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Abstract

Knowledge base exchange is an important problem
in the area of data exchange and knowledge rep-
resentation, where one is interested in exchanging
information between a source and a target knowl-
edge base connected through a mapping. In this pa-
per, we study this fundamental problem for knowl-
edge bases and mappings expressed in OWL 2 QL,
the profile of OWL 2 based on the description logic
DL-Liter. More specifically, we consider the prob-
lem of computing universal solutions, identified as
one of the most desirable translations to be ma-
terialized, and the problem of computing UCQ-
representations, which optimally capture in a target
TBox the information that can be extracted from a
source TBox and a mapping by means of unions of
conjunctive queries. For the former we provide a
novel automata-theoretic technique, and complex-
ity results that range from NP to EXPTIME, while
for the latter we show NLOGSPACE-completeness.

1 Introduction

Complex forms of information, maintained in different for-
mats and organized according to different structures, often
need to be shared between agents. In recent years, both in
the data management and in the knowledge representation
communities, several settings have been investigated that ad-
dress this problem from various perspectives: in informa-
tion integration, uniform access is provided to a collection of
data sources by means of an ontology (or global schema) to
which the sources are mapped [Lenzerini, 2002]]; in peer-to-
peer systems, a set of peers declaratively linked to each other
collectively provide access to the information assets they
maintain [Kementsietsidis et al., 2003}, |Adjiman et al., 2006
Fuxman et al., 2006]|; in ontology matching, the aim is to un-
derstand and derive the correspondences between elements in
two ontologies [Euzenat and Shvaiko, 2007; |Shvaiko and Eu-
zenat, 2013]; finally, in data exchange, the information stored
according to a source schema needs to be restructured and
translated so as to conform to a target schema [Fagin ef al.,
2005}, Barceld, 2009].

The work we present in this paper is inspired by the lat-
ter setting, investigated in databases. We study it, how-
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ever, under the assumption of incomplete information typical
of knowledge representation [Arenas et al., 2011]]. Specif-
ically, we investigate the problem of knowledge base ex-
change, where a source knowledge base (KB) is connected
to a target KB by means of a declarative mapping speci-
fication, and the aim is to exchange knowledge from the
source to the target by exploiting the mapping. We rely
on a framework for KB exchange based on lightweight De-
scription Logics (DLs) of the DL-Lite family [Calvanese
et al., 2007|], recently proposed in [Arenas et al., 2012a;
Arenas et al., 2012b]: both source and target are KBs consti-
tuted by a DL TBox, representing implicit information, and
an ABox, representing explicit information, and mappings are
sets of DL concept and role inclusions. Note that in data and
knowledge base exchange, differently from ontology match-
ing, mappings are first-class citizens. In fact, it has been rec-
ognized that building schema mappings is an important and
complex activity, which requires the designer to have a thor-
ough understanding of the source and how the information
therein should be related to the target. Thus, several tech-
niques and tools have been developed to support mapping de-
sign, e.g., exploiting lexical information [Fagin et al., 2009].
Here, similar to data exchange, we assume that for building
mappings the target signature is given, but no further axioms
constraining the target knowledge are available. In fact, such
axioms are derived from the source KB and the mapping.

We consider two key problems: (i) computing universal
solutions, which have been identified as one of the most desir-
able translations to be materialized; (ii) UCQ-representability
of a source TBox by means of a target TBox that captures at
best the intensional information that can be extracted from
the source according to a mapping using union of conjunc-
tive queries. Determining UCQ-representability is a crucial
task, since it allows one to use the obtained target TBox to
infer new knowledge in the target, thus reducing the amount
of extensional information to be transferred from the source.
Moreover, it has been noticed that in many data exchange ap-
plications users only extract information from the translated
data by using specific queries (usually conjunctive queries),
so query-based notions of translation specifically tailored
to store enough information to answer such queries have
been widely studied in the data exchange area [Madhavan
and Halevy, 2003 [Fagin et al., 2008 |Arenas et al., 2009;
Fagin and Kolaitis, 2012; Pichler et al., 2013]]. For these



two problems, we investigate both the task of checking mem-
bership, where a candidate universal solution (resp., UCQ-
representation) is given and one needs to check its correct-
ness, and non-emptiness, where the aim is to determine the
existence of a universal solution (resp., UCQ-representation).

We significantly extend previous results in several direc-
tions. First of all, we establish results for OWL 2 QL [Motik
et al., 2012], one of the profiles of the standard Web Ontology
Language OWL 2 [Bao er al., 2012|, which is based on the
DL DL-Liter. To do so, we have to overcome the difficulty
of dealing with null values in the ABox, since these become
necessary in the target to represent universal solutions. Also,
for the first time, we address disjointness assertions in the
TBox, a construct that is part of OWL 2 QL. The main contri-
bution of our work is then a detailed analysis of the computa-
tional complexity of both membership and non-emptiness for
universal solutions and UCQ-representability. For the non-
emptiness problem of universal solutions, previous known re-
sults covered only the simple case of DL-Lite .5, the RDFS
fragment of OWL 2 QL, in which no new facts can be in-
ferred, and universal solutions always exist and can be com-
puted in polynomial time via a chase procedure (see [Cal-
vanese et al., 2007]). We show that in our case, instead, the
problem is PSPACE-hard, hence significantly more complex,
and provide an EXPTIME upper bound based on a novel ap-
proach exploiting two-way alternating automata. We provide
also NP upper bounds for the simpler case of ABoxes with-
out null values, and for the case of the membership prob-
lem. As for UCQ-representability, we adopt the notion of
UCQ-representability introduced in [[Arenas et al., 2012a};
Arenas et al., 2012b]l and extend it to take into account dis-
jointness of OWL 2 QL. For that case we show NLOGSPACE-
completeness of both non-emptiness and membership, im-
proving on the previously known PTIME upper bounds.

The paper is organized as follows. In Section [2] we give
preliminary notions on DLs and queries. In Section [3| we
define our framework of KB exchange and discuss the prob-
lem of computing solutions. In Section |4, we overview our
contributions, and then we provide our results on computing
universal solutions in Section[5] and on UCQ-representability
in Section[6] Finally, in Section[7} we draw some conclusions
and outline issues for future work.

2 Preliminaries

The DLs of the DL-Lite family [Calvanese et al., 2007|] of
light-weight DLs are characterized by the fact that standard
reasoning can be done in polynomial time. We adapt here
DL-Liter, the DL underlying OWL 2 QL, and present now
its syntax and semantics. Let No, N, N,, Ny be pairwise
disjoint sets of concept names, role names, constants, and
labeled nulls, respectively. Assume in the following that A €
N¢ and P € Ng; in DL-Literz, B and C are used to denote
basic and arbitrary (or complex) concepts, respectively, and
R and @ are used to denote basic and arbitrary (or complex)
roles, respectively, defined as follows:

R:=P| P B
Q =R | R C

A| 3R
B | -B

From now on, for a basic role R, we use R~ to denote P~
when R = P, and P when R = P—.

A TBox is a finite set of concept inclusions B © C and
role inclusions R T (). We call an inclusion of the form
Bi1 C =By or Ry C — Ry a disjointness assertion. An ABox
is a finite set of membership assertions B(a), R(a,b), where
a,b € N,. In this paper, we also consider extended ABoxes,
which are obtained by allowing labeled nulls in membership
assertions. Formally, an extended ABox is a finite set of mem-
bership assertions B(u) and R(u, v), where u, v € (N,UNy).
Moreover, a(n extended) KB K is a pair (T, A), where T is a
TBox and A is an (extended) ABox.

A signature ¥ is a finite set of concept and role names. A
KB K is said to be defined over (or simply, over) ¥ if all the
concept and role names occurring in K belong to ¥ (and like-
wise for TBoxes, ABoxes, concept inclusions, role inclusions
and membership assertions). Moreover, an interpretation 1
of ¥ is a pair (AZ,.Z), where AZ is a non-empty domain and
L is an interpretation function such that: (1) AZ C AZ, for
every concept name A € X; (2) PT C AT x AZ, for ev-
ery role name P € ¥; and (3) af € AZ, for every constant
a € N,. Function -Z is extended to also interpret concept and
role constructs:

(AR)? = {x € AT |3y € AT such that (z,y) € R%};
(P7)F = {(y,2) € AT x AT | (w,y) € P*};
(B = AP\BT, (R = (AT x AT)\ RZ.

Note that, consistently with the semantics of OWL 2 QL, we
do not make the unique name assumption (UNA), i.e., we
allow distinct constants a,b € N, to be interpreted as the
same object, i.e., a® = b. Note also that labeled nulls are
not interpreted by 7.

Let Z = (AZ,-T) be an interpretation over a signature ¥.
Then 7 is said to satisfy a concept inclusion B C C over ¥,
denoted by Z = B C C, if BT C CZ; 7 is said to satisfy
arole inclusion R C @ over %, denoted by Z = R C @, if
RT C QI ; and Z is said to satisfy a TBox T over X, denoted
byZ = T,if Z |E o forevery a € T. Moreover, satisfaction
of membership assertions over X is defined as follows. A
substitution over T is a function h : (N, U Ny) — AZ such
that h(a) = a” for every a € N,. Then Z is said to satisfy
an (extended) ABox A, denoted by Z |= A, if there exists a
substitution h over Z such that:

— for every B(u) € A, it holds that h(u) € B; and

— for every R(u,v) € A, it holds that (h(u), h(v)) € RZ.
Finally, 7 is said to satisfy a(n extended) KB K = (T, A),
denoted by Z = K, if Z = T and Z |= A. Such Z is called
a model of K, and we use MOD(K) to denote the set of all
models of K. We say that K is consistent if MOD(K) # (.

As is customary, given an (extended) KB K over a signa-
ture > and a membership assertion or an inclusion « over %,

we use notation £ = « to indicate that for every interpreta-
tionZ of X,if Z |= K, then 7 |= ..

2.1 Queries and certain answers

A k-ary query q over a signature 3, with k > 0, is a func-
tion that maps every interpretation (A%, -Z) of X into a k-ary
relation ¢Z C (AZ)*. In particular, if £ = 0, then q is said



to be a Boolean query, and ¢ is either a relation containing
the empty tuple () (representing the value true) or the empty
relation (representing the value false). Given a KB K over 3,
the set of certain answers to q over K, denoted by cert(q, ),
is defined as:

Nzemonoy{(a1, - -, ak) |

{a1,...,ax} € N, and (a7, ... al) € ¢*},

Notice that the certain answer to a query does not contain
labeled nulls. Besides, notice that if ¢ is a Boolean query,
then cert(q, K) evaluates to true if ¢Z evaluates to true for
every Z € MoD(K), and it evaluates to false otherwise.

A conjunctive query (CQ) over a signature 3 is a formula
of the form ¢(%) = 3y. ¢(Z, ¥), where Z, i/ are tuples of vari-
ables and ¢(Z, §) is a conjunction of atoms of the form A(t),
with A a concept name in X, and P(¢,t’), with P arole name
in X, where each of ¢,t’ is either a constant from N, or a
variable from Z or j. Given an interpretation Z = (A%, .T)
of 3, the answer of ¢ over Z, denoted by qI , 1s the set of tu-

ples @ of elements from AZ for which there exist a tuple b

of elements from A7 such that 7 satisfies every conjunct in

o(d, 5) A union of conjunctive queries (UCQ) over a signa-
ture 3 is a formula of the form ¢(Z) = \/|_, ¢;(Z), where
each ¢; (1 < i < n)is a CQ over X, whose semantics is
defined as ¢* = ], ¢7.

3 Exchanging OWL 2 QL Knowledge Bases

We generalize now, in Section [3.1] the setting proposed in
[Arenas et al., 2011]] to OWL 2 QL, and we formalize in Sec-
tion [3.2] the main problems studied in the rest of the paper.

3.1 A knowledge base exchange framework for
OWL2QL

Assume that X1, Yo are signatures with no concepts or roles
in common. An inclusion £y T Fs is said to be from X1 to
Yo, if E is a concept or a role over 3; and F is a concept
or a role over Y5. A mapping is a tuple M = (X1, 32, T12),
where 712 is a TBox consisting of inclusions from ¥; to
35 [Arenas et al., 2012all. Recall that in this paper, we deal
with DL-Lite; TBoxes only, so 712 is assumed to be a set of
DL-Liter concept and role inclusions. The semantics of such
a mapping is defined in [Arenas er al., 2012a] in terms of a
notion of satisfaction for interpretations, which has to be ex-
tended in our case to deal with interpretations not satisfying
the UNA (and, more generally, the standard name assump-
tion). More specifically, given interpretations Z, J of ¥; and
3o, respectively, pair (Z, J) satisfies TBox T12, denoted by
(Z,J) |= T2, if (i) for every a € N, it holds that aZ = a7,
(i) for every concept inclusion B T C' € Ty, it holds that
BZ C 7, and (iii) for every role inclusion R C Q) € Tqo, it
holds that RZ C QY. Notice that the connection between the
information in Z and J is established through the constants
that move from source to target according to the mapping. For
this reason, we require constants to be interpreted in the same
way in Z and J, i.e., they preserve their meaning when they
are transferred. Besides, notice that this is the only restric-
tion imposed on the domains of Z and J (in particular, we
require neither that AZ = AY nor that AT C A7). Finally,

SAT 4(Z) is defined as the set of interpretations 7 of X5 such
that (Z, J) = T12, and given a set X of interpretations of 31,
SAT A (X) is defined as (U7 SAT ().

The main problem studied in the knowledge exchange area
is the problem of translating a KB according to a mapping,
which is formalized through several different notions of trans-
lation (for a thorough comparison of different notions of so-
lutions see [[Arenas et al., 2012a]). The first such notion
is the concept of solution, which is formalized as follows.
Given a mapping M = (X1, 32, T12) and KBs Ky, Ko over
31 and Yo, respectively, Ko is a solution for Ky under M
if MOD(K2) C SATA(MOD(Kq)). Thus, Ky is a solu-
tion for ; under M if every interpretation of Xy is a valid
translation of an interpretation of X; according to M. Al-
though natural, this is a mild restriction, which gives rise to
the stronger notion of universal solution. Given M, K; and
Ko as before, Ko is a universal solution for K1 under M
if MoD(K3) = SATM(MOD(K7)). Thus, Ky is designed
to exactly represent the space of interpretations obtained by
translating the interpretations of K; under M [Arenas et al.,
2012all. Below is a simple example demonstrating the notion
of universal solutions. This example also illustrates some is-
sues regarding the absence of the UNA, which has to be given
up to comply with the OWL 2 QL standard, and regarding the
use of disjointness assertions.

Example 3.1 Assume M = ({F(-),G(\)},{F'(-),G' (")},
Ti2), where Tio = {F C F/, G C G'}, and let K1 =
(T, A1), where T = {} and = {F(a),G(b)}. Then
the ABox Ay = {F'(a),G'(b)} isa universal solution for ICq
under M.

Now, if we add a seemingly harmless disjointness assertion
{F C =G} o Ty, we obtain that As is no longer a universal
solution (not even a solution) for K1 under M. The reason
for that is the lack of the UNA on the one hand, and the pres-
ence of the disjointness assertion in T; on the other hand. In
fact, the latter forces a and b to be interpreted differently in
the source. Thus, for a model J of Ao such that ad = b7
and F'7 = GV = {a7}, there exists no model T of K,
such that (Z,J) |= Tia (Which would require a* = a7 and
b = b7 ). In general, there exists no universal solution for
K1 under M, even though K1 and T2 are consistent with
each other.

A second class of translations is obtained in [[Arenas et al.,
2012a] by observing that solutions and universal solutions are
too restrictive for some applications, in particular when one
only needs a translation storing enough information to prop-
erly answer some queries. For the particular case of UCQ,
this gives rise to the notions of UCQ-solution and universal
UCQ-solution. Given a mapping M = (31, %9, 7T12), a KB
K1 = (T1, A1) over X1 and a KB Kz over 3, Ko is a UCQ-
solution for IC; under M if for every query ¢ € UCQ over
Yo: cert(q,(Th U Tia, A1) C cert(q,Ka), while Ko is a
universal UCQ-solution for Ky under M if for every query
q € UCQ over Xo: cert(q, (T1 U T12,A1)) = cert(q, K2).

Finally, a last class of solutions is obtained in [Arenas e
al., 2012all by considering that users want to translate as much
of the knowledge in a TBox as possible, as a lot of effort
is put in practice when constructing a TBox. This observa-



tion gives rise to the notion of UCQ-representation [Arenas ef
al., 2012all, which formalizes the idea of translating a source
TBox according to a mapping. Next, we present an alternative
formalization of this notion, which is appropriate for our set-
ting where disjointness assertions are consideredﬂ Assume
that M = (X1, X9, T12) and T;, 72 are TBoxes over ¥; and
3o, respectively. Then T3 is a UCQ-representation of 7 un-
der M if for every query ¢ € UCQ over X5 and every ABox
A over ¥ that is consistent with 77:

cert(q, {T1 U Ti2, A1) =
ﬂ cert(q, (T2, A2)). ()

Ay : Ag is an ABox over X5 that
is a UCQ-solution for A7 under M

Notice that in the previous definition, As is said to be a UCQ-
solution for .A; under M if the KB (), As) is a UCQ-solution
for the KB (0, A;) under M. Let us explain the intuition
behind the definition of the notion of UCQ-representation.
Assume that 77, T2, M satisfy (f). First, 72 captures the
information in 77 that is translated by M and that can be
extracted by using a UCQ, as for every ABox A; over ¥
that is consistent with 77 and every UCQ ¢ over X, if we
choose an arbitrary UCQ-solution A5 for A; under M, then
it holds that cert(q, (T1 UT12,A1)) C cert(q, (T2,.A2)). No-
tice that A, is required to be consistent with 7; in the pre-
vious condition, as we are interested in translating data that
make sense according to 77. Second, 73 does not include any
piece of information that can be extracted by using a UCQ
and it is not the result of translating the information in 77
according to M. In fact, if A; is an ABox over ¥; that is
consistent with 77 and ¢ is a UCQ over X, then it could be
the case that cert(q, (T U Ti2, A1) C cert(q, (T2, A%)) for
some UCQ-solution A3 for A; under M. However, the ex-
tra tuples extracted by query ¢ are obtained from the extra
information in 43, as if we consider a tuple @ that belong to
cert(q, (T2, A2)) for every UCQ-solution A, for .A; under
M, then it holds that @ € cert(q, (71 U Tiz2, A1)).

Example 3.2 Assume that M = ({F(-),G(-),H(-),D(-)},
{F'("),G'(-),H'(-)}, Ti2), where T12 = {F C F',G C
G'H C H'}, and let TT = {F C G}. As expected, TBox
To = {F’' C G'} is a UCQ-representation of T; under M.
Moreover, we can add the inclusion D T —H' to Tis, and
T2 will still remain a UCQ-representation of T, under M.
Notice that in this latter setting, our definition has to deal
with some ABoxes A; that are consistent with T, but not with
Ti U Tia, for instance Ay = {H(a),D(a)} for some con-
stant a. In those cases, Equation (ﬁ]) is trivially satisfied, since
MoOD((T1 U T12,A1)) = 0 and the set of UCQ-solutions for
A1 under M is empty.

3.2 On the problem of computing solutions

Arguably, the most important problem in knowledge ex-
change [Arenas et al., 2011; |Arenas ef al., 2012all, as well
as in data exchange [Fagin et al., 2005} Kolaitis, 2005], is

'If disjointness assertions are not allowed, then this new notion
can be shown to be equivalent to the original formalization of UCQ-
representation proposed in [Arenas ef al., 2012a].

the task of computing a translation of a KB according to a
mapping. To study the computational complexity of this task
for the different notions of solutions presented in the previous
section, we introduce the following decision problems. The
membership problem for universal solutions (resp. universal
UCQ-solutions) has as input a mapping M = (X1, X2, T12)
and KBs /1, Ko over X7 and X5, respectively. Then the ques-
tion to answer is whether K5 is a universal solution (resp. uni-
versal UCQ-solution) for C; under M. Moreover, the mem-
bership problem for UCQ-representations has as input a map-
ping M = (X1, %5, T12) and TBoxes 71, 73 over X1 and Yo,
respectively, and the question to answer is whether 75 is a
UCQ-representation of 7; under M.

In our study, we cannot leave aside the existential versions
of the previous problems, which are directly related with the
problem of computing translations of a KB according to a
mapping. Formally, the non-emptiness problem for univer-
sal solutions (resp. universal UCQ-solutions) has as input a
mapping M = (X1, X2, T12) and a KB Ky over ;. Then the
question to answer is whether there exists a universal solution
(resp. universal UCQ-solution) for C; under M. Moreover,
the non-emptiness problem for UCQ-representations has as
input a mapping M = (21, X3, T12) and a TBox 77 over X1,
and the question to answer is whether there exists a UCQ-
representation of 77 under M.

4 Our contributions

In Section[3.2] we have introduced the problems that are stud-
ied in this paper. It is important to notice that these problems
are defined by considering only KBs (as opposed to extended
KBs), as they are the formal counterpart of OWL 2 QL. Nev-
ertheless, as shown in Section E} there are natural examples
of OWL 2 QL specifications and mappings where null values
are needed when constructing solutions. Thus, we also study
the problems defined in Section[3.2]in the case where transla-
tions can be extended KBs. It should be noticed that the no-
tions of solution, universal solution, UCQ-solution, universal
UCQ-solution, and UCQ-representation have to be enlarged
to consider extended KBs, which is straightforward to do. In
particular, given a mapping M = (X1, X2, 7T12) and TBoxes
T1, T2 over X1 and X5, respectively, 7 is said to be a UCQ-
representation of 7; under M in this extended setting if in
Equation @), As is an extended ABox over X, that is a UCQ-
solution for A; under M.

