-
serve that the knowledge base ψ(S) resulting from the translation of an object-
oriented schema S may admit models that do not have a direct counterpart
among legal database instances of S. More precisely, by characterizing the in-
terpretations as directed labeled graphs [CLN97], one finds that the concepts
that translate type expressions involving record and set structures admit cer-
tain cyclic models in which values, which have a tree-like structure, have no
direct counterpart.
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value

Figure 8.5 A model containing cycles

Example 3 Consider the object-oriented schema S, containing a single class
declaration

Class C type-is Record a1 : Record a2 : Record a3 : C End End End

which is translated to

C �̇ AbstractClass ⊓
∀value.(RecType ⊓ ∃=1a1 ⊓

∀a1.(RecType ⊓ ∃=1a2 ⊓
∀a2.(RecType ⊓ ∃=1a3 ⊓ ∀a3.C))).

Figure 8.5 shows a model of ψ(S) represented as a graph. For clarity, we
have named the instances of C, and hence of AbstractClass, with o and the
instances of RecType with v. Observe the two different types of cycles in the
graph. The cycle involving individuals o2, v3, v4, and v5 does not cause any
problems since it contains an arc labeled with value, which is not part of the
structure constituting a complex value. In fact, v3 represents the record value
[[a1: [[a2: [[a3: o2]]]]]]. On the other hand, the cycle involving v1 and v2 represents
(together with o2 connected via a3 to v1) a record of infinite depth.

To establish the correspondence between legal instances of object-oriented
schemata and finite interpretation of their translations one needs to unfold
“bad” cycles of the form above (which do not include any individual corre-
sponding to an object identifier) into finite trees of depth bound by the size
of the object-oriented schema. More precisely, let I be a finite interpretation
of ψ(S). We call unfolded version of I the interpretation obtained by unfold-
ing the bad cycles in I and generating new individuals only for the instances
of RecType and SetType occurring in the unfolded cycles. For a nonnegative
integer m, we call m-unfolded version of I, denoted as I|m, the interpretation
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obtained by truncating at depth m each infinite tree generated in the process
of unfolding.

The correctness of ψ(S) can now be established by showing that, for every
object-oriented schema S of depth m, there exist two mappings:

αS , from instances of S into finite interpretations of ψ(S), and

αv, from active values of instances of S into domain elements of the finite
interpretations of ψ(S)

which provide the desired correspondence between the interpretation struc-
tures. In particular, αS and αv can be defined in such a way that: (i) if J is
a legal instance of S, then αS(J ) is a finite model of ψ(S), and (ii) for each
type expression T of S and each active value v ∈ VJ , v ∈ TJ if and only if
αv(v) ∈ (ψ(T ))αS(J ).

Conversely, one can define two mappings:

βS , from finite interpretations of ψ(S) into instances of S, and

βv, from domain elements of the m-unfolded versions of the finite inter-
pretations of ψ(S) into active values of instances of S,

such that: (i) for each finite model I of ψ(S), βS(I) is a legal instance of S,
and (ii) for each concept ψ(T ), which is the translation of a type expression T
of S, and each d ∈ ∆I|m , d ∈ (ψ(T ))I|m if and only if βv(d) ∈ T βS(I).

Similarly to the ER model, the existing of the above mappings allows us
to reduce the problem of checking properties of classes in an object-oriented
schema to the problem of reasoning on the corresponding knowledge base.

8.4.3 Extending the Expressiveness of the Modeling Language

The ability to represent any object-oriented schema as a Description Logic
knowledge base makes it feasible to consider several extensions of the object-
oriented formalism useful for the purpose of conceptual modeling. First of all,
the same considerations developed for the ER model with regard to the use
of arbitrary boolean constructs on classes can be applied also in the object-
oriented setting, which provides disjunction but does not admit any form of
negation. Second, one can analogously exploit the ability of expressing class
definitions in addition to the inclusion statements that are typical of object-
oriented modeling languages [BN94]. However, there are several additional
features that can be specifically addressed in the framework of object-oriented
languages, as shown below.
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8.4.3.1 Cardinality Constraints. Cardinality Constraints that are typi-
cal of semantic data models become expressible in object-oriented schemata.