The main contribution of this paper is to provide a de-
tailed analysis of the complexity of the membership and
non-emptiness problems for the notions of universal solu-
tion and UCQ-representation. In Figure [I] we provide a
summary of the main results in the paper, which are ex-
plained in more detail in Sections [5] and [6] It is important
to notice that these results considerably extend the previous
known results about these problems [Arenas et al., 2012a;
Arenas et al., 2012bl. 1In the first place, the problem of
computing universal solutions was studied in [Arenas ef al.,
2012all for the case of DL-Lite,,ys, a fragment of DL-Liter
that allows neither for inclusions of the form B T 3R nor
for disjointness assertions. In that case, it is straightfor-
ward to show that every source KB has a universal solution



Membership

ABoxes

extended ABoxes

Non-emptiness ABoxes extended ABoxes

Universal solutions

in NP

NP-complete

Universal solutions in NP PSPACE-hard, in EXPTIME

UCQ-representations

NLOGSPACE-complete

UCQ-representations NLOGSPACE-complete

Figure 1: Complexity results obtained in the paper about the membership and non-emptiness problems.

that can be computed by using the chase procedure [Cal-
vanese ef al., 2007|]l. Unfortunately, this result does not pro-
vide any information about how to solve the much larger
case considered in this paper, where, in particular, the non-
emptiness problem is not trivial. In fact, for the case of the
notion of universal solution, all the lower and upper bounds
provided in Figure [1| are new results, which are not conse-
quences of the results obtained in [Arenas er al., 2012a]. In
the second place, a notion of UCQ-representation that is ap-
propriate for the fragment of DL-Liteg not including dis-
jointness assertions was studied in [Arenas er al., 2012a;
Arenas et al., 2012b]l. In particular, it was shown that the
membership and non-emptiness problems for this notion are
solvable in polynomial time. In this paper, we consider-
ably strengthen these results: (i) by generalizing the defini-
tion of the notion of UCQ-representation to be able to deal
with OWL 2 QL, that is, with the entire language DL-Liter
(which includes disjointness assertions); and (ii) by showing
that the membership and non-emptiness problems are both
NLOGSPACE-complete in this larger scenario.

It turns out that reasoning about universal UCQ-solutions
is much more intricate. In fact, as a second contribution of
our paper, we provide a PSPACE lower bound for the com-
plexity of the membership problem for the notion of univer-
sal UCQ-solution, which is in sharp contrast with the NP
and NLOGSPACE upper bounds for this problem for the case
of universal solutions and UCQ-representations, respectively
(see Figure [T). Although many questions about universal
UCQ-solutions remain open, we think that this is an interest-
ing first result, as universal UCQ-solutions have only been in-
vestigated before for the very restricted fragment DL-Lite ;.
of DL-Liter [Arenas et al., 2012all, which is described in the
previous paragraph.

S Computing universal solutions

In this section, we study the membership and non-emptiness
problems for universal solutions, in the cases where nulls are
not allowed (Section [5.1) and are allowed (Section [5.2) in
such solutions. But before going into this, we give an exam-
ple that shows the shape of universal solutions in DL-Liter.

Example 5.1 Assume that M = ({F(-),S(,)},{G'(")}
{35~ C G'}), and let K1 = (T1, A1), where Ty = {F C
35} and Ay = {F(a)}. Then a natural way to construct a
universal solution for IC1 under M is to ‘populate’ the target
with all implied facts (as it is usually done in data exchange).
Thus, the ABox Ay = {G'(n)}, where n is a labeled null, is a
universal solution for K1 under M if nulls are allowed. No-
tice that here, a universal solution with non-extended ABoxes
does not exist: substituting n by any constant is too restric-
tive, ruining universality.

Example 5.2 Now, assume M = ({F(-),S(-,-),T(-,)},
{8'(,)1L {S C 8T LC S}, and Ky = (T1, A1), where
Ti = {F C 35,35~ C 3S} and Ay = {F(a), T(a,a)}.
In this case, we cannot use the same approach as in Exam-
ple @] to construct a universal solution, as now we would
need of an infinite number of labeled nulls to construct such
a solution. However, as S and T are transferred to the same
role S', it is possible to use constant a to represent all im-
plied facts. In particular, in this case Ay = {S'(a,a)} is a
universal solution for IC1 under M.

5.1 Universal solutions without null values

We explain here how the NP upper bound for the non-
emptiness problem for universal solutions is obtained, when
ABoxes are not allowed to contain null values.

Assume given a mapping M = (X, X2, T12) and a KB
K1 = (T1, A1) over 31. To check whether Ky has a univer-
sal solution under M, we use the following non-deterministic
polynomial-time algorithm. First, we construct an ABox A,
over Yo containing every membership assertion « such that
(Ti U Ti2, A1) E «a, where « is of the form either B(a)
or R(a,b), and a, b are constants mentioned in .A;. Second,
we guess an interpretation Z of % such that Z = K; and
(Z,U4,) = T2, where U 4, is the interpretation of o natu-
rally corresponding?’|to .A5. The correctness of the algorithm
is a consequence of the facts that:

a) there exists a universal solution for A4, under M if and
only if As is a solution for .4; under M; and

b) A is a solution for 4; under M if and only if there
exists a model Z of Ky such that (Z,U4,) = Tio.

Moreover, the algorithm can be implemented in a non-
deterministic polynomial-time Turing machine given that:
(i) As can be constructed in polynomial time; (ii) if there
exists a model Z of Ky such that (Z,U4,) |= Ti2, then there
exists a model of I’y of polynomial-size satisfying this con-
dition; and (iii) it can be checked in polynomial time whether
T }: ICl and (I,U_AZ) ': 712.

In addition, in this case, the membership problem can be
reduced to the non-emptiness problem, thus, we have that:

Theorem 5.3 The non-emptiness and membership problems
for universal solutions are in NP.

The exact complexity of these problems remains open. In
fact, we conjecture that these problems are in PTIME.

We conclude by showing that reasoning about universal
UCQ-solutions is harder than reasoning about universal solu-
tions, which can be explained by the fact that TBoxes have

*Interpretation U4, can be defined as the Herbrand model of
As extended with fresh domain elements to satisfy assertions of the
form 3R(a) in A,.



bigger impact on the structure of universal UCQ-solutions
rather than of universal solutions. In fact, by using a reduc-
tion from the validity problem for quantified Boolean formu-
las, similar to a reduction in [Konev et al., 2011]l, we are able
to prove the following:

Theorem 5.4 The membership problem for universal UCQ-
solutions is PSPACE-hard.

5.2 Universal solutions with null values

We start by considering the non-emptiness problem for uni-
versal solutions with null values, that is, when extended
ABoxes are allowed in universal solutions. As our first result,
similar to the reduction above, we show that this problem is
PSPACE-hard, and identify the inclusion of inverse roles as
one of the main sources of complexity.

To obtain an upper bound for this problem, we use two-
way alternating automata on infinite trees (2ATA), which
are a generalization of nondeterministic automata on infinite
trees [Vardi, 1998| well suited for handling inverse roles in
DL-Liter. More precisely, given a KB /C, we first show that
it is possible to construct the following automata:

— A" is a 2ATA that accepts trees corresponding to the
canonical model of ICE]with nodes arbitrary labeled with
a special symbol G;

— AJod is a 2ATA that accepts a tree if its subtree labeled
with G corresponds to a tree model Z of K (that is, a
model forming a tree on the labeled nulls); and

— Ag, is a (one-way) non-deterministic automaton that ac-
cepts a tree if it has a finite prefix where each node is
marked with (G, and no other node in the tree is marked
with G.

Then to verify whether a KB K1 = (77, .4;) has a univer-
sal solution under a mapping M = (X4, Xs, T12), we solve
the non-emptiness problem for an automaton B defined as
the product automaton of 7, (AZ"™), mr (AR°?) and A gy,
where K = (71 U Ti2, A1), 7 (AgE™) is the projection of
AZe™ on a vocabulary I'x. not mentioning symbols from ¥,
and likewise for 7, (Aj2°%). If the language accepted by B
is empty, then there is no universal solution for /C; under M,
otherwise a universal solution (possibly of exponential size)
exists, and we can compute it by extracting the ABox encoded
in some tree accepted by B . Summing up, we get:

Theorem 5.5 [f extended ABoxes are allowed in universal
solutions, then the non-emptiness problem for universal so-
lutions is PSPACE-hard and in EXPTIME.

Interestingly, the membership problem can be solved more
efficiently in this scenario, as now the candidate universal so-
lutions are part of the input. In the following theorem, we
pinpoint the exact complexity of this problem.

Theorem 5.6 If extended ABoxes are allowed in universal
solutions, then the membership problem for universal solu-
tions is NP-complete.

If K = (T, A), then this model essentially corresponds to the
chase of A with T (see [Konev et al., 2011|| for a formal definition).

6 Computing UCQ-representations

In Section [5] we show that the complexity of the member-
ship and non-emptiness problems for universal solutions dif-
fer depending on whether ABoxes or extended ABoxes are
considered. On the other hand, we show in the following
proposition that the use of null values in ABoxes does not
make any difference in the case of UCQ-representations. In
this proposition, given a mapping M and TBoxes 71, 72, we
say that 75 is a UCQ-representation of 77 under M consid-
ering extended ABoxes if Ty, T2, M satisfy Equation () in
Section 3.1} but assuming that A; is an extended ABox over
Yo that is a UCQ-solution for A; under M.

Proposition 6.1 A TBox 7> is a UCQ-representation of a
TBox Ty under a mapping M if and only if T is a UCQ-
representation of Ty under M considering extended ABoxes.

Thus, from now on we study the membership and non-
emptiness problems for UCQ-representations assuming that
ABoxes can contain null values.

We start by considering the membership problem for UCQ-
representations. In this case, one can immediately notice
some similarities between this task and the membership prob-
lem for universal UCQ-solutions, which was shown to be
PSPACE-hard in Theorem However, the universal quan-
tification over ABoxes in the definition of the notion of UCQ-
representation makes the latter problem computationally sim-
pler, which is illustrated by the following example.

Example 6.2 Assume that M = (X1,%9,T12), where
E1 - {F(')asl('a')752('7')7Tl('7')7T2('7')}’ Z2 =
{F/(')vsl('v '),T/(', )vG,()} and Tz = {F CF.,S5 C
S, Sy C 8Ty C T T, C TV,3T]7 C G'}. Moreover,
assume that Ty = {F T 351, F C 35,357 C 373,35, C
s} and T = {F' C 35,38~ C I7", 37"~ C G'}.
If we were to verify whether (Ta,{F'(a)}) is a universal
UCQ-solution for (T1,{F(a)}) under M (which it is in this
case), then we would first need to construct the path m =
(F'(a),S'(a,n), T (n,m), G'(m)) formed by the inclusions
in Ta, where n, m are fresh null values, and then we would
need to explore the translations according to M of all paths
formed by the inclusions in Ty to find one that matches .

On the other hand, to verify whether 75 is a UCQ-
representation of T; under M, one does not need to exe-
cute any “backtracking”, as it is sufficient to consider inde-
pendently a polynomial number of pieces C taken from the
paths formed by the inclusions in T1, each of them of poly-
nomial size, and then checking whether the translation C' of
C according to M matches with the paths formed from C' by
the inclusions in T5. If any of these pieces does not satisfy
this condition, then it can be transformed into a witness that
Equation () is not satisfied, showing that T5 is not a UCQ-
representation of T1 under M (as we have a universal quan-
tification over the ABoxes over Y1 in the definition of UCQ-
representations). In fact, one of the pieces considered in this
case is C = (Tx(n,m)), where n, m are null values, which
does not satisfy the previous condition as the translation C'
of C according to M is (I"(n,m)), and this does not match
with the path (T’ (n,m), G'(m)) formed from C' by the inclu-
sions in Ta. This particular case is transformed into an ABox



Ay = {T(b,c)} and a query ¢ = T'(b,c) A G'(c), where b,
c are fresh constants, for which we have that Equation (f) is
not satisfied.

Notice that disjointness assertions in the mapping may
cause (71 U Ti2, A1) to become inconsistent for some source
ABoxes A; (which will make all possible tuples to be in the
answer to every query), therefore additional conditions have
to be imposed on 73. To give more intuition about how the
membership problem for UCQ-representations is solved, we
give an example showing how one can deal with some of
these inconsistency issues.

Example 6.3 Assume that M = (31,39, T12), where 31 =
{F(),G() HOWL S = {F'(),G(), H'()} and Tiy =
{FC F',GC G HC H'}. Moreover, assume that Ty =
{F C G} and Ts = {F' C© G'}. In this case, it is clear that
T> is a UCQ-representation of T, under M. However, if we
add inclusion H C =G’ to T1s, then Ts is no longer a UCQ-
representation of T1 under M. To see why this is the case,
consider an ABox Ay = {F(a), H(a)}, which is consistent
with Ty, and a query ¢ = F'(b), where b is a fresh constant.
Then we have that cert(q,(T1 U Ti2,A1)) = {()} as KB
(T1 U Ti2, A1) is inconsistent, while cert(q, (T2, A2)) = 0
for UCQ-solution Ay = {F'(a),H'(a)} for Ay under M.

Thus, we conclude that Equation (ﬁ]) is violated in this case.

One can deal with the issue raised in the previous example
by checking that on every pair (B, B’) of 7T;-consistent ba-
sic concepts over Elﬂ it holds that: (B, B’) is (71 U T12)-
consistent if and only if (B, B') is (712 U T2)-consistent, and
likewise for every pair of basic roles over ¥;. This condition
guarantees that for every ABox .A; over X; that is consistent
with 77, it holds that: (77 U T2, .41) is consistent if and only
if there exists an extended ABox Ay over Y5 such that A5 is
a UCQ-solution for .4; under M and (73, .As) is consistent.
Thus, the previous condition ensures that the sets on the left-
and right-hand side of Equation ({) coincide whenever the in-
tersection on either of these sides is taken over an empty set.

The following theorem, which requires of a lengthy and
non-trivial proof, shows that there exists an efficient algo-
rithm for the membership problem for UCQ-representations
that can deal with all the aforementioned issues.

Theorem 6.4 The membership  problem  for
representations is NLOGSPACE-complete.

UCQ-

We conclude by pointing out that the non-emptiness prob-
lem for UCQ-representations can also be solved efficiently.
We give an intuition of how this can be done in the following
example, where we say that 77 is UCQ-representable under
M if there exists a UCQ-representation 73 of 71 under M.

Example 6.5 Assume that M = (31, 39, T12), where 31
{F(),G(), HOY S5 = F/(),G'()} and Tiz = {F
F' G C G',H C F'}. Moreover, assume that T, = {F
G}. Then it follows that Ty U T2 E F C G, and in or-
der for T to be UCQ-representable under M, the following

condition must be satisfied:

I

*A pair (B, B) is T-consistent for a TBox 7, if the KB
(T,{B(a), B'(a)}) is consistent, where a is an arbitrary constant.

(%) there exists a concept B’ over ¥g s.t. Tia E F C B/,
and for each concept B over ¥ with T;UT12 = BC B’
it follows that T; UTio = BC G,

The idea is then to add the inclusion B’ T G’ to a UCQ-
representation Ty so that T2 U Ts = F C G’ as well. In our
case, concept F' satisfies the condition Ti2 = F T F', but it
does not satisfy the second requirement as T U T2 = H C
Fland T UT2 £ HC G Infact, F' T G’ cannot be
added to T as it would result in Tio U T2 = H C G, hence
in Equation (f)), the inclusion from right to left would be vio-
lated. There is no way to reflect the inclusion F C G’ in the
target, so in this case Ty is not UCQ-representable under M.

The proof of the following result requires of some involved
extensions of the techniques used to prove Theorem 6.4

Theorem 6.6 The non-emptiness problem for UCQ-
representations is NLOGSPACE-complete.

The techniques used to prove Theorem[6.6] which is sketched
in the example below.

Example 6.7 Consider M and Ty from Example|[6.5] but as-
suming that T1o does not contain the inclusion H T F'.
Again, T1 U T2 E F C G, but now condition (%) is sat-
isfied. Then, an algorithm for computing a representation es-
sentially needs to take any B’ given by condition (x) and add
the inclusion B' T F’ to T5. In this case, T, = {F' C G'} is
a UCQ-representation of T; under M.

7 Conclusions

In this paper, we have studied the problem of KB exchange
for OWL 2 QL, improving on previously known results with
respect to both the expressiveness of the ontology language
and the understanding of the computational properties of the
problem. Our investigation leaves open several issues, which
we intend to address in the future. First, it would be good
to have characterizations of classes of source KBs and map-
pings for which universal (UCQ-)solutions are guaranteed to
exist. As for the computation of universal solutions, while
we have pinned-down the complexity of membership for ex-
tended ABoxes as NP-complete, an exact bound for the other
case is still missing. Moreover, it is easy to see that allowing
for inequalities between terms (e.g., a # b in Example [3.1)
and for negated atoms in the (target) ABox would allow one
to obtain more universal solutions, but a full understanding of
this case is still missing. Finally, we intend to investigate the
challenging problem of computing universal UCQ-solutions,
adopting also here an automata-based approach.
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A Definitions and Preliminary Results

Let X be a DL-Liter signature; a concept name A (role name P) is said to be over X, if A € X (P € ).
A basic role R is said to be over Y., if, either it is a role name over X, or R = P~ for arole P over >; a
basic concept B is said to be over 3, if either it is a concept name, which is over ¥, or B = 3R and Ris a
basic role over >. We naturally extend these definitions to TBoxes, ABoxes, KBs, and queries; so we can
refer to 2-TBoxes or TBoxes over X, and analogiously for ABoxes, KBs, and queries.

Define relation E? to be the reflexive and transitive closure of the following relation on the set of all
basic roles over Ng:

{(Rl,RQ) | RIC Ry € TOI’R; [ R; S T},

and let Q%— be the reflexive and transitive closure of the following relation on the set of all basic concepts
over N¢:

{(B1,Bs) | B1 T By € T}U{(3R1,3R2) | R1 CF Ry}
Then define the relation - between K and the DL-Liteg membership assertions over Y as:

{(K, B(a)) | there exists a basic concept B’ s.t. A = B'(a) and B’ CS B} U
{(K, R(a,b)) | there exists a basic role R s.t. A |= R'(a,b) and R' C*¥ R}.

Notice that for consistent /C, for every membership assertion « it holds that K + « if and only if K | «
. Moreover, for every basic role R over Ng, define [R] as {S | R E? S and S E? R}, and then let <
be a partial order on the set {[R] | R is a basic role over Ny} defined as [R] <7 [S]if R C® S. For
each set [R], where R is a basic role, consider an element W(R|, Witness for [R]. Now, define a generating
relationship ~ . between the set N, U {w(g) | R is a basic role} and the set {wygj | R is a basic role}, as
follows:

o a ~x wig), if (1) K= 3R(a); (2) K I/ R(a,b) for every b € Ny; (3) [R'] = [R] for every [R'] such
that [R'] <7 [R] and K F 3R/ (a).
e wis) ~x wig, if (1) T F 357 C 3R; 2) [S7] # [R]: 3) [R] = [R] for every [R'] such that
[R'] <7 [R]and T 35~ C 3R
Denote by path(KC) the set of all KC-paths, where a KC-path is a sequence a-wyg,]-. . .- w[g,] (sometimes
we simply write aw(g,) ... w[g,)) such that a € Ny, a ~x wig,] and wig,] ~k W[R,,,] for every
i €{l,...,n — 1}. Moreover, for every o € path(K), denote by tail(c) the last element in o.

With all the previous notation, we can finally define the canonical model Uy.. The domain AUE of Uy
is defined as path(K), and a“* = a for every a € N,. Moreover, for every concept A:

A = {0 € path(K) | K+ A(tail(0)) or tail(0) = wyp and T = IR~ C A},
and for every role P, we have that PYx is defined as follows:
{(01,02) € path(K) x path(K) | K - P(tail(o1), tail(o2)); or

o3 = 01 - W), tail(o1) ~x wig) and [R] <7 [P]; or
g1 =09 - 'U}[R], tail(ag) M U}[R] and [R} ST [Pi]}

Notice that I/x defined above can be treated (by ignoring sets N“< for some concepts and role names N)

as a Y-interpretation, for any 3. Denote also by Ind(.A) the set of constants occuring in A.

Let us point out the similarity of our definition of Uy with the definition of the canonical model My

defined in [Konev et al., 2011]]. When K is consistent, many results proved there for M apply to Uyc. In
particular, from the proof of Theorem 5 in [Konev et al., 2011] we can immediately conclude:

Claim A.1 If K is consistent, Ux is a model of K.

We are going to introduce the notions of Y-types and -homomorphisms, heavily employed in the
proofs. For an interpretation Z and a signature 3, the X-types t%(m) and r%(x, y) for z,y € AT are given
by

tL(z) ={B - basic concept over ¥ | z € BT},
r&(x,y) ={R - basic role over ¥ | (z,y) € R}.



We also use tZ () and rZ(z, y) to refer to the types over the signature of all DL-Lite concepts and roles.
A Y-homomorphism from an interpretation Z to Z' is a function h : AZ — AZ such that h(a®) = aZ’,
for all individual names « interpreted in Z, tZ(z) C t& (h(z)) and r&(z,y) C r& (h(x), h(y)) for
all z,y € AT. We say that T is (finitely) X-homomorphically embeddable into I' if, for every (finite)
subinterpretation Z; of Z, there exists a ¥-homomorphism from Z; to Z’. If ¥ is a set of all DL-Lite
concepts and roles, we call ¥-homomorphism simply homomorphism.

The claim below from the proof of Theorem 5 in [Konev et al., 2011] establishes the relation between
Uy and the models of /C.

Claim A.2 For every model T |= K, there exists a homomorphism from Uy to T.
Another result follows from Theorem 5 in [Konev et al., 2011]:
Claim A.3 For each consistent KB K, every UCQ q(Z) and tuple & C N, it holds K = q[d] iff Ux |=

qlal.

It is important to notice that the notion of certain answers can be characterized through the notion of
canonical model. Finally, for a signature ¥ and two KBs K; = (77, .4;1) and Ky = (T3, As), we say that
K1 X-query entails Ko if, for all 3-queries ¢(Z) and all @ C N,, K2 = ¢[d] implies Ky = ¢[d]. The KBs
K1 and Ko are said to be X-query equivalent if K1 3-query entails Ko and vice versa. The following is a
consequence of Theorem 7 in [Konev ef al., 2011]]:

Claim A4 Let Ky and Ko be consistent KBs. Then Ky X-query entails Ko iff Ui, is finitely X-
homomorphically embeddable into U, .

B Proofs in Section

B.1 Definitions and Preliminary Results: Characterization of Universal Solutions

First, we define the notion of canonical model for extended ABoxes. Let A be an extended ABox. Without
loss of generality, assume that .4 does not contain assertions of the form 3R (z). Then the canonical model
of A, denoted V4 is defined as follows: AY4 = Null(A) U N,,, where Null(A) is the set of labeled nulls
mentioned in A, a¥4 = a for each @ € N,, A¥4 = {z € AVA | A(x) € A} for each atomic concept
A, and PY4 = {(z,y) € AV4 x AVA | P(z,y) € A} for each atomic role P. Let & be a function from
N, U N; — AVY42 guch that h(a) = a for every a € N, and h(z) = z for every z € N;. Then

Lemma B.1 V4, is a model of Ay with substitution h.
Lemma B.2 For every model T |= As, there exists a homomorphism from V 4, to L.

Proof. Let 7 be a model of A, with a substitution 2’. Then &' is the desired homomorphism from V4, to
7. O

Given an extended ABox .4, we denote by A4 the set of all constants and nulls mentioned in A,
A4 = Ind(A) U Null(A). Moreover, given an interpretation Z, the size of Z, denoted |Z|, is the sum of
cardinalities of interpretations of all predicates (the domain is not included as it is always infinite).

Let us denote by DL-Lite;” the positive fragment of DL-Lite. More precisely, a DL-Litely”* TBox is a
finite set of concept inclusions B; T Bs, where By, Bo are basic concepts, and role inclusions R; T Ro,
where Ry, Ry are basic roles, and a DL-Litef;” KB K is a pair (7, .A), where T is a DL-Lite%,” TBox and

A is an (extended) DL-Liter ABox (without inequalities).

Lemma B.3 Let M = (X1,%2, T12) be a DL-Lite}y* mapping, K1 = (T1, A1) a DL-Lite}}" KBs over
31, and As an (extended, without inequalities, without negation) ABox over ¥o. Then, Ay is a uni-
versal solution (with extended ABoxes) for K1 under M iff V 4, is Xo-homomorphically equivalent to
UT T Au)-

Proof. (=) Let A5 be a universal solution for /Uy under M. Then V4, is ¥2-homomorphically equivalent
to U, uTi,,4,) " since As is a solution, there exists Z a model of Ky such that (Z,V4,) = Ti2. Then
T UV 4, is amodel of (71 U712, Ay), therefore there is a homomorphism h from U7, u7;,,4,) 0 ZUV 4,.
As 3; and 3, are disjoint signatures it follows that £ is a ¥-homomorphism from U7, u77,,.4,) 0 Va,-
On the other hand, as A5 is a universal solution, .7, the interpretation of 35 obtained from U<7—1 UTiz, A1)
is a model of A, with a substitution h’. This A’ is exactly a homomorphism from V4, to Ui u7i,,4,)-

(«=) Assume V4, is Yp-homomorphically equivalent to U7, u7,,4,). We show that A is a universal
solution for [y under M.



First, A is a solution for /C; under M. Let J be a model of A, and h; a homomorphism from
Vi,4,) to J. Furthermore, let & be a ¥5-homomorphism from U7, u7;,,4,) t0 V.a,. Then b’ = hy o his
a Xa-homomorphism from U1, y7;,,.4,) to J. Let T be the interpretation of ¥; defined as the image of
h' applied to Uc,, T = b/ (U, ). The it is easy to see that Z is a model of Ky and (Z,J) = M as K; and
M contain only positive information. Indeed, A5 is a solution for ; under M.

Second, A5 is a universal solution. Let Z be a model of X; and J an interpretation of X5 such that
(Z,J) = M. Then, since Z/l<7—1 UTi2, A1) is the canonical model of Ky U 772, there exists a homomorphism
h from Ui, uri,,4,) t0 ZUJ (Z U J is a model of Ky U Ti2). In turn, there is a homomorphism £
from V4, to Ui7;u7i,,4,). therefore b/ = h o hy is a homomorphism from V4, to ZU 7, and a X-
homomorphism from V4, to J. Hence, J is a model of Aj: take h’ as the substitution for the labeled
nulls. By definition of universal solution, 45 is a universal solution for KC; under M. O

Definition B.4 Ler M = (31, %5, T12) be a DL-Liteg mapping, and K1 = (T1, A1) a DL-Liteg KB over
3:1. Then, we say that K1 and M are Y-positive if

(a) for each b € BYTuTi2.40) and ¢ € CHTivTi2. 40 with T, = BN C C 1, it is not the case that

b € InTarget and c € InTarget,

(b) for each (b1,by) € R¥T1vTi2.41) and (¢, ¢o) € QUTUTiz A0 with Ty E RMNQ C L for basic roles
R, Q, it is not the case that

b; € InTarget and «c¢; € InTarget fori=1,2,

(c¢) for each (a,b) € R¥TivTi2.40) and (a,c) € QUTivTi2 A0 with Ty = RN Q T L for basic roles
R, Q, it is not the case that
b € InTarget and c € InTarget,

where u
InTarget = {& € A¥TuTiz A0 | £ 1971240 () £ LU N,

(d) for each B C —~B’ € Ty, BXT10Ti2.41) = (} and
foreach R T =R’ € Tro, RHTi0T12.41) = (),

In the following, given a TBox T, we denote by 7P the subset of T without disjointness assertions,
and given a KB KC = (7, A), we denote by KP°® the KB (77°°, A) . Moreover, if M = (£, X5, T12) is
a DL-Lite mapping, then MP°* denotes the mapping (21, X, 7T557°).

Lemma B.5 Let M = (X1, X9, T12) be a DL-Liter mapping, K1 = (T1, A1) a DL-Liter KBs over 1,
and As an (extended, without inequalities, without negation) ABox over Y. Then, Ay is a universal
solution (with extended ABoxes) for K1 under M iff

1. K1 and M are Yo-positive,

2. As is a universal solution for KY°° under MP?°5.

Proof. (=) Let A5 be a universal solution for KC; under M. Then A, is a universal solution for K’l’os
under MP°s,

For the sake of contradiction, assume that /C; and M are not X5-positive, and e.g., (a) does not hold,
i.e., there is a disjointness constraint in 77 of the form B M C C L, such that b € BYTi0T12.41) and
¢ € O%riuTi2,41)  and

tg;TluTlg,-A1> (b) 0 or be N,
tZ(Tlule,Aﬁ (C) ?é @ or ce N,.

2

Let h be a 3a-homomorphism from U7, y77,,4,) 10 V.4, (it exists by Lemma|B.3). Then it follows that

22 (h(b) £0 or beN,

ty22(h(c) £0 or c€N,
Take a minimal model 7 of A, with a substitution h’ such that 4’ (h(b)) = h'(h(c)). Assume that both
b and ¢ are constants (i.e., b7 = ¢7). Then, obviously there exists no model Z of ¥; such that Z = K

and (Z,J) = Ti2: in every such Z, b must be equal to ¢Z which contradicts BN C C L, and b € B
and ¢Z € CZ. Now, assume that at least b is not a constant and tail(b) = wig) for some role R over 3;

(hence, b € (AR )*nuTi2.40 and T; = IR~ C B). Let B’ € tg;TlUT”’A” (b), then by construction of



the canonical model, 7; U Ti2 = 3R~ C B’, by homomorphism, B’(h(b)) € As, h/(h(b)) € B'7, and
since J is a minimal model, B’Y is minimal. As As is a universal solution, let Z be a model of Xy such
that (Z, J) satisfy T12. Then (3R™)Z is not empty, and by minimality of B’7, it must be the case that
h'(h(b)) € (3R™)%, hence h'(h(b)) € BZ. By a similar argument, it can be shown that 4’ (h(c)) must
be in CZ. As we took 7 such that h/(h(b)) = h'(h(c)), it contradicts that Z is a model of BN C C 1.
Contradiction with 45 being a universal solution. Similar to (a) we can derive a contradiction if assume
that (b) or (¢) does not hold.

Finally, assume (d) does not hold, i.e., B T —B’ € T and B*¥7iu7i2.41) = (. Note that A, is an
extended ABox, i.e., it contains only assertions of the form A(u), P(u,v) for u,v € N, U N;. Take a
model 7 of Aj such that B’Y = AJ. Such J exists as A, contains only positive facts. Since A; is a
universal solution, there exist a model Z of K such that (Z, J) = Ti2. Then, BZ # (), and it is easy to
see that (Z,J) = B C —B’ because B ¢ A7 \ B'"Y = (). In every case we derive a contradiction,
hence /C; and M are ¥5-positive.

(<) Assume conditions 1-2 are satisfied. We show that A5 is a universal solution for C; under M.

First, As is a solution for /C; under M. Let J be a model of A, then there exists Z a model of K”°
such that (Z, 7) = 7{%”°. Let h be a homomorphism from Uy, to Z, and w.l.o.g., Z = h(Ux, ). Define a
new function ' : A¥<1 — A U AT, where A is an infinite set of domain elements disjoint from A7, as
follows:

o I/(z) = h(x)if tgiﬁum’/‘“ () #Dorz € N,.
e I/(x) = d,, a fresh domain element from A, otherwise.

We show that interpretation Z’ defined as the image of /' applied to Uy, is a model of K and (Z',7) =
M. Clearly, 7’ is a model of the positive inclusions in 7; and (Z', J) satisfy the positive inclusions from
Ti2. Let 71 = BN C C L for basic concepts B, C. By contradiction, assume Z' (- BN C C 1, ie.,
for some d € AT, d € BT N CT'. We defined 7' as the image of i’ on U, , hence there must exist
b,c € AYx1 such that b € BY%1, ¢ € CY<1, and h/(b) = h'(c) = d. Then it cannot be the case that

[tg;num,fm (b)

(a) in the definition of /C; and M are ¥o-positive. Assume b is a null and tgiﬁum'“‘” (b) = 0. Then by

definition of A/, h/(b) = d, € A (and d = dp). In either case c is a constant, or tg;ﬁuﬁ"”’m (c) # 0,

or tg;ﬂUTm’Al) (¢) = ), we obtain contradiction with h'(b) = dj, = h/(c) (remember, A and AT are

disjoint). Contradiction rises from the assumption Z j= BM C C L. Next, assume 71 = RMQ C L for
roles R,Q,and 7' - RN Q C L, i.e., for some dy,dy € AT, (dy,ds) € RT N Q. We defined 7' as
the image of h/ on Uy, , hence there must exist by, ba, c1, co € AY%1 such that (by, by) € RY%1, (¢1,¢o) €
QY% and h'(b;) = h'(c;) = d; fori = 1,2. Then it cannot be the case that [tg;TlUTH’A” (b;) # () or b;
tg(ﬁ UTi2,A41) (Cl)

. u ‘ . . .
# Qorbisaconstant |, and [ t5 "2 () # () or ¢ is a constant | as it contradicts

is a constant } ,and [ # () or ¢; is a constant ] as it contradicts (a) in the definition of Xy
and M are ¥s-positive. Consider the following cases:

e by is anull and 4Tz A b1) = 0. Then by definition of 1/, h/(b1) = dp, € A (and dy = dp,).
pIY 1 1

. u

— ¢; is a null and tE;ﬁUle‘A”(cl) = (), then h/(c1) = d., = di, hence ¢; = by and (b1, b2) €

RYx1, (by,co) € QY<1. By (c) in the definition of Ky and M are Yp-positive, it cannot be
u . u

the case that [ty """ (by) # 0 or b2u1s a constant |, and [ g 77127 () # 0 or ¢
is a constant |. Assume by is a null and tg "2V (by) = (). Then A’(by) = dp, € A and
o . u u ,
in either case ¢y is a constant, or tg 77124 (¢3) #£ 0, or tg 712 (¢;) = (), we obtain
contradiction with A/ (by) = dp, = h'(c2)

— otherwise we obtain contradiction with h/(by) = dp, = h/(¢1)

The cases bs or ¢; are nulls with the empty 5-type are covered by swapping R and () or by taking their

inverses. Finally, assume B C —C € Tz and (Z', 7) ~ T2, ie., forsome d € BY',d ¢ A7\ CY. Then
there must exist b € BY%1 such that h’(b) = d. Contradiction with (d). Therefore, indeed, Z is a model
of Ky and (Z, J) = Ti2. This concludes the proof As is a solution for Ky under M.

Second, As is a universal solution. Let Z be a model of Ky and 7 an interpretation of X, such that
(Z,J) & Ti2- Then, Z is a model of K¥°* and (Z, J) | T{5 ", and as As is a universal solution for Kt*
under MP°¢ it follows that 7 is a model As. O

The following lemma establishes shows that >,-positiveness can be checked in polynomial time.



Lemma B.6 Let M = (31,3, T12) be a mapping, and K1 = (T1, A1) a KB over %1. Then it can be
decided in polynomial time whether K1 and M are Y5-positive.

Proof. We check (a) as follows:

e for each concept disjointness axiom By M By C L € Ty, check fori = 1,2 if Ky = B;(b;) for some
b; € Ind(A;) or there exists a Ky-path z = a - wig,] ... wg,] such that B; € tHm1uTi2.41) (1) and
tg;ﬁw””“” (x) # (. If yes, then (a) does not hold, otherwise it holds.

We check (b) as follows:

e for each role disjointness axiom RMQ C L € Ty, check fori = 1,2,3,4if K1 = B;(b;) for some
b; € Ind(Ay) or there exists a Ky-path = a - wyg,] ... wg,] such that B; € tHm1uTi2.41) (1) and
tZ;<271Ule=A1> (z) # 0, where By = 3R, Bo = AR~, B3 = 35, By = 35~ . If yes, then (b) does not
hold, otherwise it holds.

We check (c¢) as follows:

e for each role disjointness axiom R; M Ry T 1 € 7Ti, check if there exists a [Ci-path x =

a - wig,]-.-wg,] such that IRy, IRy € t{(miuTi2.40) (1), then check for i = 1,2 if K1 |

R;(w,b;) for some b; € Ind(A;) or there exists a Ky-path y; = a’ - wq,) ... wig: ) such that

R; € tTmuTizan (z,y;) and tgiTIUTIZ’A1> (y;) # 0. If yes, then (c) does not hold, otherwise it
holds.

Note that in the previous three checks, it is sufficient to look for paths where n is bounded by the number

of roles in Ky, moreover in the last check |n — n/| = 1.
We check (d) as follows:

e for each concept disjointness axiom B T —B’ € Tiq, check if Ky implies that B is necessarily
non-empty. If yes, then (d) does not hold, otherwise

‘Il]

e for each role disjointness axiom R T =R’ € Tis, check if K; implies that R is necessarily non-
empty. If yes, then (d) does not hold, otherwise it holds.

It is straightforward to see that each of the checks can be done in polynomial time as the standard
reasoning in DL-Liter is in NLOGSPACE. O

Lemma B.7 Let M = (%1,39,T12) be a mapping, and K1 = (T1,.A1) a KB over X1 such that Ky
and M are Yo-positive. Then, a universal solution (with extended ABoxes) for K1 under M exists iff
Ui UTis,Av) 1S Yio-homomorphically embeddable into a finite subset of itself.

Proof. (<) Let ABox A3 be an ABox over X3 such that V4, is a finite subset of U7, 77, 4,) and there
exists a Yp-homomorphism h from U7, u7i,,4,) 0 Va,. Then, Uy 4,) is trivially homomorphically
embeddable into U7, u7;,,4,)- Hence by Lemma[B.5] A; is a universal solution for Ky under M.

(=) Let Ay be a universal solution for '; under M. Then V4, is ¥s-homomorphically equivalent
to Uir,UTis,Ar) DY Lemma Let h be a homomorphism from V4, to U7, u7;,,4,), and h(V4,) the
image of h. Then, h(V4,) is a finite subset of U1, 7;,.4,), Moreover it is homomorphically equivalent
to V4, and to U,u7;,,4,)- Therefore, it follows that U7, u7;,,4,) is X2-homomorphically embeddable
to a finite subset of itself. |

B.2 Definitions and Preliminary Results: The Automata Construction for Theorem [5.5]

Definition of alternating two-way automatas
Infinite trees are represented as prefix closed (infinite) sets of words over N (the set of positive natural
numbers). Formally, an infinite tree is a set of words 7' C N*, such that if z - ¢ € T, where x € N* and
c € N, then also x € T. The elements of 7" are called nodes, the empty word e is the root of 7', and for
every z € T, the nodes x - ¢, with ¢ € N, are the successors of . By convention we take z - 0 = =,
and z - i - —1 = z. The branching degree d(x) of a node z denotes the number of successors of x. If
the branching degree of all nodes of a tree is bounded by k, we say that the tree has branching degree k.
An infinite path P of T is a prefix closed set P C T such that for every ¢ > 0 there exists a unique node
x € P with |z| = 4. A labeled tree over an alphabet X is a pair (T, V'), where T isatreeand V : T — %
maps each node of 7" to an element of X..

Alternating automata on infinite trees are a generalization of nondeterministic automata on infinite trees,
introduced in [9]. They allow for an elegant reduction of decision problems for temporal and program
logics [3, 1]. Let B(I) be the set of positive boolean formulae over I, built inductively by applying A and



V starting from true, false, and elements of I. For a set J C [ and a formula ¢ € B(I), we say that J
satisfies ¢ if and only if, assigning true to the elements in J and false to those in I \ J, makes ¢ true. For
a positive integer k, let [k] = {—1,0,1,...,k}. A two-way alternating tree automaton (2ATA) running
over infinite trees with branching degree k, is a tuple A = (X, Q, d, qo, F'), where X is the input alphabet,
Q@ is a finite set of states, 0 : Q x ¥ — B([k] x @) is the transition function, ¢o € @ is the initial state,
and F' specifies the acceptance condition.

The transition function maps a state ¢ € () and an input letter ¢ € X to a positive boolean formula
over [k] x Q. Intuitively, if 6(q, o) = ¢, then each pair (¢, ¢') appearing in ¢ corresponds to a new copy
of the automaton going to the direction suggested by ¢ and starting in state ¢’. For example, if k = 2
and §(q1,0) = ((1,92) A (1,43)) V ((—1,q1) A (0,q3)), when the automaton is in the state ¢; and is
reading the node x labeled by the letter o, it proceeds either by sending off two copies, in the states g
and g3 respectively, to the first successor of x (i.e., z - 1), or by sending off one copy in the state ¢; to the
predecessor of z (i.e., « - —1) and one copy in the state g3 to z itself (i.e., x - 0).

A run of a 2ATA A over a labeled tree (7', V) is a labeled tree (T, r) in which every node is labeled by
an element of 7' X Q. A node in 7T, labeled by (x, ¢) describes a copy of A that is in the state ¢ and reads
the node x of 7. The labels of adjacent nodes have to satisfy the transition function of A. Formally, a run
(Ty,r) isaT x Q-labeled tree satisfying:

o cc Ty andr(e) = (€ qo).

o Lety € Ty, with r(y) = (z,¢) and §(q, V(z)) = ¢. Then there is a (possibly empty) set S =

{(c1,q1)s--,(Cn,qn)} C [k] x Q such that:
— S satisfies ¢ and
— forall1 <i<n,wehavethaty-i € Ty, x - ¢; is defined (z - ¢; € T),and r(y - i) = (z - ¢;, q;)-
A run (Ty,r) is accepting if all its infinite paths satisfy the acceptance condition. Given an infinite path
P € T, let inf(P) C @ be the set of states that appear infinitely often in P (as second components of
node labels). We consider here Biichi acceptance conditions. A Biichi condition over a state set @) is a
subset F' of @, and an infinite path P satisfies F' if inf(P) N F # ().

The non-emptiness problem for 2ATAs consists in determining, for a given 2ATA, whether the set of
trees it accepts is nonempty. It is known that this problem can be solved in exponential time in the number
of states of the input automaton A, but in linear time in the size of the alphabet as well as in the size of the
transition function of A.

The automata construction

Now, we are going to construct two 2ATA automatas and a one-way non-deterministic automata to use
them as a mechanism to decide the non-emptiness problem for universal solutions. More specifically,
let 31, ¥y be signatures with no concepts or roles in common, and K = (7,.4) a KB over ¥; U X,
N = {ay,...,ay} be the set of individuals in .4;, B be the set of basic concepts and R be the set of basic
roles over the signature of /C (that is, over 31 U 35). Finally, assume that r, G are special characters not
mentionedin NUBUR, andlet P = {Pl-j | P is an atomic role over the signature of L and 1 < ¢, j <
n}. Then assuming that Yxc = 2NVBVRUPU{N.GY and Iy = {0 € S | 7 € 0, 0 NN # (), or every basic
concept and every basic role in o is over X2}, we construct the following automata:

o A" The alphabet of this automaton is ¥x, and it accepts trees that are essentially the tree corre-
sponding to the canonical model of I, but with nodes arbitrary labeled with the special character
G.

° A%”d: The alphabet of this automaton is i, and it accepts a tree if its subtree labeled with G
corresponds to a tree model Z of K (tree models are models which from trees on the labeled nulls).

e Agy,: The alphabet of this automaton is ', and it accepts a tree if it has a finite prefix where each
node is marked with the special symbol (7, and no other node in the tree is marked with G.