Example 2 (cont.) We can specify numerical restrictions in the definition of
a course, which can enroll between 2 and 30 students.

Course �̇ AbstractClass ⊓
∀value.(RecType ⊓ ∃=1enrolls ⊓ ∃=1taughtby ⊓

∀enrolls.(SetType ⊓ ∀member.Student ⊓
∃≥2member ⊓ ∃≤30member) ⊓

∀taughtby.Teacher)

Notice that, the usage of cardinality restrictions in the example above actually
corresponds to the ability to constrain the cardinality of sets.

8.4.3.2 General Restrictions on the Values of Attributes. The usage
in object-oriented modeling languages of constructs corresponding to quanti-
fied role restrictions is limited to the translation of record and set structures.
Adding general forms of quantified role restrictions amounts to admitting more
flexible structures, whose closer counterpart are possibly frames in knowledge
representation systems (see e.g. [BS85; CLN94]). In a frame structure one can
for example specify that a slot, which is the counterpart of a record attribute,
can have restrictions on the number and type of fillers. In addition, instead of
introducing set types explicitly for those attributes whose values are sets, one
can directly use multivalued attributes and express the constraints on the type
and the number of instances using the constructors of ALCQI.

Example 4 We can specify, that a graduate student must have at least one
degree, but maybe more, and express the relationship between courses and
students by means of the attribute enrolls which we now consider multivalued.

GradStudent �̇ Student ⊓ ∃degree

Course �̇ ∀enrolls.Student ⊓ ∃≥2enrolls ⊓ ∃≤30enrolls ⊓
∀taughtby.(Professor ⊔ GradStudent) ⊓ ∃=1taughtby

8.4.3.3 Inverse of Roles. We have already observed that inverse roles are
not necessary for the formalization of object-oriented data models. However, by
admitting inverse of roles in the language one gains the ability to put constraints
using a relation in both directions, as it is customary in semantic data models.

Example 2 (cont.) We can state that each professor should teach at least
one course by means of the assertion:

Professor �̇ ∃taughtby−.Course
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Indeed, the possibility of referring to the inverse of an attribute is often ruled
out in object-oriented models. However, this strongly limits the expressive
power of the data model, as pointed out in recent papers (see e.g. [AGO91]).
On the other hand, we recall that inverse roles have been included in the ODGM
standard [CB97].

8.5 SUPPORT FOR DATA MODELING

The logical formalization of data models in terms of Description Logics is a first
step towards the development of logic-based modeling tools that can support
the database designer in his activity, by taking over certain tasks that in tradi-
tional CASE tools are left to the responsibility of the designer. In this section
we first discuss the tasks that can be performed by a Description Logic system
by relying on its reasoning capabilities, thus identifying the essential reasoning
services that the system should provide. We then briefly discuss a technique
for reasoning on ALCQI knowledge bases. Finally, we discuss how reasoning
in ALCQI does indeed capture the reasoning services for the semantic and
object-oriented schemata described in the paper.

8.5.1 Reasoning Tasks in Data Modeling

Traditional database modeling tools support the designer with a user friendly
graphical environment and provide means to access different kinds of repos-
itories that store information associated to the elements of the developed
schemata. However, these tools do not provide any support for higher level
activities related to managing the complexity of schemata. In particular, the
burden of checking relevant properties of schemata, such as consistency or re-
dundancy, is left to the responsibility of the designer.

There are different ways in which ALCQI knowledge bases may enter the
database modeling process and may be used by a system to support this activity.

A knowledge base may be the result of a direct translation by a CASE
tool from a database schema expressed in one of the traditional (object-
oriented or semantic) data models. Notice that due to the expressiveness
of ALCQI several additional constraints that cannot be directly expressed
in the source data model may be expressed by the designer and included in
the knowledge base, in order to be considered by the reasoning procedures.