Automaton A" for the canonical model of X = (7, A)

Ag™ is a two way alternating tree automaton (2ATA) that accepts the tree corresponding to the canon-
ical model of the DL-Litex KB K = (T, .A), with nodes arbitrarily labeled with a special character G.
Formally, Ag" = (Xk, Qcans dcans 90y Fean ), Where

Qcan = {Qans7qirqu}U{q;ﬁin |X€NUBURUP}U{q3R7qR|R€R}>

and the transition function 0., is defined as follows. Assume without loss of generality that the number
of basic roles over the signature of I is equal to n (this can always be done by adding the required
assertions to the ABox), and let f : R — {1,...,n} be a one-to-one function. Then d.qp, : Qcan X X —
B([n] X Qcan) is defined as:



1. For each o € X such that r € o, d¢qn(qo, o) is defined as:

Z\l{(z’,qs)A(@qir)A(i,q;)A( A (i,qiaj)>/\

je{l,...,n}:j#i

AL A i) A )

j=1 \NPeP:KEP(ai,a;) PEP : K:P(ai,a;)

<z7q;;>)A( A (z}qu))/\
BeB: /C\_B(a BeB: K£B(a;)

(
( A ooz ) A A .oz

R is <7-minimal s.t. KFE3R(a;), or
ReR: KE3R(a;)and ReR:V]j_, KI=R(ai,a;), or
/\j:l KFER(ai,a;) R is not <7--minimal

2. Foreach o € ¥:

Scan(gs,0) = /n\ {z as) N (i.q",) /n\ (i,4%,) ((i,qd) vV (@ﬁz))}

i=1 j=1 RER
3. Foreach o € Y
n
Scan(9as0) =\ (0,a ) A\ (i, 4a)

RER i=1

4. For each o € X and each basic role [R] from R:
dean(dif o) = N\ (f(B),q"r)
R'€R
5. For each o € Yk and each basic role [R] from R:
bcan(qar, o) = (f(R), qr)

6. For each o € X such that o N IN = () and each basic role [R] from R, §.4r(qr, o) is defined as

( A (o,q;z,))A( A (o,qiRI))A

R'€ER:K=RCR’ R'ER:KERCR

(A @) A 0

BeB:KE=3R-CB BeB:KE3IR-CB

( A (0, CES)) A ( A (0, q§§)>

se S is <7-minimal s.t. seRr . KE3IR™C3S, or [R7]=[S],
ICl:ER C3S, [R™]#[S] or S is not <7-minimal

7. Foreach o € Yi:
true ifréo

O . =
can (@7, 9) { false otherwise
8. Foreacho € ¥ andeach X e BURUNUP:

5, o) = true if X € o Sean (@, 0) = true ifX ¢o
9X29) =\ false  otherwise can\l=X>9) = false  otherwise

Finally, the acceptance condition is Fpp, = @ can-

To represent the canonical model Uy of K as a labeled tree, we label each individual = with the set of
concepts B such that x € BY<. We also add a basic role R to the label of x whenever (z/,z) € RY*<



and z is not an individual. Moreover, we make sure this tree is an infinite full n-ary tree, where n is the
number of individuals in Ind(A) and basic roles in R. Thus, let n* be the set of sequences of numbers

from 1 to n of the form n* = {41 -i2 - --- - iy, | 1 < i; < n,m > j > 0}, the sequence of length 0 is
denoted by e.

Recall that we have a numbering of individuals {a1,...,a,} = Ind(A), and each role R € R can
be identified through the number f(R) € {1,...,n}. Therefore, the elements of AY can be seen as
sequences of natural numbers, namely a sequence a;-w(g,] - - --w(g,,] corresponds to the numeric sequence
i-f(Ry1)----- f(Rm). However, for better readability we use the original notation as a; -wg,]-- - - - W[r,,]-

Note, that AY C n*.

In the following, we assume K is fixed and for simplicity we use I/ instead of U.

The tree encoding of the canonical model U of K = (T, A) is the Si-labeled tree Ty = (n*, V¥),
such that

e VU(e) = {r}U{P; | (ai,a;) € P4, P is an atomic role},
e foreach x € AY:

VU(z) = {BlzeBY}U
{S](a',x) € S and x = &’ - wg) for some role R s.t. [R] <7 [S]} U
{a|a€Ind(A)and z = a}.

Conversely, we can see any Yk -labeled tree as a representation of an interpretation of /C, provided that
each individual name occurs in the label of only one node, a child of the root. Informally, the domain of
this interpretation are the nodes of the tree reachable from the root through a sequence of roles, except the
root itself. The extensions of individuals, concepts and roles are determined by the node labels.

Given a Yy-labeled tree (T, V'), we call a node ¢ an individual node if a € V (c¢) for some a € Ind(A),
and we call ¢ an a-node if we want to make the precise a explicit. We say that 7' is individual unique if
for each a € Ind(.A) there is exactly one a-node, a child of the root of T'.

An individual unique Xic-labeled tree (T, V'), represents the interpretation Zr defined as follows. For
each role name P, let:

R, = (xx )| PeV(x- z)}U{(m i,2) | P~ eV(z-i)} U

{
{(e;) [ ai € V(e),a; € V(¢) and Pyj € V(€)}

and
ATT = (x| (i,x) € | J (RpURp)* i€ {1,...,n}},
PeR

where R, denotes the inverse of relation Rp. Then the interpretation Zp = (AZ7, .77 is defined as:

al™ = csuchthata; € V(c), foreacha; € Ind(A)
Alr = AIrn{z| A€ V(z)}, foreach atomic concept A € B and
PIt = (ATt x ATT)N Rp, for each atomic role P € R

Proposition B.8 The following hold for A" :
o Ty € LIAE™).
o for each (T, V) € LIAE™), (T,V) is individual unique and Iy is isomorphic to U, the canonical
model of K.

Proof. For the first item, assume T3, = (n*, V¥) is the tree encoding of the universal model U/ of . We
show that a full run of Ag*" over Ty, exists.
The run (7}, r) is built starting from the root €, and setting r(€) = (¢, o). Then, to correctly execute the
initial transition, the root has children as follows:
e foreach a, € Ind(A)
— achild k4 with r(ks) = (ag, gs),
— achild k*, with r(k*,.) = (ax, q%,.),
— achild &, withr(k}, ) = (ax,q;, ),
— achild kiai for each j # k withr(k%,, ) = (ax,q%,, ),
— achild k% for each B € B such that aj, € BY, with r(k%) = (ax, ¢%),
— achild k* ; for each B € B such that a, ¢ BY, with r(k* 3) = (ax, ¢* 5),



— achild k55 for each <;-minimal role R s.t. i = 3R(a;) and U = R(a;,a;) for each j €
{1a cee ,Tl}, with r(kHR) = (aka C]HR),
— achild k%% for each role R s.t. U [~ 3R(a;), or U = R(a;, a;) for some j € {1,...,n},or R
is not <7-minimal, with r(k3%) = (ak, ¢53%).
e achild kp,, ,. foreach ag,a; € Ind(A) and each atomic role P such that (ax,a;) € PY, with
r(k}g,ak,a_j) = (67 q}gkj)’

e achild k*p, , for each ay,a; € Ind(A) and each atomic role P such that (ak,a;) ¢ PY | with

r(kiP,ak,aj ) = (e’ Qiij )7
Note that nodes y € T}, with r(y) = (x, ¢* ) are leafs of the tree T}, as by the transition function &4y, all

the states of the form ¢* in Q.. can be satisfied with the empty assignment.
Other nodes, however, can have children. They are defined inductively as follows.

2. Let y be anode in Ty such that r(y) = («, ¢5) for some = € n*. Moreover, leti € {1,...,n}. Then
9 has

achildy - is withr(y - is) = (z - 4, ¢s),

achildy -i*, withr(y-i*,) = (z - 4,q¢%,.),

achildy -, foreachj € {1,...,n} withr(y-i*, ) = (z-i,¢%,,).
e ifz € Aandfor R € Rs.t. f(R) =i,z wr € AY,

- achild y - i, withr(y - i%) = (2 - wig), ¢k)»

otherwise

— achildy - ig withr(y - ig) = (z - i, qq),
3. Let y be a node in 7T} such that r(y) = (z, ¢4) for some x € n*. Then y has
e achildy-iqforeachi € {1,...,n}, withr(y-iq) = (- 4,qq),
e achild y - 0% ; for each R € R, withr(y - 0% ;) = (x,¢* ),
4. Lety be anode in T} such that r(y) = (z, ¢5%) for some 2 € A and R € R. Then y has
e achildy- f(R)*p foreach R € R, withr(y - f(R)*p/) = (z - f(R),q¢* p/)s
5. Let y be a node in T} such that r(y) = (z, qar) for some z € AY and R € R. Then z - wip € AY
and y has
e achildy- f(R)g withr(y - f(R)r) = (z - wir), qr),
6. Let y be a node in T} such that r(y) = (z, qr) for some x € AY and R € R. Then y has
achildy - 0F, foreach R’ € Rs.t. K = RC R, withr(y - 0%) = (z,¢%),
achildy - 0% foreach R € Rst. KX = RC R, withr(y - 0" /) = (2,¢% /)
achild y - 0% foreach B € Bs.t. K = 3R~ C B, withr(y - 0%) = (2, ¢5),
achildy - 0% 5 foreach B € Bs.t. K = 3R~ C B, withr(y - 0% 5) = (2, ¢% ).
a child y - O35 for each <s-minimal role S s.t. X = JR~ C 3S and [R™] # [S], with
r(y - 03s) = (,q3s),
e achildy - 0159 for each role S s.t. K £ 3R~ C 35, or [R™] = [S], or S is not <;-minimal,
withr(y - 05g) = (z,¢58)-
Each node of T} defined as described above satisfies the transition function 6.4, .

It is easy to see that this run is accepting, as for each infinite path P of T, either g5 € inf(P), or
gs € inf(P), or qr € inf(P) for some R. Hence, Tyy € L(AE™).

To show the second item, let (7', V) € L(Ag") and (T}, r) an accepting run of (7', V). First, assume
T is not individual unique, that is,

e there exists an a-node x in T, such that x is not a child of the root, or
o there exist two nodes ¢ and j in 7" such that a € V(i) and a € V (j).

In the former case, let ' be the parent of x, ' # ¢, then there exists a node ¢’ € T, withr(y’) = (2, ¢s)
and anode y € 7, with r(y) = (x, ¢*,), which contradicts that (7,,r) is an accepting run of (7, V') as
a € V(x). In the latter case, assume a is equal to a;. Then we get contradiction with ¢4y, (go, o).



Hence, T is individual unique. Let Zr be the interpretation represented by 7. We show that Zr is
isomorphic to U, by constructing a function h from A7 to AY and showing that it is a one-to-one and
onto homomorphism. We construct h by induction on the length of the sequence x € AZ7.

Initially, as 7' is individual unique, we set for each i € {1,...,n}, h(i) = a;, where a; € V(7).
Note that by definition of U, a; € AY and by definition of Zr, i € AT Then the following holds for
i,7€{1,...,n}

1. for an atomic role P, (i,5) € PI7 iff (a;,a;) € PY: let (i,j) € PZT, by definition of Zr it follows
that P;; € V(). Assume K [~ P(a;, a;), then (0,4% p, ) € dcan(qo, V (€)) and in T} there exists a
node y, s.t. r(y) = (e,¢* Pij)’ hence y does not satisfy the condition on a run. Contradiction with
(Ty,r) being accepting. Therefore, indeed K = P(a;, a;) and (a;,a;) € PY. Similarly for the other
direction.

2. for a basic concept B, i € BIT iff a; € BY: leti € BIr, by definition of Zp it follows that
B € V(i). Assume K = B(a;), then (i,¢%5) € 0can(qo, V(€)) and there exists y € T, with
r(y) = (i, ¢* 5). We get contradiction as y does not satisfy the condition on a run. Therefore, indeed
K t= B(a;) and a; € BY. Similarly for the other direction.

For the inductive step we prove two auxiliary claims.

Claim B.9 (1) Leti - f(R) € ATT for some i € {1,...,n}. Then K = 3R(a;), K £ R(a;, a;) for each
j€{l,...,n}and R is a <gj-minimal such role.

Proof. Assume K = 3R(a;), or K |= R(a;,a;) for some j € {1,...,n}, or Ris not a <7-minimal such
role. Then by definition of .4y, (g0, V' (€)) and of a run, there exists a node y = € - 5% in T} such that
r(y) = (i,¢5%) and by dcan (¢55%, V(7)) it is required that R' ¢ V(z - f(R)) for each R’ € R. It means
that i - f(R) is not connected to 4 through any role. Contradiction with i - f(R) beingin AZ7. O O

Claim B.10 (2) Let = - f(R) € A7, len(x) > 2 and there exists y € T, with r(y) = (x,qs). Then
K =35~ C 3R, [S™] # [R] and R is a <i-minimal such role.
Proof. For the sake of contradiction assume /C = 35~ C 3R. Then by definition of d.4y,(gs, V(2)) and
of a run, there exists a node y” = y - 05% in T} such that r(y”) = (z, ¢55%) and by dcqn (¢35, V(x)) itis
required that R’ ¢ V (z - f(R)) for each R’ € R. It means that = - f(R) is not connected to = through any
role. Contradiction with z - f(R) being in AZT.

By the same argument it can be shown that [S~] # [R] and R is <;-minimal. O O

Let z € AZT, h(z) is defined and h(z) € AY. Moreover, if len(z) > 2, let tail(z) = f(S) and
tail(h(z)) = wig) for some role S, and there exist a node y € T, such that r(y) = (=, gs). Then

1. for each h(x) - wip € AY, z - f(R) is in AT,
2. foreachz - f(R) € AT, h(x) - wip is in AY.

Let h(z) - wip € AY. Then R is <7-minimal such that K = 35~ C 3R if tail(h(z)) = wjg, or
K = 3R(a;) and K ¥~ R(a;,a;) for j € {1,...,n} if h(z) = a,. By definition of .4y, there exist a
node ¢’ in Ty with r(y") = (z, q3r). Since T} is a run, it follows that there exist a node "' = ¢ - f(R)r
in T, withr(y”") = (z - f(R),qr), and z - f(R) € T. Therefore, R € V(x - f(R)) and by definition of
Ir,x- f(R) € AT,

Let z - f(R) € ATT. Then by Claim (1) and (2), tail(h(z)) ~>x wir), hence h(z) - wp € AX.
Moreover, we also obtain that there exists ¥ in T} such that r(y"”) = (z - f(R), qr).

Thus, we can set h(x - f(R)) to h(x) - wig). Obviously, & is one-to-one and onto. To verify that  is a
homomorphism it remains to show

e foreachrole R, (z,z - f(R)) € R iff (h(x), h(z) - wir)) € R™, and

e for each basic concept B, z - f(R) € BI™ iff h(z) - wir € BY.

Let (z,x - f(R)) € R for some role R'. By contradiction assume (h(z),h(z) - wig) ¢ R™,
this implies that I = R C R’. Hence, (0,¢"p/) € 0can(gr,V(z - f(R))), and in T} there is a node
y" = y" 05y with r(y"”) = (z- f(R),q% ). We get a contradiction with 7, being a run as by
definition of Zp, R’ € V(i - f(R)). Similarly for the other direction.

Finally, let = - f(R) € A7 for some concept A, and assume h(z) - wiz) ¢ AY. The latter implies that
K = 3R~ C A. Hence, (0,¢*4) € dcan(qr, V(z - f(R))), and in T} there is a node """ = y” - 0% 4
with r(y"") = (z - f(R),q"4). We get a contradiction with 7, being a run as by definition of Zr,
A e V(zx- f(R)). Similarly for the other direction. O



Automaton A}*°? for a model of K = (T, A)
A}C’“’d is a 2ATA on infinite trees that accepts a tree if its subtree labeled with G corresponds to a tree
model Z of K. Formally, A7*°? is defined as the tuple (X, Qmod, Smods q0s Frmod)> Where

Qmod = {QO}U{QX‘XGNUBURUPL

Frod = Qmod and transition function d,04 @ Qmod X Lic — B([n] X Qumod) is defined as follows:
1. For each o € X such that {r, G} C &, dmoed(qo, o) is defined as:

n

Aldaon( A <i,qA>)A/n\( A )]

i=1 AEB:KEA(a;) j=1 “PeR:KEP(a;,a;)
2. For each o € ¥ such that {r, G} C ¢ and each P;; € P:
Omod(qp,;,0) = (i,qap) A (J;qap-)
3. For each o € ¥ such that o "IN = {a;} and each atomic role P in the signature of :

(\j/]qp> (\n/ 1qu>

Omod(qap-,0) = (\j/]qp ) (\i/ 1QP”)

4. For each 0 € X such that 0 NN = ) and each basic role R € R

6mod (q3P7 U)

Smnoa (g1 @) = (0,45 )V (\/u,qR))

i=1

5. For each ¢ € ¥ such that 0 N N = () and each basic role R € R:

5m0d (qu J) = ( /\ (Oa QR/)) A (07 qle*)

R'€R:KE=RCR’
6. Foreach 0 € X and each B € B:
6mod (q37 0) = /\ (07 qB’)

B’€B:KE=BLCB’
7. Foreacho € Yxandeach X e BURUNUP:

Smod (@, 0) = true ifGe€ocand X €0
mod\4x, 7) = false otherwise

If there are several entries of 0,04 for the same ¢ € Qoq and o € Xyod, Omod(q,0) = @1, ...,
Smod(q, 0) = ¢, then we assume that §,,04(q,0) = A~; ¢i.

Given a model Z, a path 7 from z to 2/, .2’ € AZ, is a sequence of the form (r =
T1,T2, oy Ty, Tmy1 = 2'), m > 0, such that z; € AT and (7;,2,41) € RI for some R;, and m
is the length of 7. A model Z of K = (T, A) is said to be a tree model if for each x € AT \ Ind(.A) there
exists a unique shortest path from x to Ind(.A). The depth of an object x in a tree model Z, denoted dep(x),
is the length of the shortest path from z to Ind(A). It is said that 2’ is a successor of z, z’ € succ(z) if ©
belongs to the path from 2’ to Ind(A) and dep(z’) = dep(z) + 1.

Note that given a tree-model Z of X with branching degree n, each domain element of Z can be seen as
an element of n*. For 2’ € AT with dep(z’) = m > 0, we assume a one-to-one numbering g,, ,(z) of
each x € succ(z’), such that 1 < g, .+ (x) < n. Then x € A% corresponds to

o jifz = aq;,

o o' - i, where dep(z’) =m > 0, z € succ(z’) and gy, o (z) = 1.



Then, 7 - —1 denotes the empty sequence e. Conversely, each sequence of natural numbers z € n* can be
seen as an element of AT,
The G-tree encoding of a tree-model Z of K with branching degree n is the Y x-labeled tree 17 ¢ =

(n*, VIS, such that
o V.G (e) = {r,G} U{P; | (ai,a;) € PZ, P is an atomic role},
e foreach x € AT:
VIG(z) = {GYU{B|xze B“}U

{S] (z',z) € SY and dep(z) > dep(x')} U
{a|a€Ind(A)and z = a}.

Given a labeled tree (T, V'), the restriction of T on G is a set Tz such that T; C T and for each z € T
x € Tgiff G € V(z).

Given a labeled tree (T',V) and a run (Ty,r), the interpretation represented by T and Ty, denoted,
ZI7 1., 1s defined similarly to Zr:

Alrme = AIT7

a.IT’Tr = a,IT

Afrre = AZr O {z | A € V() and there exists y € T, with r(y) = (z,q4)},
for each atomic concept A € B and

Pirm = (Al x ATT)N

{(z,2") € Rp | thereexistsy € Ty s.t. v(y) = (¢/,qp) orr(y) = (z,9p-)},
for each atomic role P € R.
Proposition B.11 The following hold for A2°¢:
o Let T be a tree model of KC with branching degree n. Then Tz ¢ € E(A%"d).

e for each (T, V) € L(AR°Y), if Tg is an individual unique tree and (Ty,r) is a corresponding run,
then I, 1, is a model of K.

Proof. For the first item, assume 77 ¢ = (n*, VTG is the tree encoding of a model Z of K. We show

that a full run of A2°¢ over Tz ¢ exists.
The run (7}, r) is built starting from the root €, and setting r(e) = (¢, go). Then, to correctly execute the
initial transition, the root has children as follows:

e foreach a; € Ind(A)
- achild &} withr(k} ) = (ax,q;, ).
— achild k% for each B € B such that a, € BZ, with r(k}) = (ak, ¢}),

e a child k},ak,aj for each ay,a; € Ind(A) and each atomic role P such that (ay,a;) € PZ, with

Pk 0)) = (6.5, )
Then the successor relationship in 7. is defined inductively as follows.

2. Let y be a node in T} such that r(y) = (z,qp,;) for z = e and P € R. Then y has
e achildy -igp withr(y - iap) = (z - 4,q3p),
e achildy - jsp- withr(y - j3p-) = (- j,qap-),

3. Let y be a node in T} such that r(y) = (x, ¢3g) for some € AT, VT4 (z) NN = {a;}, R € R,
and R;; denotes P;; if R = P and Pj; if R = P~. Then y has

o if Re VI.C(x-j)
- achildy - jg withr(y - jg) = (- 4, qr),

° lfRU S VI’G(JS . —1)
—achildy - —1g,, withr(y- —1g,;) = (- —1,qr,,).

4. Let y be a node in T} such that r(y) = (x, gsg) for some x € A, VI:¥(2) "N = and R € R.
Then y has

o if Re VTG (z i)

—achildy-ig withr(y - ig) = (z - i,qR),



o if B~ € VTC(x)
— achildy - 0p- withr(y - 0g) = (z,qr),
5. Let y be a node in T} such that r(y) = (z, qr) for some z € AT and R € R. Then y has
e achildy- 0% foreach R € Rs.t. K = RC R/, withr(y - 05/) = (2, q%),
e achildy - 03z-, withr(y - 03g-) = (z,93r-),
6. Let y be a node in T} such that r(y) = (z, qp) for some x € AT and B € B. Then y has
e achild y - 0%, foreach B’ € Bs.t. K = BC B/, withr(y - 0%,) = (z,¢%/),

Since 7 is a model of /C, T} satisfies the transition function d.,,,4. In particular, in the rules 3 and 4 in the
inductive definition of 7., there will exists a node 2’ € AZ such that (z,2") € RZ, hence at least one of
conditions will be satisfied.

It is easy to see that this run is accepting, as for each infinite path P of T, gr € inf(P) for some R.
Hence, T7 ¢ € L(ARed).

To show the second item, let (T',V) € L(Ag*") and (T, r) an accepting run of (7, V'). Moreover, let
T be a tree (i.e., prefix closed) and individual unique. Then Z7,, 7, is defined and it can be shown that
ZIr,, . amodel of K:

1. foreachi € {1,...,n}, K = B(a;) implies a; € B¥7c 1r,

2. foreachi,j € {1,...,n}, K = P(a;,a;) implies (a;,a;) € PT7c Tx,

3. ifx € BT 7 then € B 7c 7 foreach B’ s.t. K |= BC B/,

4. if (z,2") € R*7c -7 then (x,2') € R”#7c 7= foreach R’ s.t. K = RC R/,

5. ifx € B¥7oTr and K = B C 3R, then there exists 2’ € T such that (z,2') € RI76 Tr,

We show item 5 holds, the rest can be shown by analogy. Assume z € BX7c:7+ and K |= B C 3R
for some concept B and role R. Then by definition of Zr, 7, we have that B,G € V(z) and there
exist a node y € T, with r(y) = (x,¢p). Since T} is a run and by definition of d,,,4, there exist nodes
y =y-03gandy” =y -zin Ty suchthatr(y') = (z,q3g) and r(y”) = (x4, qr), orr(y") = (z,qr-),
orr(y”) = (e, qr,;). In any case, it is easy to see that there is ' € T' with G € V(2') (i.e., 2’ € T¢) such

that (z,2") € RT7c 7
Thus, Z7,, T, is a model of K. O

Automaton Ay,

Agy, is a one-way non-deterministic automaton on infinite trees that accepts a tree if it has a finite prefix
where each node is marked with the special symbol G, and no other node in the tree is marked with G.
Formally, As, = (I'c, Qfin, 0fin, 9o, Fin), Where Qpn = {qo, 1}, Fin = {¢:1} and transition function
Ofin : Qfin X I'ie = B([n] x Qpin) is defined as follows:

1. Foreach o € I'k:

(i,q0), IfG€o

.

6(Q050) = zzl
/\(qu), ifGé¢o
i=1
2. Foreach o € I'k:
i,q1), ifG&o

false ifGeo

B.3 Proof of Theorem

Proof. We prove that the non-emptiness problem for universal solutions is in NP. Assume we are given
a mapping M = (X1, X5, T12) and a source KB K1 = (7T71,.4;1), and we want to decide whether there
exists a universal solution for C; under M (all ABoxes are considered to be OWL 2 QL ABoxes without
inequalities).



First, we check whether KC; and M are ¥y-positive. This check can be done in polynomial time, and
if it was successful, then by Lemma [B.5]it remains to verify whether there exists a universal solution for
K7°% under MP°5,

Second, we construct the maximal target OWL 2 QL ABox, a candidate for universal solution. Let A,
be the ABox over Yo containing every membership assertion « of the form B(a) or R(a,b) such that
(TP UTH?, A1) E a, a,b € Ind(A;), B is a basic concept and R is a basic role. Then Aj is of
polynomial size, and

Lemma B.12 A universal solution for K7°° under MP°* exists iff As is a solution for KY°* under MPS.
Proof. (=) Assume a universal solution for X7’° under MP°¢ exists. As it follows from Lemma

there exists a universal solution A3 such that U4, € Ui, u7;,,4,), hence Az C As. As Asj is a solution,
there exists Z such that Z = KV and (Z,Ua,) E T/5°. It follows that for each model J of As,
J 2 Ua, 2 Uy,, and therefore (Z, J) = T5*. By definition of solution, A is a solution.

(<) Assume A, is a solution for K7°* under MP°%. Then A, is a universal solution follows from the
proof of Lemma Since As is an OWL 2 QL ABox, we conclude that a universal solution for }®
under MP?% exists. O

Thus, it remains only to check whether A5 is a solution. We need the following result to perform this
check in NP.

Lemma B.13 Ler As be an (extended) ABox over 3o such that it is a solution for KY°® under MP?°. Then
there exists an interpretation I such that T is of polynomial size, T is a model of K1°* and (Z,V4,) E

DOS
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Proof. Assume Aj is a solution for K°® under MP°¢, then for each model of As, in particular for

V.a,, there exists Z' such that Z’ is a model of X7°® and (Z',V4,) |E T{5 . Suppose |Z’| is more than
polynomial, then since (Z', V,) = T it follows BZ C A*2 and RT C A“2 x A*2 for each basic
concept B and role R that appear on the left hand side of some inclusion in 7{5’*. Therefore, we construct
an interpretation Z of polynomial size as follows:

e AT = A42 U N, U {d}, for a fresh domain element d,

e al =qaforae N,

o AT = (AT NAA)U{d]| if AT \ A#2 # ()} for each atomic concept A,

e RT = (RT'N(A% x A%)) U
{(a,d) | (a,b) € RT'\ (A#2 x A*2) q € (R)T NAA2} U
{(d,a) | (b,a) € RT \ (A#2 x A*2) a € (AR)T NAA} U
{(d.d) | (a,b) € RT"\ (A#2 x A*2),a ¢ (AR)T NA*2 b ¢ GR™)T NAA}
for each atomic role R.
Note that V4, interprets all constants as themselves, and Z’' agrees on interpretation of constants with
V4, for this reason AT D N,.
It is straightforward to verify that Z is a model of C7°®: clearly, Z is a model of A;, we show Z |= T,

Assume, 7T7° = B C C for basic concepts B,C, and b € BL. If b € AZ" N A42 then since 7' =
B C C, we have that b € CT', which implies b € CZ. Otherwise, b = d and for some ¢ € AT\ A4z,
¢ € BT, therefore ¢ € CZ', and thus by definition of Z, d € CZ. Role inclusions are handled similarly.

Moreover, as Z and Z’ agree on all concepts and roles that appear on the left hand side of 75°°, it follows
that (Z,V4,) = T/5°. Hence, Z is the interpretation of polynomial size we were looking for. O

Finally, the NP algorithm for deciding the non-emptiness problem for universal solutions is as follows:
1. verify whether K; and M are ¥»-positive, if yes,

pos

2. compute As, the Yo-closure of .A; with respect to 77°° U 757,
3. guess a source interpretation Z of polynomial size.
4

I Z = KY® and (Z,Ua,) = T5°, then a universal solution for Ky under M exists, and As is a
universal solution, otherwise a universal solution does not exist.

Note that steps 1,2 and 4 can be done in polynomial time, hence this algorithm is in fact an NP algorithm.
Below we prove the correctness of the algorithm.

Assume Z = K7°% and (Z,U.a,) 15°. Then A, is a solution: for each model J of A, it holds
Ua, C T, therefore (Z,.J) = Ti2. By Lemma[B.12] we obtain that a universal solution for K1 under M
exists, and from its proof it follows that A is a universal solution. Thus, the algorithm is sound.



We show the algorithm is complete. Assume Z (= K7 or (Z,Ua,) = T3, and to the contrary,
Ay is a solution. The by Lemma [B.13] there exists a model Z' of 7°® of polynomial size such that
(Z',Ux,) E T{5*. Contradiction with the guessing step. Therefore, A5 is not a solution and there exists
no universal solution. Thus, the algorithm is complete.

As a corollary we obtain an upper bound for the membership problem.

Theorem B.14 The membership problem for universal solutions is in NP.

B.4 Proof of Theorem[5.5

Proof. First we provide the PSPACE lower bound, and then present the EXPTIME automata-based algo-
rithm for deciding the non-emptiness problem for universal solutions with extended ABoxes.

Lemma B.15 The non-emptiness problem for universal solutions with extended ABoxes in DL-Liter is
PSPACE-hard.

Proof. The proof is by reduction of the satisfiability problem for quantified Boolean formulas, known to
be PSPACE-complete. Suppose we are given a QBF

¢=QX1...Qu X, A\ G

Jj=1

where Q; € {V,3} and Cj, 1 < j < m, are clauses over the variables X;, 1 < ¢ < n.
Let ¥y = {A, Y XF, 8, T1,QF, P} R, R, | 1 < j <m,1 <i<n0<I<nke{01}}
where A, Yf, X f are concept names and the rest are role names. Let 77 be the following TBox over X4

forl1<j<m,1<i<nandke {0,1}:

A C 35y 357, C3QF  ifQ =V
357, C 38, ifQ; =3
QN C Y FC oS, 35; C 3R,
3R C 3R,
J
A € 3Ty ar-, € 3pf PFLCT;
H(sz)_ C sz XZO C ElR; if X, € Cj

and A; = {4A(a)}.
Let ¥y = {A, 20, Z}, 5", R} where A, Z)), Z} are concept names and S’, R/; are role names, M =
(X1, %5, T12), and T12 the following set of inclusions:

ALC A s;c s R CR]
T,C8 T,C R,
YFC zF RCR
XFCZ¥ RV C R

We verify that |= ¢ if and only if U7, y77,,4,) is X2-homomorphically embeddable into a finite subset of
itself. The latter, in turn, is equivalent to the existence of a universal solution for X1 = (77,.4;) under
M, which is shown in Lemma|[B.7

For ¢ = X1V X23X3(X1 A (X2 V =X3)), ¥o-reduct of U1, 77,4, can be depicted as follows:
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where each edge —— is labeled with S’, each edge - - - » is labeled with §’, R~ for 1 < j < m, and the
labels of edges — are shown to the left of each infinite and finite path. The labels of the nodes (if any)
are shown next to each node.

Let Ciny and Cgp, be the parts of U7, u7;,,4,) generated using the first 9 axioms and the last 9 ax-
ioms of 7; respectively. Note that C;, is infinite, while Cp,, is finite. One can show that Cy,s is Xa-
homomorphically embeddable into Cg;, (which is equivalent to (7, u7;,,.4,) iS X2-homomorphically em-
beddable into Cp,) iff ¢ is satisfiable.

The rest of the proof follows the line of the proof of Theorem 11 in [Konev et al., 2011

(=) Suppose |= ¢. We show that the canonical model /7, 7;,,4,) iS X2-homomorphically embed-

dable into a finite subset of itself. More precisely, let us denote with Tf"f the subset of 77 consisting
of the first 9 axioms, and 7'1ﬁ " the subset of 77 consisting of the last 9 axioms. Then U7, u7i,.4,) =

U, _ing
_ . . (T UTy 9, A7)
Z/[<7—1mfu7—12’A1> U Z/{<7—lﬁnu7-127A1>, and we construct a Yo-homomorphism A : A (71 CTizAL

U, _fin
(T{"UT12,A7) 1 . )
A ({77924 n the following we use Uy to denote u<7——1mfu7—12,A1>, and U, to denote Z/Imﬁnuﬁrlz’Al).

We begin by setting h(a/) = a¥». Then we define h in such a way that, for each path 7 in Uiy of
length ¢ + 1 < n, h(r) is a path afrwy .. w; of length ¢ + 1 in Up, and it defines an assignment az )
to the variables X1, ..., X; by taking, forall 1 <4’ <1,

ah(,r) (X,'/) =T & auﬁ" CW1 .. Wy € (Xilz)uﬁ"
Op(r) X)=1< air wy - wy € (Xo)uﬁ".

il

Such assignments ay, () will satisfy the following:
(a) the QBF obtained from ¢ by removing Q1 X7 . .. Q; X; from its prefix is true under ap () -

For the paths of length O the ¥3-homomorphism % has been defined and (a) trivially holds. Suppose that
we have defined h for all paths in U, of length i +1 < n. We extend h to all paths of length 7 4- 2 in
Uiny such that (a) holds. Let 7 be a path of length i + 1. In Ug,, we have

. Usin Ufin
tail(h(m)) N TN T, As) w[l;ﬁ,i(c], and h(m) -w[lfm € (XF)Hm for k =0, 1.

If Q; = V then in U,y we have

. Uinf Uing k\Z —
tail(m) YT UTaAs) Wik and - Wik € (XF)*, fork =0,1.

Thus, we set h(7 - w[bé;;f]) = h(m)- w[bllf};], for k = 0, 1. Clearly, (a) holds. Otherwise, Q; = 3 and in U,,s
we have ' ' u
tail(mr) T g, As) w[éj]f



We know that = ¢ and so, by, (a), the QBF obtained from 7 by removing QX ... Q;X; is true under

either aj,(-y U {X; = T} or apr) U {X; = L}. We set h(r - wz[éi’_"]") = h(m) - wz[/g‘;] with k = 1 in the
former case, and £ = 0 in the latter case. Either way, (a) holds. '

Consider now in U;,,s a path 7 of length n + 1 from a¥ to wsz’"f . By construction, we have
Uy, U
h(m) = ain ™
( ) [Plkl] [P:n]
Next, on the one hand, the path 7 in U;,,s has m infinite extensions of the form 7 - wﬁg‘ﬁ . wﬁ%f] ..., for
J J
1 < j < m. On the other hand, as |= ¢, by (a), for each clause C}, there is some 1 < i’ < n such that

h(m) contains W if Xy € Cj,or W if -X; € Cj. Wesetforeach1 <1 <n—7,

(P (P9
Uin, ing u Ufin Usin
h(m-wi - . w = g"fn . e
- v 75) [Py1] Py
—_— n
[ times
foreachn+1>1>n—7,
Uin Uing U, Ufin Usin Usin Ui,
h(m w2 oo wl ) =g o w . W,
( [R;] [Rj]) [PF1] [Pj“] [RY] Ry
[ times
and foreach! > n + 1
Uin U Ur. Z/{ﬁ" Z/{ﬁn Z/{ﬁn, uﬁn, Z/[ﬁn
hm-wi - oow ) = a cqu cow
(m - wig)) (7)) Ph1) phey M Yy R

[ times

where i* = (n—1+1) mod 2. It is immediate to verify that h is a ¥9-homomorphism from U;,,; to Ug,,.

(<) Let h be a Xo-homomorphism from U,y to Ug,,. We show that |= ¢.

Let 7 be a path of length n + 1, 7 = a¥/ - wy - ... - wy,, in Usys. Then (af 1), (m;, Tig1) € S™Hint
where m; = a¥ - wy - ... wy, for 1 < i < n — 1. Furthermore, let Z*, Z¥2 ... Zk~ be the concepts
containing subpaths of h(m;). We show that for every 1 < j < m, the clause C; contains at least one of
the literals

{X;|ki=1,1<i<n}U{-X;|k;i=0,1<i<n}

Validity of ¢ will follow.

Consider a path of the form 7 - wﬁ%"[f] e wz[/]{%”_’j in Uspnys. Then its h-image in Uy, must be of the form
J J
n+1 times
U fin uﬁn U fin U fin uﬁn U fin
a’fn . cocew TR e e T T
(P{] (Pf1] TIRJ] IR (7]

forsome 1l <i<mn,i =0o0ri =1,and k; = 0or k; = 1. If k; = 0, then C; must contain —X,
otherwise X;. O

Lemma B.16 The non-emptiness problem for universal solutions is in EXPTIME. For a given DL-Liter
mapping M and a given DL-Liter KB K1, if a universal solution Ay (an extended ABox without inequal-
ities) exists, then it is at most exponentially large in the size of K1 U M.

Proof. First, we provide an algorithm for checking existence of a universal solution with extended ABoxes
in DL-Lite?,". Given a DL-Lite’," mapping M = (X1, %5, T12), to verify that a universal solution for
(T1, A1) under M exists, we check for non-emptiness of the automaton B defining the intersection of the
automata 7, (Ag™), Tp, (A,Q’}"d), and A gy, where IC = (71 U Tiz, A1), 70 (AgE™) is the projection of
AL™ on the vocabulary I'x, and likewise for mr (A}g"d). If the language accepted by B is empty, then
there is no universal solution, otherwise a universal solution exists and it is exactly the tree accepted by B.

Proposition B.17 Let M = (31, %9, T12) be a DL-Lite%," mapping, and K1 = (T, A1) a DL-Lite}}*
KB over 3.1. Then, a universal solution with extended ABoxes for K1 under M exists iff the language of
the automata B = mwr, (AE™) N Agp, N7 (A,’%‘Od), where K = (T1 U Ti2, A1), is non-empty.

Proof. (<) Assume that £(B) # 0 and T' € L(B). Let T be the subtree of T' defined by the G labels,
and Z7 ¢ the interpretation represented by T;. Then from the definition of B it follows that



1. Zr g is a finite interpretation of Yo and Zr ¢ C Ui uTis,4,1)s
2. there exists an interpretation Z of 3, such that Z U Zp ¢ is a model of (77 U T12, A1).

Since Z7 ¢ is finite, let A7 ¢ be the ABox over X5 such that U 4. , = Zr . Then, A7, is a solution
for /1 under M (by the second item). We show it is a universal solution. Let J be an interpretation
of ¥y such that for some model 7 of K1, (Z,J) = M. Then, since U7;u7;,,4,) is the canonical
model of (71 U Ti2, A1), there exists a homomorphism from U1, y7;,.4,y to ZU J (Z U J is a model
of (71 U T12,A1)). In particular, there is a homomorphism from Zp ¢ to Z U J, and as Zp ¢ and T are
interpretations of disjoint signatures, there is a homomorphism A from Z7 ¢ to J. Hence, J is a model
of Ar ¢: take h as the substitution for the labeled nulls. By definition of universal solution, A7 ¢ is a
universal solution for Cq under M.

(=) Assume a universal solution for Ky under M exists. Then by Lemma [B.7] there exists a universal
solution Az such that V4, € U(7,7;,,4,)- Therefore, the language of B is not empty. O

As a corollary of Lemma|[B.5] Lemmal[B.6] Lemma|B.7] and Proposition we obtain the exponential
time upper bound of the non-emptiness problem for universal solutions with extended ABoxes in DL-
Liter . Moreover, Ar ¢ is at most exponentially large in the size of K; and M. O

|

B.5 Proof of Theorem

Proof. We show that the membership problem for universal solutions with extended ABoxes is NP-
complete by first proving the lower bound, and then the upper bound.

Lemma B.18 The membership problem for universal solutions with extended ABoxes is NP-hard.

Proof. The proof is by reduction of 3-colorability of undirected graphs known to be NP-hard. Suppose
we are given an undirected graph G = (V, E). Let ¥y = {Edge} and $5 = {Edge’}. Letr, g,b € N,
V C Njand

Ar = {Edge(r, g), BEdge(g,r), Edge(r,b), Edge(b,r), Edge(g,b), Edge(b, g)},

T = )

Ti2 = {Edge C Edge'},

Ay = {Edge'(r,g), Edge'(g,r), Edge’ (r,b), Edge' (b,r), Edge’(g,b), Edge’ (b, g)} U

{Edge’(x,y), Edge' (y,x) | (x,y) € E}.

Note that the nodes in G become labeled nulls in As.

We show that G is 3-colorable if and only if As is a universal solution for K£; = (77, .4;) under
M = (Ely 227 7-12)

(=) Suppose G is 3-colorable. Then it follows that there exists a function A that assigns to each vertex
from V" one of the colors {r, g,b} such that if (z,y) € E, then h(z) # h(y), hence h is a homomorphism
from G to the undirected graph ({r, g, b}, {(r, 9), (9,b), (b,7)}).

We prove that A5 is a universal solution for IC; under M. Obviously, ; and M are Ys-positive. Thus,
it remains to verify that V4, is ¥2-homomorphically equivalent to U7, (7),,,.4,)- First, it is easy to see
that U7, u77,,4,) is X2-homomorphically embeddable into V 4,. Second, h is also a homomorphism from
VA, 0OUT U2, A,)» thus V4, is homomorphically embeddable into U7, 7, 4,)-

(<) Suppose now A, is a universal solution for Iy under M. Then by Lemma [B.3]it follows that V4,
is ¥p-homomorphically equivalent to U7, y7;,,.4,)- Let h be a homomorphism from Vo, to Ui, U7, 4,)-
Then £ assigns to each labeled null z € A“2 some constant & € A“', and it is easy to see that A is an
assignment for the vertices in V' that is a 3-coloring of G. |

Lemma B.19 The membership problem for universal solutions with extended ABoxes is in NP.

Proof. Assume we are given a mapping M = (X1, X5, T12), a source KB K1 = (77,.4;), and a target
ABox A,. We want to decide whether A5 is a universal solution with extended ABoxes for K; under M
(ABoxes without inequalities).

We need the following proposition that provides an upper bound for checking existence of homomor-
phism from V, to Uir,u7i,,4,)-

Proposition B.20 Deciding whetherV 4, is homomorphically embeddable into Ut u1,,,4,) can be done
in NP in the size of K1, M and As.



Proof. First, if there exists a homomorphism A from V.4, to U7,u7;,,4,), then there exists a polynomial
size witness A3 such that V4, C Ui, u75,,4,) and h is a homomorphism from V4, to V4, (take V4, =
h(V.a,), then | A3| < |Az|). Therefore, to verify that such h exists, it is sufficient to compute A3 and then
to check whether V 4, can be homomorphically mapped into V 4,.