A knowledge base may be constructed and managed by the design tool in
a way completely transparent to the designer in order to perform various
kinds of checks on the schemata.
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SUPERVISING �̇ ∀Sby.Professor ⊓ ∃
=1

Sby ⊓ ∀Sof.GradStudent ⊓ ∃
=1

Sof

Professor �̇ ∃
≥1

Tby
−

.∀Tof.AdvCourse ⊓ ∀Sby
−

.SUPERVISING ⊓ ∃
≤2

Sby
−

GradStudent �̇ ∃
≥2Ein−.∀Eof.AdvCourse ⊓ ∃

≤4Ein−.∀Eof.AdvCourse ⊓

∀Sof−.SUPERVISING ⊓ ∃
=1Sof−

AdvCourse �̇ ∀Eof
−

.∀Ein.GradStudent

Figure 8.6 An inconsistent extension of the knowledge base shown in Figure 8.2

ALCQI may be used as a unifying formalism in which to express schemata
in different data models for the purpose of integration. In this case,
additional assertions may be added to those resulting from the individual
schemata in order to express so called interschema constraints [CL93;
Hul97].

Once a formalization of a schema in terms of ALCQI is provided, the check-
ing of properties which ensure correctness and optimality of a design, can be
turned into reasoning tasks in ALCQI. Such properties are addressed in the
following.

8.5.1.1 Schema Consistency. A schema is consistent, if there is a
(nonempty) database that satisfies (all constraints specified in) the schema.
Although the problem of checking schema consistency arises already in rela-
tively simple data models (e.g. the ER model without is-a relations [LN90]), it
becomes much more difficult to solve if the expressiveness of the formalism is
increased.

Example 5 Consider augmenting the ER schema in Figure 8.1 with a new re-
lationship SUPERVISING, which is linked with role Sby to Professor and with
role Sof to GradStudent, each with suitable cardinality constraints. Addition-
ally we want to impose more realistic constraints on the relationship ENROLLING

between AdvCourse and GradStudent. These additional constraints, which
cannot be stated in the ER model, are expressed (together with the translation
of the relationship SUPERVISING) as assertions in ALCQI in Figure 8.6. They
express that advanced courses may enroll only graduate students, and each
such student must be enrolled in at least 2 and at most 4 advanced courses.
We impose also that each professor must teach at least one advanced course.

The formalization above seems reasonable. It turns out, however, that the
knowledge base which is the union of the assertions in Figures 8.2 and 8.6
(and of the disjointness assertions stemming from the translation of the ER
schema) is unsatisfiable. In order to understand why, one has to consider that
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the cardinality constraints on the participation of an entity in a relationship
pose restrictions on the number of their instances. For example, they enforce
that in every legal database state, the number of instances of GradStudent

is the same as the number of instances (i.e. reified tuples) in SUPERVISING.
When such constraints appear along a cycle in the schema it may happen that
they cannot be satisfied together. For this to be the case, the assumption that
the database contains a finite number of objects is essential. In the exam-
ple, one such cycle is constituted by: AdvCourse, ENROLLING, GradStudent,
SUPERVISING, Professor, TEACHING, and back to AdvCourse.

It is worth emphasizing, that situations like the one exemplified above are
not unusual in practice. They are generally difficult to discover until the data
base population stage, where handling them can be rather inconvenient.

8.5.1.2 Class Consistency. A class is consistent, if it has a nonempty
extension in some database that satisfies the schema. The inconsistency of a
class may be due to a design error or due to over-constraining. In any case,
the designer can be forced to remove the inconsistency, either by correcting the
error, or by relaxing some constraints, or by deleting the class, thus removing
redundancy from the schema. Observe also that while schema consistency
follows from consistency of all classes in the schema (in fact from consistency
of at least one class), the converse is in general not true.

8.5.1.3 Class Equivalence. Two classes are equivalent if they denote the
same set of instances in all databases that satisfy the schema. Determining
equivalence of two classes allows for their merging, thus reducing the complexity
of the schema. It is worth emphasizing that such an operation is in practice
a very difficult task. Moreover, the ability to introduce definitions, allows
for a hierarchical structuring of the schema which can be used to support a
refinement approach to schema design, while ensuring the overall consistency.

8.5.1.4 Class Subsumption. A class C1 is subsumed by a class C2 if in
all databases that satisfy the schema the extension of C1 is a subset of the
extension of C2. Subsumption allows one to deduce properties for one class
from those of another one. It is also the basis for a classification of all the
classes that appear in a schema within a lattice. Such a classification, as in any
object-oriented approach, can be exploited in several ways within the modeling
process [BN94].

Example 6 Suppose we extend now the ER schema in Figure 8.1 as shown in
Figure 8.7, linking the relationship SUPERVISING, with role Sby to GradStudent

and with role Sof to Student. The cardinality constraints express that each
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SUPERVISING �̇ ∀Sby.GradStudent ⊓ ∃
=1

Sby ⊓ ∀Sof.Student ⊓ ∃
=1

Sof

GradStudent �̇ ∃
≤1

Sby
−

⊓ ∀Sby
−

.SUPERVISING

Student �̇ ∃
≥1

Sof
−

⊓ ∀Sof
−

.SUPERVISING

Figure 8.7 An extension of the knowledge base shown in Figure 8.2 which forces equiva-

lence of two classes

student has at least one supervisor and that each graduate student supervises at
most one student. Now the constraints we have imposed force the two classes
Student and GradStudent to have the same number of instances, and since
the extension of GradStudent is a subset of the extension of Student (and
the domain is assumed to be finite), the two classes are in fact equivalent. We
can also say that Student is subsumed by GradStudent in this augmented
schema. Observe that this property may have consequences on other classes
in the schema. If, for example we introduce a new subclass BasicCourse of
Course, and require by means of

BasicCourse �̇ Course ⊓ ∀Ein−.∀Eof.¬GradStudent ⊓ ∃≥1Ein−

that basic courses enroll only students which are not graduate, and there should
be at least one enrolled student, then BasicCourse is inconsistent.

8.5.1.5 Logical Consequence. A property is a logical consequence of a
schema if it holds in all databases that satisfy the schema. The properties that
should be considered are those of the same form as the constraints that can be
expressed in the schema definition language. Determining logical consequence
is at the basis of all types of reasoning that a Description Logic system can
provide. In particular, all reasoning tasks we have considered above can be
rephrased in terms of logical consequence. For example, a class A is inconsistent
in a schema if and only if the constraint A �̇ ⊥ is a logical consequence of
the assertions in the schema. Logical consequence is useful on the one hand
to reduce the complexity of the schema by removing those constraints that
logically follow from other ones, and on the other hand it can be used to explicit
properties that are implicit in the schema, thus enhancing its readability.

8.5.2 Realization of Reasoning

In order to provide the above mentioned services, we first address the decid-
ability of the relevant reasoning tasks in ALCQI knowledge bases, and then
illustrate how the method can be applied to perform reasoning tasks that are
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specific to semantic data models and object-oriented schemata. In this way
reasoning can effectively support the designer in the data modeling activity.

8.5.2.1 Reasoning in ALCQI. The richness of constructs available in
ALCQI, which in addition to the basic Description Logic constructs includes
inverse of roles, qualified number restrictions and cyclic assertions, makes rea-
soning on a knowledge base a nontrivial task. We recall that in a data modeling
setting we are interested in finite model reasoning.

First, we observe that all reasoning tasks can immediately be reduced to the
fundamental problem of checking the satisfiability of a single atomic concept.
In fact, a knowledge base K is satisfiable if and only if ⊤ is satisfiable in K,
and K implies the inclusion assertion C1 �̇ C2 if and only if C1 ⊓ ¬C2 is not
satisfiable in K. Moreover, it is sufficient to treat the satisfiability of an atomic
concept, since an arbitrary concept expression C is satisfiable in K, if and only
if a newly introduced atomic concept A is satisfiable in K ∪ {A

.
= C}.

Checking the satisfiability of a single atomic concept A in an ALCQI knowl-
edge base K can be done by exploiting the technique developed in [Cal96a]. The
method extends the one developed in [CLN94] for a simpler logic, and is based
on the construction of a particular system ΨA

K of linear inequations, and the
search for particular (acceptable) solutions of ΨA

K (see [Cal96b] for full details).
The size of ΨA

K is in the worst case doubly exponential in the size of K, while
the search for acceptable solutions can be done in polynomial time in the size
of the system. Thus we obtain a decision procedure for all reasoning tasks that
works in deterministic double exponential time.