Second, there exists a witness Ajz such that V4, C U7u7;,,4,) and every z € A“ is a path of
polynomial length in the size of 7; U 712 and A5 (more precisely, of length smaller or equal 2m, where
m is the size of 71 U 712 U Az). Proof: let h be a homomorphism from V4, to Ur,u7;,,4,) and A3 an
ABox such that V4, = h(V4,). Assume that v € A“2 and the length of  is more than 2m. Then z
is not connected to Ind(.A;) in As, i.e., there exists no path Ry (z1,22), ..., Rn(Tn, Tny1) with x; = x,
Tnt1 = a € Ind(Ay), Ri(z;, xi41) € As (otherwise it contradicts V.4, = h(V.4,)). Let C be the maximal
connected subset of As with z € A€, i.e., A® N A43\C = () and for each C’ C C, AC N AC\C #0,
moreover AY N Ind(A;) = 0. Let y be the path (in the sense of path({7; U Ti2,.41))) of minimal
length in C, it exists and is unique since V4, C U(7;u7,,4,) and there are no constants in C, and for
eachx € C,z = y - w,] ... wg, for some n. Further assume tail(y) = wyg), then let y’ be a path
of the minimal length in A¥(T1u712.41) with tail(y’) = wg) (note that there is an infinite number of y”
with tail(y”) = wg)). Then the length of 3’ is bounded by the size of 7; U 712 and the length of each
Y - WiR,] - WR,]» Where y - wig,] ... wr,) € C, is bounded by the size of 7; U 712 U As. Now, define a
new function i’ : AV4z — AUTiuTi2 A0 suchthat b/ (z) = h(z)if h(z) ¢ C, B (2) = ' wig,) - .- WR,,
if h(z) = y - wg,) ... wg,]- It is easy to see that i’ is a homomorphism from V4, to Ui u7;,,4,)- We
can continue this iteratively until we get that for every € A“3, z is a path of length bounded by 2m,
where A3 is an ABox such that V4, = h'(V4,).

Finally, our algorithm for checking existence of a homomorphism from Va4, to Uir;uTi,,4,) i as
follows:

1. compute (guess) As (in NP):

e foreach z € A*2 we guess y € AY(71UT12.41) such that there exists a (77 U712, A; )-path from
some a € Ind(.A;) to y and y is a path of polynomial length,
e Let W be the set of all y guessed above, then

A3 = {A(z) |z € W,tail(z) = wgr), TUTi2 FIRT C A A€ X} U
{S@@' z) |z, 2" e Wiz =2" - wpr), TUTi2s ERE S, S € 5o},

Va, CUTUT A AP = W and Ajs is of polynomial size.

2. check whether there exists a homomorphism from V4, to V 4, (in NP).

We prove that the above described procedure is correct.

Assume, we computed A3 and there exists a homomorphism h from V4, to V4,. Then since V4, C
U(T,UTi2,A,)» it Tollows that h is @ homomorphism from V.4, t0 U7, U7y, 4,)-

Now, assume that there exists no homomorphism from V4, to V4, and by contradiction there exists a
homomorphism from V4, to U7, u7;,,4,)- Then, we showed that there exists a homomorphism A’ from
V., 0UT0Ti,, Ay) and an ABox Aj such that V4, = h/(V4,) and the length of every A is bounded

by 2m, where m is the size of 7; U T2 U As. Contradiction with step 1.
|

Then the membership check for universal solutions with extended ABoxes can be done as follows:
1. verify whether KCy and M are X5-positive, if yes

2. check whether 75 is equivalent to the empty TBox, if yes

3. check whether As is a solution with extended ABoxes for K’ under M??%, if yes

4.

check whether A3 is homomorphically embeddable into U7, u7;,,.4,)- If yes, then Ky is a universal
solution for /C; under M, otherwise it is not.

Steps 1 and 2 can be done in polynomial time. Step 3 can be done in NP similarly to Theorem 5.3} guess
an interpretation Z of ¥, of polynomial size, check whether Z is a model of K7°° and (Z,V4,) E 75 .
If yes, then A; is a solution: let 7 be a model of A and & a homomorphism from V4, to J. Then, let
T be the image of h applied to Z, T = h(Z). Then Z is a model of K}°° and (Z7, 7 ) = T5°, hence
indeed, A; is a solution. Step 4 is feasible in NP, therefore in overall the membership check can be done
in NP. O

O



B.6 Proof of Theorem

Proof. The proof is by reduction of the satisfiability problem for quantified Boolean formulas, known
to be PSPACE-complete. Suppose we are given a QBF

Qb - Q1X1 cee Qan /\ C(j
j=1
where Q; € {V,3} and C;, 1 < j < m, are clauses over the variables X;, 1 < i < n.
Let ¥y = {A,YF, X}, 8, T1,QF, PFRj,R. | 1 < j <m,1<i<n0<I<nke{01}}
where A, Yi"’7 X f are concept names and the rest are role names. Let 77 be the following TBox over X1

forl1<j<m,1<i<nandke {0,1}:

A C 355 35,7, C 3Qk ifQ; =V
35,7, C 3S; ifQ; =3
3QF)” C Y FC S s, C 3R,
3R; C 3R,
A C 3Ty 37, , C 3PF PF C T,
J(PF)- C Xk X? € 3R] if =X; € C;

AR~ € IR
and A; = {A(a)}.
Further, let ¥y = {A’,Z?,Z},S’,R;,Pi’k,Tl’,R;-l} where A’,Z?, Z! are concept names and
S, R;, Pi’k, 1/, R}l are role names, M = (X1, X9, T12), and T4 the following set of inclusions:
AC A S; C 9 R; C R}
7, C S T, C R}
YF C ZF R: C R

[ i = 7
Xk C ZF R(; C R,
prcp® mcr R CRY
Finally, let A2 = {A’(a)}, and 75 the following target TBox for1 < j <m,1 <i<mandk € {0,1}:
Acarg 3, c3Ipt pfoT
APk C ozk z? C 3Ry if -X; € C;
Zil C HR;l if X; € Cj
in_ i1
3(R/)~ C 3R,
T C S T/ C R,”
X C /
]]:/0 - 277
g = j

We verify that = ¢ if and only if (73,.42) is a universal UCQ-solution for 1 = (77,.4;) under M.
From Claim it follows that (72,.A2) is a universal UCQ-solution for Ky = (71, .4;) under M iff
U(T,UTi0,4,) 18 finitely Yo-homomorphically equivalent to U, 4,). Therefore, we are going to show that
= ¢ if and only if U1, u7;,,4,) is finitely ¥o-homomorphically equivalent to U7, 4.)-

The rest of the proof is similar to Lemma[B.T3]

O

C Membership Problem for UCQ-representability

Note that for the ease of notation, in all proofs and statements concerning UCQ-representability we use X
instead of 3, and = instead of ¥5. At the same time, alternative syntax for the disjointness assertions is
used: we write B B’ C L instead of B C —B’, for basic concepts B and B’; analogiousy for roles.

We need several new definitions. For a TBox 7, a pair of basic concepts B, B’ (resp., pair of roles
R, R')is T-consistent if (T,{B(0), B'(0)}) (resp., (T,{R(0,0"), R'(0,0')})) is a consistent KB. We say
aconcept B is T -consistent if the pair B, B is T -consistent, and we define in a similar way 7 -consistency
of arole R. Denote by consc(T) (consw(T)) the set of all T-consistent concepts (roles).



C.1 Basic Preliminary Results

Lemma C.1 Let K = (T, A) be a KB, a,b € N,, 0 € AY<, and tail(c) ~~x wip). Then,
(i) Bet'<(a)iff A= B'(a)and T+ B' C B;

(i) R €Y (a,b)iff A= R'(a,b)and T+ R T R;

(iii) B € tU (gwp) iff T+ 3R~ C B;

(iv) R € r¥< (o, owr) T F R C R

Proof. For @] assume, first, B is a concept name, then the proof straightforwardly follows from the
definition of Ux.. Let B = 3R for a role R, we show the “only if” direction. By the definition of U it
follows either a ~+x w{p/) for some role R’ such that 7 = R’ C Ror K = R(a,b) for some b € N,. In
the first case X - 3R/ (a) and 7 F 3R’ C B by the definition of ~-. It is then immediate that A = B’(a)
and 7 + B’ C B for some concept B’. In the second case, there is a role R” such that A = R"(a,b) and
T F R" C R, so the result follows with B’ = 3R”. The “if” direction is similar using the definition of
Uy and ~~, which concludes the proof of [(i)] The proof of [(ii)]is analogious.

For@] assume, first, B is a concept name, then the proof straightforwardly follows from the definition
of Ux. Let B = 3§ for a role S, we, first, show the “only if” direction. It follows there exists ¢’ €
AY< such that (cwg),0’) € SY<. From the definition of Uy it should be clear that either ¢’ = ¢ and
TFRLC S, oro’ = owpgwg for arole R such that wip ~x wir)and T = R' £ S. Then,
from wg) ~>x wir| we can also conclude 7 = IR~ C JR’. One can see that in the both cases above
it follows 7 + dR~ C 35, which concludes the proof of the “only if” direction. The “if” direction is
similar using the definition of U and ~-. O

Lemma C.2 Let (T, A) and (T', A’) be the KBs, such that:
i TCT,

(i)) A= B(a) implies A’ |= B(a) and A |= R(a,b) implies A’ = R(a,b), for all a,b € N,, concepts
B and roles R.

Then, for each o € AUT. A there exists § € AT .4 such that
(iii) tYT.a (o) C tHT . (6),
(iv) v (a,0) C rT .4 (a,6) for all a € N,

Proof. Consider, first, the case 0 = b € N, then set 6 = b and we show Consider B € tH(T.4) (o),
it follows by Lemma A E B'(b) and T + B’ C B, for some concept B’. Then, by it follows
7'+ B’ C B and by it follows A’ |= B'(b), therefore, by Lemma [C.1| we obtain B € t¥.4) (§).
The proof for [(iv)]is analogious.

Now, assume the lemma holds for ¢/ € AYT.4): we show it also holds for ¢ = o'wig € AUT )

for a role R. By the definition of U7 4y it follows tail(¢”) ~ (7 4y wig) and so IR € ¥4 (¢'). By
Lemma[C.Jlit follows

7 3R~ C B foreach B € t*74) () 1)
T+ R E Q foreach Q € t74 (a, 0) 2)
On the other hand, observe by our induction hypothesis that there exists &' € A(T4) such that
tUT ) (07) C tHTan (87); therefore, IR € .40 (§'). Tt follows there exists 87 € AYTur’ .4

such that (¢’,6”) € RY".a) . We select § (for o) equal to §”; using (), |G| and Lemma one can
easily show [(iiD)} and using (2)) and [(i)] one can show [(iv)] O

Lemma C.3 Let K = (T, A) and assume a ~~x wig) for some basic role R. Then there exists a basic
concept B, such that A |= B(a), and:
(©) 0 (T, B(0)) WiR),
(ii) tY% (awg)) C tHT 50 (owg));
(iii) rM< (a, awpg)) C rTE@) (0, owg)).
Proof. Consequence of LemmalC.1] g



Lemma C.4 Let A be an ABox, B a set of basic concepts, and T, T’ TBoxes. Let B= (T ,{B(0) | B €
B}), and assume y € AY5. I[f o € AYToT" .2 and B C tWror.4) (0), then there exists § € AYTuT’ 4
such that

() t4a(y) C o' v (5)
(i) r¥5(0,y) C tTuT".4) (0, )
Proof. Straightforward consequence of Lemma|C.2] O

Lemma C.5 For each 0 € AYT10712.4) and B’ € tg<TlUTlZ’A> (o) one of the following holds:
(i) there exists a concept B over ¥ such that B € t¥(T10712.4) (0)and Tio + BC B’';
(i) tHoT20 (o) = {B'}.

Proof. Using Lemrna and considering the structure of 71 U 712 with X NE = (). The caseoccurs,
when tail(o) = wyg) for a role @ is over Z. O

Lemma C.6 A DL-Liteg KB (T, A) is consistent iff
(i) B, B’ is T-consistent for each pair of basic concepts B, B' and each a € Ind(A) such that A =
B(a) and A |= B'(a);
(ii) R, R’ is T-consistent for each pair of roles R, R' and each a,b € Ind(A) such that A = R(a,b)
and A |= R'(a,b)
Proof. (=) Assume is violated, so there exist By, Bs and a € Ind(A) such that A E Bj(a),
A|= Ba(a), and (T, {B1(0), B2(0)}) is inconsistent. It follows that U7 1B, (0), B, (0)}) 1S NOt a model of
(T,{B1(0), B2(0)}), so there is § € AXT.{B1(2).B2()}) and a disjointness assertion BNC C L € T (note
that inclusion assertions B C C' € T cannot cause inconsistency) such that B, C' € t¥(7.(81(2).B2()}) (§).
Obviously, {By, Bs} C t“%7.4) (a), then by Lemma we obtain 6 € AYT.4) such that B,C €
tHT.4) (6). Hence, U 7 4y is not a model of (7',.A), which contradicts Claim since (7, A) is consis-
tent.
It can be also the case that U1 (B, (o), B, (0)}) 18 inconsistent due to the disjointness assertion R M Q £
L € T. Then the proof is similar using Lemmas [C.4]and Claim[A.1

Assume now [(i)]is violated, the proof is a straightforward modification of the proof above.
(<) The proof is analogous to (=). U

Lemma C.7 Ifa KB (T, A) is consistent, then for all 6,0 € AT 4),
(i) B is T -consistent for each B € t*7.4) (§);
(ii) R is T-consistent for each R € v""7.4) (§, 7).
Proof. Similar to Lemma[C.6 O

C.2 Homomorphism Lemmas
Here we present a series of important lemmas used in the proof the main results in the following sections.

Lemma C.8 Assume a mapping M = (2,2, T12), ABoxes A and A’ over, respectively, 3 and =, and a
E-TBox over Ta. If Uir,, 4y is = homomorphically embeddable into U, then U 1,uT;,, 4y is = homo-
morphically embeddable into U T, ary.

Proof. Consider the = homomorphism 4 : A7i2.4 s AYa’ from U(T:,,4) to Ugs, we are going to

construct the ¥ homomorphism A’ : Uir,ur,,4) = Ui, ary from Ui, ur,, 4y to Uir, ary. Initially, we

define h/(a) = a, let us immediately verify that tg<T2UTl2’A> (a) C tg”"“*‘,) (h/(a)). Notice that by the
definition of h we have:

6274 (a) C 624 (h(a), ®

h(a) = h'(a). 4)

Let C' € ta(797i2) (a), it follows by Lemma there exists B over ¥, such that A = B(a) and

2

T UT’+ B C C. Taking into account the shape of 75 and 772, t follows also there exists D over = such
that T30 H B C D and T3 - D C C. Observe that B € tH(Tiz.4 (a), then by Lemma and



it follows D € tg<T12’A> (a) and taking into account (3) and @) we conclude D € tLE{““' (h'(a)). Finally,
Uiry ar o
using again Lemma andwe obtain C' € t=">"" (h/(a)). The proof that r;{m 124 (g, b) C

rgm”‘v) (W' (a), h'(b)) for all constants a and b is analogious.

Now we show how to define /' for o = awg) € path((72 U Ti2,.A)). It follows a ~~ (1, u7:,,.4) W[R]s
then two cases are possible:

(I) RisoverX;

(IT) Risover =.
In case m it follows a ~~(7;, 4y wr) and by the condition of the current lemma it follows there is
§ € AUa’ guch that:

6272 (awgg) C t44 (), 5)
ra 12 (a, qwig) C rE4 (a, 6). ©)
Then, using Lemma(with A=A, T=0,T" =T3) we obtain vy € A¥72.4") such that
a7 (8) C 1 (), @)
4 (a,6) C x4 (a, 7). ®)
Now define 2'(0) = +; we need to show

u ,
tgmum,m (0) C ta 4 (4), 9)

4 (a, ). (10)

N

N

m S m

rbE’<T2uTn-,A> (a,0) C ¥

For (@) consider the set B = {Bover Z | Ti2 F 3R~ C B} and observe that BcC té’”lw” (awpgy) and
also by Lemma and the structure of 75 U 779, for each B’ € tgmz’m (awpgy) there exists B € B such
that 73 = B C B’. By (3) and (7) we obtain B C tgm"A') (7); then using Lemma it can be easily

Uiy
verified B’ € t=">"" () for all B’ as above, which concludes the proof of (). The (I0) is analogious

using (6), (8), and the set S = {SoverZ|Tio - RC S}.
Consider the case[(ID} using Lemma [C.1]and the structure of 73 U 712 and .A, one can show:

IR € t2 T2 (), (11)
T+ 3R~ C Bforall B € ta 27124 (g), (12)
To - RC Sforall § € ra™7124 (g, 0). (13)

Provided that the homomorphism A/ is defined for a, it follows IR € t“(72.4" (h/(a)), therefore, there
exists 7 € A¥72.4) such that R € r*72.4" (h/(a), ). Now define /(o) = 7; we need to show

tLE{<T2UT12’A> (o) C tHm2a) (v), (14)
a2 T2 A) (g ) C A (a, ). 15)

For (T4) consider (12) and Lemma [C.1} similarly, for (I3) consider (13).

Assume now o = o’wjg) and the homomorphism from U7, 7;,, .4y to U7, ary is defined for o’. The
proof is done in the same way as for the case|(II)} all the statements are valid if one substitutes a by ¢’. [

Let M = (X,Z,712) be a mapping, and, 71 and 7s, respectively, 3- and Z-TBoxes. Define KBs
Sp = (T1UTi2,{B(0)}) and Xp = (T2 U T12, {B(0)}) for a basic concept B over X. We slightly abuse
the notation and write S 4 to denote the KB (7; U 712, A) for a given ABox A, analogously we use X 4 to
denote (72 U T12, A). We show

Lemma C.9 Let A be an ABox over Y. and assume for each concept B, role R, and all 0,0 € AYsa such
that

(i) B €t (o),
(ii) R € ry*(a,9),



the following conditions hold
(iii) t27 (0) C t52(0);
(iv) T2 UTi2 b RC R implies T U T2 = R C R for all roles R’ over Z;
(v) for each role R such that o ~x, wig) there exists y € AYss such that

(@) t2"" (owip) C 4o (y),

(b) rzé[XB (0,0wp)) C 155 (0, y).
Then Uy , is finitely homomorphically embeddable into Us ,.
Proof. Let A as above and assume the condition of the lemma are satisfied. We build a mapping h from
path(X4) to path(S4) such that for any finite subinterpretation of Uy, the restriction of h to it is a
homomorphism to Us , . Initially, we define h(a) = a, let us immediately verify that t“/*4 (a) C t"s4 (a).
Let C' € t¥*a(a), it follows by Lemma there exists B over X such that A |= B(a) and T U T2 F
B C C. Observe that B € t¥sa(a); now if C is over X it follows C' = B, so C' € tSa(a) and the proof
is done. Otherwise, C' € sgB (0), then by C € s52(0),50 Ty U T2 = B C C. Finally, using Lemma
obtain C' € t“sa(a). The proof of ¥4 (a,b) C r¥sa(a,b) is analogous using Lemma
and current [(iv)}

Now we show how to define h for 0 = awg) € path(X4). It follows a ~x, w(R), then by Lemma
[C.3|(with IC = X 4) there exists B over ¥ such that A |= B(a), 0 ~x,; wyg|, and

tY%a (awg)) C t4%= (ow(g)) (16)
4 (a, awg)) € x5 (o, ow[R))- (17)
We are going to show now there exists y € AYSs such that
t“¥s (ow)) C t4°5 (y) and (18)
%5 (0, ow)) C 1455 (0, y). (19)

Assume, first, t;{XB (ow(g)) = 0, then also rgXB (0, owg)) = 0; it remains to observe that from A |= B(a)
it follows [(D)]is satisfied with o = a, then by|(v)] we obtain y satisfying (I8) and (T9).

Assume now thB (owpg)) # 0, it follows B = 3R, tl;XB (owrg)) = {IR"}, and rgXB (0,0w(R]) =
{R}. Since B = 3R, there must exists a role @ such that 0 ~»s, wjgy and 71 U T2 - Q T R, we
choose wig) to be the required y; it is immediate to see t;{XB (ow(r)) C t“sz (y), and rgXB (0,0wg)) C
rs5 (0, ). To prove also tléXB (ow(g)) C t“55 (y) and rgXB (0,0w(r)) C %5 (0,y) we are going to use
and but we need AR~ € tgs*‘ (0)and R € rzgsf‘ (0,6) for some 0,5 € Asa. To get the latter
two facts it is sufficient to notice IR € t“¥a (a) (since a ~x, w(g)) and t¥¥a (a) C t“54(a) proven
above.

The proof of thB (owg)) C t“s5(y) is as follows: assume B’ € thB (ow(g)), then since R is
over X it follows B’ € tZXBR_ (0). By 3R~ € tLE{S““ (o) andobtain B € tLE{SER_ (0), then since
TiUTiz F Q C Rit follows t"S31— (o) C Y55 (owg)) and we obtain B’ € tYs5 (). The proof of
rzé[XB (0,0wp) C rM¥s (0,y) is analogous using R € rgsf‘ (o, 5), and 7 UTi2 F Q C R We
finished showing there exists y € AYSs, such that (T8)) and (T9).

To continue the proof consider { B} C t¥s4 (a) and Lem (with T = T3 UT12 and T’ = () there
exists § € AUs4 such that t¥s5 (y) C t¥54 () and r¥s5 (0, y) C rsa(a, §). It follows now using (T6)
and (T8) that t*a (aw()) C t“54(§). Analogously using (T7) and (T9) one obtains r*a (a, aw|p)) C
rsa(a, ).

We show how to define the homomorphism for cwgz) € path(X4) with tail(o) = wig/ given that
the homomorphism for i(c) is defined. It follows wirq ~»x, wig) and by definition of ~~ and the
structure of 73 U T12 we obtain 7o U 712 = 3R’ C IR and R is a = role different from R~ . By Lemma
[C.1]it also follows {IR'~, 3R} C t“*4 (o). Since h is a homomorphism, {IR'~, 3R} C t¥s4(4) for
§ = h(o) € AUsa. We use Lemmato obtain B over ¥ such that B € t¥sa(§) and T2 - B C 3R.
g)tice that such B exists: since 3R'~ and 3R are different concepts, of Lemmais excluded, so
@) holds.



Then in Ap we have that o ~ x, wig) for a = role R, and the proof continues analogously to the proof
for the case 0 = aw|g) above using the conditions (ii), (iii) and Lemmas t0 obtain ¢’ in A¥sa such
that t¥4 (cwg)) C t¥54(8') and r*a (0, owg)) C 154 (5,8"). We assign h(cw(p)) = 0.