We notice that in the case discussed in [CLN94], where the schema contains
no equality assertions and certain constructs are used only in a restricted way
(negation is allowed only in front of atomic concepts, and all number restrictions
are non-qualified, i.e. of the form ∃≥nR or ∃≤nR) the size of the system can be
kept single exponential in the size of K. Such a case is of particular interest,
since the basic constructs of semantic and object-oriented data models can be
expressed in this language. A discussion on the optimization techniques for the
proposed framework is presented in [CL94a].

8.5.2.2 Reasoning in Semantic and Object-Oriented Data Models.
The decidability of reasoning in ALCQI together with the characterization of
semantic and object-oriented data models developed in Sections 8.3.2 and 8.4.2
provides a method to reason in these data models.

In particular, the consistency of an entity E in an ER schema can be
rephrased as the problem of checking whether the concept corresponding to
E is satisfiable in the translation of the schema. Analogously, subtyping in
object-oriented schemata, i.e. checking whether a type denotes a subset of an-
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other type in every legal instance of a schema can be accomplished by checking
whether subsumption between the translated type expressions follows from the
translation of the schema. Moreover, type consistency, i.e. checking whether a
type is consistent in a legal instance of the schema, can be reduced to concept
consistency.

A number of attempts have been previously made to characterize reasoning
problems and devise reasoning techniques for semantic [CFP84; LN90; DL93;
HK87] and object-oriented data models [AK89; BS92; BN94]. There is also
significant work on reasoning about dependencies in the relational model (see
e.g. [CFP84; CK86; GM85; CKV90; AHV95]), although it has no tight rela-
tionship to the framework addressed here.

With respect to reasoning on Entity-Relationship schemata, previous
work [CTF88; LN90] addressed less expressive formalisms, and therefore the
reasoning techniques for Description Logics can provide extensions towards a
a significantly more expressive framework. Similar considerations apply with
respect to the proposals to perform type consistency and inheritance reasoning
on object-oriented data models. As an example, the type consistency and type
subsumption algorithms in [BN94] for an expressive object-oriented formalism,
which allows for the definition of classes by means of necessary and sufficient
conditions, could further be extended in order to take into account also union
types and inverse attributes.

By identifying reasoning in ALCQI as the basis for reasoning on semantic
and object-oriented data models we are able to combine the features of the two
approaches, while retaining the decidability of the reasoning problems. More-
over, the combination of two language constructs is for the first time taken into
consideration with regard to reasoning in data models, namely negation and
disjunction. Clearly, such a generality leads to a high computational complex-
ity and in order to make the proposed approach feasible in a practical setting
further analysis is required, that is beyond the scope of the present paper.
Nonetheless, the proposed approach does provide a uniform basis for reasoning
on semantic and object-oriented data models.

8.6 CONCLUSIONS

In this paper we have presented a unified view of the formalisms for conceptual
data modeling, by adopting the language of Description Logics as a common
basis. Such logics, which originated from the formalization of frame-based
systems and semantic networks, provide enough expressive power to give a
translation of the most popular semantic and object-oriented data modeling
languages. A feature of Description Logics is that both the expressiveness of
the language and the associated reasoning capabilities can be related to the set
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of constructs that are admitted in the language. Therefore, the comparison of
data modeling formalisms has been done in terms of the constructs that are
needed in order to enable the translation in Description Logics.

The use of Description Logics as a framework for data modeling has a num-
ber of consequences that we have addressed in the paper. First of all, it shows
that semantic and object-oriented data modeling formalisms have several com-
monalities and a few distinguishing features. Second, we have seen how both
modeling frameworks can be enriched by including several constructs of De-
scription Logics, thus providing additional expressive capabilities. Third, we
have discussed how the reasoning methods developed for Description Logics
can provide the basic reasoning services that are needed to support the data
modeling process.
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