Thus, we defined the mapping A that is clearly a =-homomorphism from each finite subinterpretation
OfZ/[<7—1U7-12’_A> into U<7-2U7-12’_A>. O

Lemma C.10 Let A be an ABox over Y. and assume for each concept B, role R, and all 0,5 € AYSa
such that

(i) B €t (o),
(ii) R € r$4(q,0)
the following conditions hold
(iii) ta°" (0) C t4*5 (0);
(iv) T UTi2 = R C R implies To U Tio & R C R’ for all roles R’ over Z;

(v) for each role R such that o~y wig) there exists y € AY%s such that

(@) t2°° (owp)) C t4¥ (y),

(b) réB (0, 0wig)) € r*s (o, y).
Then Us , is finitely =-homomorphically embeddable into Uy ,.
Proof. Assume the condition of the lemma is satisfied, and let .4 be an ABox over ¥. We build a mapping
h from path(S.4) to path(X4) such that for any finite subinterpretation of Us , the restriction of A to it
is a =-homomorphism to U7, . Initially, we define h(a) = a, let us immediately verify that tg‘s““ (a) C

gXA (a). Let B’ € tgs““ (a), it follows by Lemma there exists B over X such that A |= B(a) and

71 UTis - B C B'. Observe that B € t¥sa(a), then byB’ € t“*5(0),s0 T, UTia - BC B'.
Finally, using Lemma obtain B’ € t"s4(a). The proof of rgs““ (a,b) C rLE{XA (a, b) is analogious

using Lemma[C.1][(ii)] and current (iv)]
Now we show how to define h for o = aw|g) € path(S.4). It follows a ~~s, wg) and by Lemma

(with K = S 4) we obtain B over X such that A = B(a), 0 ~»s,; w(r), and

tHsa (CL’UJ[R]) C t4ss (ow[R]) (20)

r“sa(a, aw(g)) C r¥ss (o, OW(R])- 21
Notice that B € S‘;B (a) (that is,, then bythere exists y € A*B such that

27 (wir)) C 65 (y), (22)

r25 (0, wim) C 15 (0,1). 23)

Since {B} C tY*4(a), by Lemma (with 7 = T3 U T2 and 77 = () there exists § € AYxa
such that t¥~s (y) C t“sa(§) and v*s5 (0,y) C r¥*4(a,d). It follows now using (20) and (22) that
tgs““ (awg)) € thA (6). Analogously using 1) and (23) one obtains rgs““ (a,awg)) € rLE{X““ (a,9).
We assign h(o) = 9.

We show how to define the homomorphism for cw(p) € path(S4) with 0 = o’wir/| given that the
homomorphism /(o) and h(c”’) is defined. It follows wyg/| ~s, wr) and it that case R’ is over X by the

structure of 71 U T12. Analogously to the proof of Lemma@ it can be verified o S5y WIR] and
tHsa (cwir)) € tus(aR'j (ow(g)) and (24)
rsa (0,0wiR)) C I‘US(HR’*) (o, ow[R]), (25)

Observe that 3R~ € tgs““ (o) (that is, , then by there isy € A ¥ar-) satisfying and

Given the structure of T3 U 712 two cases are possible:



(Il) y € AYT2.(B@)1B<BY) for the set B of all concepts B over Z such that 715 - 3R’ C B,

Us o u
to (owrg)) C t7T2:(B@1BBY (y) and (26)

Us,
r= "7 (0,0wp) C tUT2B@IBEBY (0,y). @7

(IV) o WX(HR’—) U}[R/—],
Yy E AUz (B@)BEBY) | for the set B of all concepts B over = such that ;o - 3IR' C B,  (28)
Us _
to O (owpg) C tHT215@IB<BY (y), and (29)

U ,_
r= "7 (0, owpgy) € 1 CR ) (0, owp-). (30

Consider |(IID); then, B C tLEIXA(h(J)), since obviously B C tzé[SA () and h is a homomor-
phism on ¢. By Lemma (with T = T3 and 7' = Ti2) we obtain & € AY*a such that
tUm.(B@1BeBY) () C tYx4(§) and rH(72.(B@)1BEBY) (0,y) C rY%a(h(0),d). Note that using @4)

and (26) we obtain tsa (cw(g)) C t¥¥a(8); also using (23) and we obtain rLEISA (o,0wigr)) C
rLElX*‘ (h(c),0). We assign h(owig)) = 0 which concludes the proof.
Consider [(IV)} at this point we need
B C t“sa(o’) and (31)
R C r¥s4(0,0"), (32)
forR = {R" | Tio = R~ C R"}. Indeed, (1) follows since 3R’ € t“sa(o’), by the definition of B, and
Lemma|C.1|[()|and[(Gii)] For (32) let R” € Riit follows [R'~] <ru7, [R"] and so [R'] <7ium, [R"7).
Then by the definition of Us , obtain R"~ € r¥sa (o', ), so obviously R” € r¥sa (o, 0").
Observe that, since h is a Z-homomorphism on ¢’ and (31), it follows
B C t2*4 (h(0")) (33)
and distinguish two subcases:
(V) I‘Zés““ (U, aw[R]) = @;

(VI) I‘Z;SA (O’, (TU)[R]) 7& (Z)
In case |(V)| consider (28), (33) and Lemma |C.4| to obtain § € AY*4 such that t“72 (@) 5eBY (y) C

tYx4 (5). Then using (24) and (29) one obtains tSA (owig)) C tLE{XA (6). Taking 0 = h(cwg)) completes
the proof of the first subcase.

Us .,

In the alternative case |(VI)| it follows by (23) that rESGR "(o,wig)) # 0 therefore y = o (c.f.
([28)). We assign h(dw(g)) = h(c’) and we prove tgs““ (ow(g)) C t“*a(h(c")), and rgs““ (0,0wiR) C
i (h(o), (o).

Sapi—

Indeed, let B € tas4 (cwig)), by @4) B € s (ow(g)), then by (29) there exists B’ € B such that

T2+ B’ C B. Using (33) and Lemma obtain B € t¥*4 (h(o")).
Us,_

Let now Q € rgs““ (0, 0wg)), by @3) it follows Q € rESGR ' (0, 0wg)), then by (30) there ex-
ists 7 € R such that 7; = R” C Q. Since h is a homomorphism on o, ¢’ and (32) obtain
R" € t2%4(h(s),h(c")). By the definition of U{y, we conclude also Q € re*4 (h(c), h(c")). This

concludes the proof of the second subcase and the whole case We have shown how to define & for
owpg) € path(S.4) so that h is Z-homomorphism. ]

C.3 Proof of Proposition 6.1
This proof can be obtained as an easy consequence of the following

Lemma C.11 Let M = (3, E, T12) be a mapping, and Ty and Ts, respectively, ¥- and Z-TBoxes, q(Z) a
E-query, and A a ¥ ABox. Then

() cert(q, (T3, A)) C N cert(q, (Ta, A')).
A’ — ABox, s.t. it is A’ — extended ABox, s.t.
UCQ-solution for A it is UCQ-solution for A

under T12 under T12



Proof. Consider a tuple of constants a such that (72, A") = g[a] for all =-ABoxes A’, such that A’ is
a UCQ-solution for A under 715. Assume an extended ABox A’, such that it is a UCQ-solution for A;
we are going to show (72, A’) = ¢[d]. If (T3, A’) is inconsistent, the proof is done; otherwise, take an
interpretation Z |= (73, A’). It follows there exists a substitution over Z, such that h(u) € BZ for every
B(u) € A, and (h(u),h(v)) € R for all R(u,v) € A. We associate with every null n in A’ a fresh
(w.r.t. constants in A’, @, and ¢(Z)) constant a,, € N,; then take .4* the result of the substitution of each
n by a,, in A’. Consider an interpretation Z*, such that it is equal to Z, except for a,,, such that n is a null
in A’, we set aZ” = h(n). It should be clear that Z* |= (T3,.A*), then we obtain Z* = ¢[a]. It remains to

show Z = ¢[d]; for that assume & = (21, ...x,), d = (a1, ...,a,), and
q(f) = EIyl’ s 7ym§0(f; Y1y Ym, blv ey bk)7
where ©b; are constants and ¢ a quantifier-free formula. It follows, there exist

di,... dn,e1,. .. €m, fi, .., fx € AT suchthatd; = al", f; = b7, and

I* |:ap(dh...dmel,...,em,fl,...,fk).

It remains to observe that all of d;, e;, f; belong to the interpretation of the same concepts/roles in Z as in
7', and a? = d;, bT = f;. Therefore, Z |= ¢(dy,...dp, €1, €m, f1,-- -, fx), and, finally, Z = g[a]. O

C.4 Proof of Proposition 6.2

The result is proved in Theorem [C.16] which is based the series of lemmas.

Lemma C.12 Let M = (3, E, T12) be a mapping, and T, and T, respectively, ¥- and E-TBoxes. Then
Tz is a UCQ-representation of 77 under 712 if and only if {T1 U T12,.A) is Z-query equivalent to (Ta U
T2, A) for every ABox A over ¥ such that (T, A) is consistent.

Proof. We first prove the following:

Proposition C.13 Let M = (X, =, T12) be a mapping, and Ty and Ts, respectively, - and Z-TBoxes, A
a X-ABox, such that (T1, A) is consistent, ¢(Z) a Z query and @ a tuple of constants. Then (TaUT12, A) =
qla] iff (T2, A’) & qld] for all Z-ABoxes A’ such that A" is a UCQ-solution for A under M.

Proof. (=) Let A and A’ as above; we show (72, A’) =-query entails (72 U T12,.A). Notice that since
A’ is a UCQ-solution, it follows (712,.A4) Z-query entails A’; and since A is consistent, (712,.A) is
consistent as well. Using Claim we obtain that U7, 4) is = homomorphically embeddable into
Uyu . By Lemma [C.8]it follows U(7;u7;, 4) is = homomorphically embeddable into U, ary. Now, if
(T2 U T2, A) is inconsistent, it can be shown in the way similar to the proof of Lemmathat (T2, A"
is inconsistent, then the proof is done. Otherwise, we use Claimto conclude (75, A’
(T2 U T2, A).

(<) Let A, ¢(Z), and @ as above; assume (72, A’) |= ¢[d] for all solutions A’ for A under T72. We
are going to show (72 U T12, A) = qld]. If (T3 U Ti2,.A) is inconsistent, the proof is done; assume the
opposite, then we will show U7, 7;,,4y = ¢ld], using Theorem the proof will be done. Consider
U(1,,,.4y and define the set

71,4 = Ind(A) U {aw(r € A¥Ti2-4) | g € Ind(A) and R over Z}.

For each 0 € O, 4 define t, = aif 0 = a € Ind(A), and t, = a, for a fresh w.rt. A, @, and ¢(Z)
constant a,, otherwise. Now, define

A" ={B(t,) | B basic conc. over Z,0 € BY7i24 N O, 4}U
{P(ty,ts) | P role name over Z, (¢,0’) € P4T20 N (O75,.4 X O75,.4)}

It is straightforward to build a Z-homomorphism from (772, .A) to A’ and use Claim [A.4|to show A’ is

a UCQ-solution for A under 712. Consider now U, 4y and a mapping g : AYTz.a)) y AUTUTI2.4)
defined in the following way:

=-query entails

OW[R,] - - - W[R,]s ifa=t,ando € Op, 4,

glawig,] ... WiR,]) = {a, otherwise,

where n > 0. Notice that g is not a homomorphism, however, using the definitions of Z/{<7—2’ Al and
U(T5UT:,,.4) One can straightforwardly verify

7240 (5) C ¢4 (g (5)), G4
r{74(5,67) € 2TV (g(6), g(8)), 4



for all 6,0’ € AY(72.4" | This is sufficint to prove in the way analogious to the proof of Lemma that
U(T,, 47y 1s consistent. Using Claimone can obtain U7, 41y = q[d]. Finally, observe

g(a) = a, (36)

for all a in Ind(A), @, or ¢(Z); then using (34), (33), (36) in the same way as the proof of Claim[A.4]one
can show U7, 73,,4) = q[d]. which concludes the proof.
]

Now, given a 3 ABox A such that (77, .A) is consistent, we show that (7;U7;2, A) is Z-query equivalent
to (T2 U T2, A) if and only if for every = query ¢(&) it holds

cert(q, (Ti U Tiz, A)) = N cert(q, (Tz, A')). (37)

A’ — solution for A under 772

(=) Let ¢(Z) be a E query, it follows cert(q, (T1 U T12,A)) = cert(q, (T2 U T12,.A)), and we easily
obtain (37) using Proposition (<) Let ¢(%) be a = query, we need to show cert(q, (T; U712, A)) =
cert(q, (T2 U T12,.A)), which is easily concluded using Proposition and (37). O

Lemma C.14 The =-TBox 7o is a UCQ-representation of X-TBox Ti under the mapping M =
(X, =2, T12) if and only if following conditions hold:

(i) for each pair of T1-consistent concepts B, B' over Y., B, B is T{UT12-consistent iff B, B" is ToUT12-
consistent;

(ii) for each pair of T1-consistent roles R, R’ over ¥, R, R’ is T1 U T12-consistent iff R, R’ is T2 U T12-
consistent;

(iii) for each T, U Tio-consistent concept B over ¥ and each B’ over Yo, 71 U T1o = B & B’ iff
T2UTi2 - BE B,

(iv) for each T1 U T1ia-consistent role R over ¥ and each R over ¥o, T UTia = RE R iff To U Tia +
RC R;

(v) foreach B € consc(T1UTi2) over ¥ and each role R such that o ~s,, wig) there exists y € AUxp
such that
(@) t2°% (owp) C t4%5 (y),
(B) x2°7 (0, 001g)) C 1% (0,);

(vi) for each B € consc(T1 U Ti2) over ¥ and each role R such that o ~x,, wW(R) there exists y such
thaty € AYss and
(@ t2"° (owr) C t455 (y),
(B) 127 (0, 0w(r)) C 1455 (0,)

Proof. (<) Let the conditions above hold for 77, 72 and T72. Let A be an ABox over X such that (77, .A4)

is consistent, we show S 4 is =-query equivalent to X 4.

Observe that S 4 is consistent iff X' 4 is consistent. Indeed, if S4 is inconsistent then by Lemma@
one of the following holds:

(VII) By, By is T3 U Tia-inconsistent for some basic concepts By, By and a € Ind(A) such that A =
Bl(a), ./4 ': Bz(a);

(VIII) Ry, Ry is T1 U Tio-inconsistent for some roles Ry, R2 and a,b € Ind(A) such that A = R;(a,b),

A = Ra(a,b)
Consider [(VID]and observe that by Lemmal|C.6] B1, B; are T consistent. Then by[(i)] B, B are T2 U T12-
inconsistent and again by Lemmal[C.6] X 4 is inconsistent. The proof for the case of is similar using

@ The proof can be inverted to show X 4 is inconsistent implies S 4 is inconsistent.

First, assume S4 is inconsistent, it follows S4 |= ¢[d] for all @ C Ind(A) and Z-queries ¢q. By the
paragraph above, X4 is inconsistent, so X4 = ¢[d] for all @ C Ind(.A) and =-queries g, and so S 4 is
=-query equivalent to X 4.

Now assume S 4 is consistent, by Lemmaeach Bis T; U Tio-consistent for all §, 0 € AYSa, each
B such that B € t“s4(§), and each R such that R € r¥s4 (5, ). It follows from and that
all the conditions of Lemma|C.10|are satisfied, therefore we conclude Us,, is finitely Z-homomorphically
embeddable into Uy ,. Since X4 is consistent, then we can apply Theorem @ to obtain X4 =-query



entails S4. On the other hand, [(iii)] [(iv)] and [(vi)] imply that all the conditions of Lemma[C.9]are satisfied,
therefore we conclude Uy, is finitely =-homomorphically embeddable into Us, and S4 E-query entails
X 4 by Theorem[A.4] We again obtain S4 is =-query equivalent to X4.

(=) Assume, by contraction, one of the conditions@]—is not satisfied. We produce a 77 -consistent
ABox A over ¥ and a instance E-query ¢[] such that it is not the case that S4 |= ¢ iff X4 = q.

Assume, first, the condition[()]is violated, then we take A = {B1(0), B2(0)} violating itand ¢ = By (a)
for some constant a # o. If By, By are 71 U T12-consistent, but 75 U 775 inconsistent, it follows S4 = ¢
and X4 E ¢, and the opposite holds if By, Bs are T U Ty2-consistent, but 7; U T12-inconsistent. If is
violated, the proof is analogous.

Let now the condition be violated for B € consc(T1 U Ti2) over X. Assume, first, there is

B e tZSB (0) \ tLElXB (0), then we take ¢ = B’(0). By definition of Us,,, Ux, and Lemmait follows
Us,, E qand Ux, [~ g; then by Claim[A.3]it follows Sp |= ¢ and X [~ g. The opposite follows if there
exists B’ € tzéXB (o) \ tZ;SB (0), which completes the proof for this case. If|(iv)|is violated, the proof is
analogios.

To prove the case whenis violated, we need an additional lemma below. Before we present it, notice
that, w.l.0.g., one can consider UCQ’s with atoms over basic concepts B(t); one can convert such a UCQ
into the one over the standard syntax by using fresh existentially quantified variables.

Lemma C.15 Let T TBox, B a concept, B and R the sets of concepts and roles, respectively, and the
instance query

aga=3( \ B'@nr N\ o).

B'eB R'ER
Then Uit (B(o)}) F 45 iff there exists y € AT (BN | such that
(i) B C thr.e@mn (y),
(ii) R C rr.z@m (o,y).
Proof. Straightforward using Lemma and the definition of U1 (B(0)})- ]

Now, assume is violated, so there exists B € consc(7T1 U Ti2) over X and a role R such that
0 ~+s, wir) and for all y € AY¥s either tLE{SB (ow(r)) € t“*z (y) or rLE{SB (0, w(gr]) € t¥5 (0,y). Then,
by Lemma with B = tg‘SB (owrR)), R= rgsB (0,0wir)) and T = T1 U Tyz it follows Us, = 43 5
On the other hand, by Lemmawith T = Ta U Ty it follows Ux,, 45 f Using Claimwe then

obtain Sp ': 95 B and Xp b& 45 -
The case when [(vi)]is violated is analogous to the case above. The proof is complete.
O

Theorem C.16 The membership problem for UCQ-representability is NLOGSPACE-complete.

Proof. The lower bound can be obtained by the reduction from the directed graph reachability problem,
which is known to be NLogSpace-hard: given a graph G = (V, &) and a pair of vertices vy, v, € V,
decide if there is a directed path from vy, to v,,,. To encode the problem, we need a set of X concept names
{Vi | v; € V} and a set of = concept names {V; | v; € V}. Consider T; = {V;; C V,,} U{V; TV} |
(vi,vj) € E}, Tia ={V; EV/ |v; € V},and To = {V/ C V] | (vi,v;) € E}. One can easily verify that
the condition [(ii)] of Lemma[C.14]is satisfied iff there is a directed path from vy, to vy, in G, whereas the
other conditions of Lemma@] are satisfied trivially. Therefore,

Proposition C.17 There is a directed path from vy to vy, in G iff To is a representation for T under
M= (3,5, Ti2).
This concludes the proof of the lower bound. For the upper bound, we show that the conditions
of Lemma can be verified in NLOGSPACE. It is well known (see, e.g., [Artale et al., 2009]), that
given a pair of DL-Liter concepts B, B’, and a TBox T, it can be verified in NLOGSPACE, if B, B"is T
consistent (using an algorithm, based on directed graph reachability solving procedure); the same holds
for a pair of DL-Liter roles R, R’. The same algorithm can be straightforwardly adopted to check, if
THBLC B or T+ RLC R Therefore, clearly, the conditions can be verified in NLOGSPACE.
The conditions and are slightly more involved; first of all, observe that, given a concept B and
arole R, it can be checked in NLOGSPACE, whether o ~~(7 (B(0)}) W[r]» Using an algorithm based on
the directed graph reachability solving procedure. At the same time, given z € {o} U {w(g) | R — role},



we can verify, if there exists y € AYT.(81 with z = tail(y): we “follow” the sequence of roles
Ry,..., R, = R (with n > 0) in the way that when we “guess” R; 1, we check wir,] ~>(7 (B(0)})
W(R,,] (by the algorithm, similar to the one for checking o ~~ (7 (B(0)}) W[r)), and “forget” R;.
Furthermore, in a similar way, as testing 7 + B £ B’, one can, check for a concept B’, if B’ €
tgw‘w“m (ow(g)) in NLOGSPACE; the same holds for checking if a role R’ € rg‘SB (0, owg)), and,

then, for checking B’ € tg”‘{B(“” ’(y), for y as above. By combining the algorithms outlined above, one

can produce a procedure that checks the conditions [(v)] and [(vi)in NLOGSPACE. O

D Non-emptyness Problem for UCQ-representability

The definitions that follow are needed for the non-emptyness problem of UCQ-representability. Let the
mapping M = (X, =, T12), T1 and T2 TBoxes over, respectively, & and =. For a pair of concepts B, C’
be over Z, we say that T; U T15 is closed under inclusion between B’ and C' if the following is satisfied
for each 77 -consistent concept B over X:

(IX) 71U T2+ BE B implies T; UTio - BE C';

(X) if B’ = 3Q’, then 3Q'~ € thB (0) implies 0 ~~s, wyg) for some role @ such that Q' €

rléSB (0, owg)) and C’ € thB (owiq)-
Then, for a pair R, Q’ of roles over =, we say 71 U T12 is closed under inclusion between R’ and Q' if
the following is satisfied:
(XI) 71 U T2 F R E R implies 71 U T12 = R E @’ for each T7-consistent role R over X;
(XII) 771 U 712 is closed under inclusion between 3R’ and 3Q’;
(XIII) 77 U Ti2 is closed under inclusion between 3R'~ and 3Q’~.
Next, we say 71 U T12 is closed under disjointness between B’ and C" if the following is satisfied:

(XTIV) for each 771 U T12-consistent pair of concepts B, C' over X it is not the case 71 U T1o = B E B’ and
TiUTi-FCEC,

(XYV) for each 71 U Ti2-consistent concept B over X; and each role R such that 0 ~~g, w(R) it is not the
case B',C' € tLE{SB (ow(R)).
Then, 71 U T12 is closed under disjointness between R’ and Q' if the following is satisfied:

(XVI) for each 77 U Ti2-consistent pair of roles R, Q over X it is not the case 71 U T1o = R C R’ and
TiUTi2 - QE Q"
(XVII) for each 7; U Tis-consistent concept B over X; and each role R such that o ~» s, wiR) it is neither
the case R',Q’ € rgsB (0, owg)) nor "=, Q'™ € rLE{SB (0, owygy)
Define a generating pass for a concept B over ¥ as a pair 1 = ((Cy,C4,...Cy), L), where

(Co, C1,...Cy) ais tuple of concepts of the length greater or equal 1, Cy = B, and foreach 1 <i < n
itholds C; = 3Q);" for some role );; then L is a labeling function

I - Ci U Cz % Cj — 25 - concepts U 25 -roles
such that L(C;, C;) = () for j # i + 1. It is said that a generating pass 7 for B is conform with T; U Ti2
if the following is satisfied:
XVIID) 3Q € L(C;) or AQ = C; for all 0 < 4 < n and roles @ such that C;1; = 3Q~;

(XIX) Foreach 0 <i < nand B’ € L(C;) there exists C’ over = such that 715 - C; C C’ and 71 U Tq2 is
closed under inclusion between C’ and B’.

(XX) For each 0 < i < n, role @ such that C;1 = 3Q~ and R’ € L(C;, C;41) there exists Q" over =
such that 712 = Q £ @Q’ and 71 U Tq» is closed under inclusion between Q' and R'.

D.1 Basic Preliminary Results

LemmaD.1 Let M = (X, Z, T12) be a mapping, and a 3-TBox Tz be is a representation for a Z-TBox
T1 under Ti2. Then T1 U T1s is closed under:

(i) inclusion between concepts B' and C' (roles R' and Q') for all B',C' over Z (R', Q' over Z) such
that o - BCC' (T F R CQ);



(ii) disjointness between concepts B’ and C' (roles R' and Q') for all B',C" over Z (R, Q' over =)
suchthat To - B C D', To = C' C E', and (D' M E' C 1) € Ts for some concepts D', E' over =
(LFRCS, ToFQ CT, and (S'NT' T L) € T for some roles S', T' over =);

(iii) disjointness between B’ and B’ (R’ and R') for all T3 inconsistent concepts B’ (roles R’).

Proof. We assume that 7 is a representation, but [()] [(iD)] or @ is violated, and derive a contradiction.
Let, first, |( be violated for concepts, i.e., there are B’, C’ over & such that 7o - B’ ©T C’ and T7 U Tio
is not closed under inclusion between B’ and C'. Then, must be violated for some B €

consc(T1 U Ti2) over X. Assume [(IX)|is violated, i.e., B’ € tZSB( ) and C' ¢ tusB( ). By Lemma

-m we get the contradiction. If [(X §| is violated, i.e., B’ = 3Q’, EIQ" € t—sB( ), and for all
roles @ such that 0 ~s, wigy and Q'™ € rLE[SB (0, owyq)) it holds C" ¢ tESB( ). By Lemma EH
obtain 3Q'~ € thB (0) and since 7> F B’ C C" it follows there exists a role () such that 0 ~x, wig),
Q™ € I'LE{XB (0, 0wi@)), and C" € thle (owyg). Usingwe obtain a contraction.

Suppose there are roles R’, Q' over = such that 75 = R’ E Q' and 77 U712 is not closed under inclusion
between R’ and @', then one of [XD)} [XID)] [XTI)]is violated. Assume it is[(XT)] then 7; U712 - R C R’

and it is not the case 7; U 712 = R C Q' for some R € consg (71 U Ti2) over . Using Lemma
(iv)| we get the contradiction. Assume [(XII)|is violated, then there is B € consc (71 U Ti2) over X such

that IR~ € tlfsB( ) and for all roles @ such that o WSB wig) and R'~ € rgSB (0, 0wjq)) it holds
3Q' ¢ tu‘SB( ). By Lemma um obtain HR’_ € SHXB< ) and since 75 = R’ C Q' it follows there

exists a role @ such that 0 ~x, wig, R'~ € r— (o, ow[Q]) and 3Q’ € tLE{XB (owyg)- Usingwe
obtain a contraction. The proof when is violated is analogous.

Let now be violated for concepts, i.e., there are B’,C’, D', E’ over Z such that 73 = B’ C D',
T = C'CE,(DNE C 1) € Tz and T; U Ty is not closed under disjointness between B’ and
C’. Then, [(XIV)|or (XV) (XV)| must be violated. If it is [(XIV)|there is a 7; U T1o-consistent pair of concepts
B, C such that B’ € tHSB (o) and C' € tESC (0). By Lemma obtain B’ € thB (o) and
C' e tLE{Xc( ),thenby To H B C D', T, - C' C E'and (D' M E' C 1) € T, it follows the pair
B, C'is Tz U Ti2 inconsistent. We obtained a contradiction to Lemma [C.14|[())] If [(XV)]is violated there
is B € consc(71 U Ti2) over ¥ and a role R such that 0 ~~s, wig) and B',C’ € tzi’SB (owrg)). By

Lemmauthere isy € AY~x5 such that B',C’ € tuXB( ). Using Lemmas NTa+=B C D,
T2HC'CEand (D'NME' C 1) € Tait follows B is T5 U T12 inconsistent, Wthh s a contradiction to
B € consc(Th U Ti2) over ¥ by Lemma u )} The proof of the case When is violated for roles is
analogous to the case of concepts above.

Finally, assume is violated for concepts, i.e., there is 75 inconsistent B’ such that 75 U 715 is not
closed under inclusion between B’ and B’. Tt follows [XIV)] or must be violated. If it is [XIV)] there
is a 71 U Tio-consistent pair of concepts B, C' such that B’ € tsB (o) and B’ € tHse (0). By Lemma

obtain B/ € t2*? (0) and B’ € t2*° (o), then by Lemmas |C.4] and |C.7 we obtain that the
pair B, C'is T2 U T12-inconsistent. We obtained a contradiction to Lemma [C.T4][(1)} If is violated
there is B € consc(Tl U Ti2) over X and a role R such that o ~s, wig) and B’ € t=°% (ow(g)). By
Lemma v)|there is y € AY~s such that B’ € tZ Uxs (y). Using Lemmasandlt follows B is

To U Tia- 1ncons1stent which is a contradiction to B € consc(7; U Ti2) over & by Lemma|[C.14 [C.14]()] The
proof of the case when|(iii)|is violated for roles is analogous to the case of concepts above. |

D.2 Proof of Proposition 6.3

The result is shown in Theorem we need a series of lemmas before we present the proof.

Lemma D.2 Given a mapping M = (X, 2, T12) and a 3-TBox Ty, there exists E-TBox Ta, such that it is
a UCQ-representation of T1 under M, if and only if the following conditions are satisfied:

(i) For each T; U Tia-consistent concept B over ¥ and each B’ over Z such that T U Ti2 = B E B’
there exists C' over = such that Ti1o = B T C' and T1 U T14 is closed under the inclusion between
C’' and B'.

(ii) For each T1 U Tio-consistent role R over X and each R’ over Z such that T, U Tio = R C R/ there
exists Q' over Z such that Ti1o = R C Q' and T; U T13 is closed under inclusion between Q' and R’.



(iii) For each T1 U Tia-consistent concept B over ¥ and each role R such that o ~~s,, W(R) there exists
a generating pass ™ = ((Cy, ... Cy,), L) for B conform with T; U Ta, such that:

(@) t=°7 (owpr)) C L(Ch).
(b) 27 (0,001g)) € L(Co, Cy);

(iv) For each Ti-consistent pair of concepts By, By over X, such that By, Bs is T U Tyo-inconsistent,
there are concepts B, C such that one of the following holds:

(a) B,C € {By, By} and one of the following holds:
(1) TioF BE B, Tio = C E C', and T1 U T13 is closed under the disjointness between B’ and
C’
(2) TiaF- BC B, T12 2 (CNC' C 1), and Ty U Tq2 is closed under inclusion between B’ and
C/

(b) 3R 6 {Bi1, By} and one of the following holds:
(1) Tiz b IE'IR* C B, Tio 3R~ C C', and T1 U T12 is closed under disjointness between B’
(2) C;fll/gdfélR/ C B, Ti2> (3R NC'"C 1), and T1 U Tz is closed under inclusion between
(3) %Igaliwg%CE; R, TioF RC Q', and T1 U Tz is closed under the disjointness between R’ and
(4) %’2 FRC R, Ti22(RNQ C 1), and Ty U Tya is closed under inclusion between R’ and
v) JI:OI)Z’ al% ﬂ;C?gsistent pairs of roles Ry, Ro, such that Ry, Ry is T1 U Tia-inconsistent one of the
ollowing holds:

(a) there are roles R, Q) € {R1, Ro} and R', Q' over E such that one of the following holds:

(1) TioF RE R, Tia F Q C Q', and T1 U T13 is closed under disjointness between R and Q';
(2) 71/2 FRCR,Ti23(QNQ C 1), and T; U Ty2 is closed under inclusion between R’ and
Q ;

(b) there exist B,C € {3R1,3R2} or B,C € {3R, 3R, } such that one of the following holds:
(1) TioF BE B, Tio = C E C', and T1 U T12 is closed under disjointness between B' and C';
(2) TiaF BC B, T12 3 (CNC' C 1), and Ty U Tq2 is closed under inclusion between B’ and

C'.

Proof. (<) Assume the conditions [(i)] - [(v)| are satisfied, we construct a TBox 73 and prove it is a UCQ-
representation for 77 under M. The required 72 will be given as the union of the fives sets of axioms

presented below. First, take B € consc (71 U T12) over &, B’ € tlé‘SB (0), then let az1 (B, B’) = {C' C
B’} for C' given by the condition For R € consgr(T1 U Ti2) over ¥ and R’ over E, such that
TiUTi2 B R C R, define ax2(R,R') = {Q' C R’} for Q' given by the condition For each
B € consc(T1 U Ti2) over ¥ and each role R such that 0 ~s,, wg| define the set ax3(B, R) from the
generating pass (Co, ..., Cy) for B conform with 7; U 712 that satisfies Take azs(B, R) equal to
the set of all axioms C’ C B’ satisfying [(XIX)]and all axioms Q' C R’ satisfying Now let B By be
a T1-consistent and 77 U Ty2-inconsistent pair of 3 concepts, then define a set ax4(B7, Bs) to be equal to
{B'NC'" C 1} for the corresponding B’ and C", if[iv)}@l D]or[Gv}(bX(1)is satisfied; and {R'MQ' C 1}
for the corresponding R’ and ', if |(iv)(b){(3)|is satisfied. On the other hand, define ax4(B;, Bs) to be
equal to { B’ C C'} for the corresponding B and C’, if|(iv)}(a)(2)|or|(iv)[(b)(2)|is satisfied; and {R' C @'}
for the corresponding R’ and @', if is satisfied. Finally, we define ax5(R1, R2) for T;-consistent
and 77 U Tqa-inconsistent pair of 3 roles Ry, Ry analogously to axz4(B1, Ba) using the conditions

and Finally we have:

To = U ax3(B, B') U U az4(R, R")U
Beconsc(T1UTi2) over 2, Reconswr (T1UT12) over I,
B’Gt:SB (0) R over 2, T7UT12FRC R’
U axs(B, R) U U az1(By, B1) U U azo(Ro, R1)
Beconsc(T1UT12) over 3, Byo, B conc. over X, Rg, Ry roles over 3,
0~ S W(R] 71 — consist. and 71 — consist. and
T1UT12— inconsist. T1UT12— inconsist.

We need the following intermediate result:



Lemma D.3 For all concepts B',C" € Z (roles R', Q" over Z), if o = B E C' (T = R' E Q') then
T1 U Tia is closed under inclusion between B’ and C' (R and Q’).

Proof. Notice that for all concepts B’ and C’ (roles R’ and Q') such that (B’ C C’) € Ty (R’ C
Q') € Tz) it holds T; U Ty is closed under inclusion between B’ and C’ (R’ and Q’). First we prove

the statement of the lemma for roles, if 72 = R’ C Q' there is a sequence of roles Q1, . .., Q,, such that
Q1 =R,Q, =Q,and for each 1 < i < n one of the following holds:

XXI) (Qi E Qiy1) € T2

(XXID (Q; 5 Qi) €T
We show 71 U Ti5 is closed under inclusion between R’ and @); by induction on 4. For ¢ = 1 the proof
is trivial, assume 77 U 775 is closed under inclusion between R’ and (Q;, we show now its closure under
inclusion between R’ and Q;1. Let, first, [(XXI), we show [(XI)} Assume 771 U 712 = R C R’ for
some R € consgr(T1 U Ti2) over X, since T3 U 712 is closed under inclusion between R’ and Q;, it
follows by T1 U T2 B R C @, then, again by closure under inclusion between Q; and ;1 obtain
TiUTi2F RE Qiq1.

To show [(XII)| we need to prove [(IX)] and for B’ = 3R’ and C’ = 3Q;;. For [(IX)] assume
dR' € tzéSB (o) for some B € consc(T1 U Ti2) over ; since 71 U Tia is closed under inclusion between
R’ and Q;, it follows by [(XII)|that 3Q; € tLE{SB (0), and again by closure under inclusion between @; and
Q;i+1 obtain 3Q,; 11 € tLE{SB (0). For assume JR'~ € tgsB (0) for some B € consc(Ty U Ti2) over X
and consider two cases: R’ = Q; and R’ # @;. In the first case 0 ~~s, wyg] for some role @ such that

R~ € rLE{‘SB (0,0wg)) and Q41 € tgsB (ow(g)) immediately follows, since 71 U Ti2 is closed under
inclusion between Q; and Q; 1.
Assume R’ # Q;, since 71 U 712 is closed under inclusion between R’ and Q;, it follows by |(XII)

and the structure of Sp that 0 ~s,, wig) for some role @ over ¥ such that R'~ ¢ rg‘SB (0, 0wjq)) and

3Q; € tZ;SB (owjq)). Since Sp is consistent, it can be easily shown that 3Q~ € consc (71 UT12). Observe

Us_
now that 3Q); € t_ 327 (0); then since T; U Tqz is closured under inclusion between @Q; and ;1 and

(XIID)| obtain 3Qys1 € te " (o). Finally, it follows 3Qs1 € £2°% (owjq), which completes the proof
for the case[(XXI)] The proof for the case [(XXII)]is analogous.

To prove the lemma for concepts we exploit that 7o = B’ C C” implies there exists a sequence of =
concepts By, ..., B, such that By = B’, B,, = C’, and for each 1 < ¢ < n one of the following holds:

(XXII) (B; C Biy1) € T2
(XXIV) B; = 3R, Bix1 =3Q. (R T Q) €T
(XXV) B; =3R~,Biy1 =3Q, (RCQ)eT
We show 71 U 712 is closed under inclusion between B’ and B; by induction on i. For i = 1 the proof

is trivial, assume 77 U 712 is closed under inclusion between B’ and B;, we show now its closure under
inclusion between B’ and B;. . First we consider the case of B; and B;, 1 are as in [(XXIII)l To show

(IX)| assume B € consc(T1 U T12) over ¥ and B’ € tgsB (0); by closure under inclusion between B’
and B; and [(IX)|it follows B; € tLE{SB (0), then by closure under inclusion between B; and B; 1 and [(IX)
obtain Bi+1 S tZéSB (0)
1 1 1— Usp l

To showassume B' = 3Q"and 3Q"~ € tz " (0). If B’ = By, then 0 ~s,, wjq for some role
@ such that Q' € rgsB (0,0wi)) and B;11 € tgsB (owyg)) by closure under inclusion between B; and
Biyq, and On the other hand, if B’ # B;, it follows by closure under inclusion between B’ and B;,
and(X)| 0 ~~s,, wig) for arole Q over ¥ such that Q" € rgsB (0, 0wq)) and B; € e (owg)). Since Sp
is consistent, it follows IR~ € consc (71 U T12), then by closure under inclusion between B; and B; 11
and [(IX)| we conclude B, € tlésB (ow[ R]), which concludes the proof. The proof for the cases [(XXIV)
and is analogios. ]

We return to the proof of (<) of Lemma|[D.2} we prove 75 above is a representation of 7; under 712 by
showing the conditions [[)]—[(vi)] of Lemma [C.14] are satisfied. We start from [(iii)] (consistency conditions
will be shown in the end.) Let B € consc(T1 U Ti2) over X, B’ € tZ;SB (0), then B’ € tLE{XB (0)

follows straightforwardly from current Assume now some B’ € thB (0), it follows 712 + B C '




and 75 = C’ £ B’ for some concept C’ over Z; by Lemma it follows C’ € tgsB (0) implies

B e thB (0), and since T12 = B C C’ conclude B’ € tZ;SB (0). The proof thatof Lemmais
satisfied is analogous to the proof that [(iil)]is satisfied above, using current[(ii)] and Lemma[D.3]

The [(v)] of Lemma [D.2] follows straightforwardly from current|[(iii)} the definition of a = pass conform
with 73 U772, and the structure of 73. To show[(vD)|of Lemma[D.2]assume B € consc(T;U712) over ¥ and
arole @) such that 0 ~» x,, wiQ)- We first consider the case () over =, by the structure of 75 (see the proof

ess . . . Us Ux _ .
thatof Lemma (C.14|is satisfied) it follows 3Q € t="" (o). If t="” (wjq)) = {3Q~}, the proof is
done; otherwise, T3 - 3Q~ C C’ for some C’ # 3Q~, then by Lemmaandit follows there exists
R such that 0 ~ s, wig), Q € rgsB (0, 0owpp)) and C’ € tzésB (0); also by C’ # 3Q~ and the structure of
Sp it follows R is over 2. Notice that IR~ € consc (71 U T12) since Sp is consistent. For each (other)
C e thB (owyg)) we show C” € tgsB (wig))- Indeed, it follows 7> = 3Q~ C C’; then using Lemma

u U

(IX) 3Q~ € tESHR_ (0), we can conclude C’ € tESHR_ (0), and so C’ € tzé[SB (owrg)). To show
r="7 (0, owyg)) C rg‘SB (0, owpg)) consider that R € consg (71U Ti2) and assume Q' € rgXB (0, owyq))s
it follows 75 = Q C @', then by Lemma (XI)|and 7; U712 F R C Q it follows Q' € rZ;SB (0, owygy),

which concludes the proof.
Consider now the case @ over %, then, clearly, 0 ~s, wig) and Q € r¥ss (o, owg)) for some role R

over ¥.. We show now tléXB (owjq)) C t“55 (owg)): let C' € thB (owyq)), then T2 - 3Q~ C B’ and
Ts = B’ C C' for some B’ over =Z. It follows B’ € tZ;SB (owrg)), then by Lemma and |(IX)| obtain
C'e tLEISB (ow(p). The proof of rLElXB (0,0wjq)) C 155 (0, ow(p)) is analogous.

Now we show that the consistency conditions of Lemma|[C.14]are satisfied. For[(i)]assume a pair By, B>
of 77 consistent and 77 U Ti2-inconsistent concepts; then By, By is T U Tiz-inconsistent follows easily

from current and definition of 75. Assume Bj, By are T; consistent and 75 U 71»-inconsistent; it
follows there exists J, 0 € AY(B1().B2(2)} such that one of the following holds:

(XXVI) There are concepts C, C’ € tH% (810,82 () (6) such that (CMC' C 1) € To U Tia;

(XXVII) There are roles Q, Q' € X810, (0)) (6,0) suchthat (QM Q' C L) € To U Tia.
Assume for the sake of contradiction that By, By is 71 U T is consistent. By LemmalC_T7| it follows for

each 6,0 € AYStE10). 550 every B € th{Bl(n)’B“"” (0) and R € rgS{Bl(”)’B2(°” (0,0) are T1 U T1o-
consistent. By the structure of 73 for all such B and R the conditions [(ii1)] — [(v)] of Lemma are
satisfied (see the proof that [({iD)} and of Lemma [C.14]are satisfied above). Then, by Lemma

we have that there exist §,0 € A°{B1().52(0)} guch that one of the following holds:

(XXVIII) There are concepts C, C’ € tH5 (810,82 (01 (6) such that (CMC'E 1) € To U Tqa;

(XXIX) There are roles Q, Q' € (81 0). B2 () (6,0) suchthat (QM Q' C 1) € To U Tqa.

Assume [(XXVIII)| and observe that w.l.o.g. C’ is over =, whereas C € X UE. If C € X it follows
(CNC") € T12 and we immediately have the contradiction to the fact that By, Bs is 71 U772 is consistent.
So let C be over Z, it follows (C' 11 C") € T3, and T; U T3 is closed under disjointness between C' and

u
C’ by the definition of 75. Consider, first, the case § # o: by Lemmaﬂ c,C' e S;ET (0) for the
role @ such that tail(0) = wyg). If Q is over X we derive the contradiction because 3Q~ is 71 U Ti2-
consistent and [(XIV)] On the other hand, if @ is over Z, it can be seen by the structure of Us . (,) 5, ),

u. .
that 0 ~s,, wig) for some B € consc(Ty U Ti2) over X; then C,C" € tESB (owyg) and we derive the
contradiction because of Finally, consider the case § = o, then by the structure of Ug (By(0), By (o)}

there are concepts B, D € {Bj, B2} such that C € tgsB (o) and C' € tgsD (0). By we again have
a contradiction.

Assumelm then again, assuming () is over X produces an immediate contradiction; if, however, @
is over =, we obtain by the definition of 73, that 71 U775 is closed under disjointness between Q and Q. By

. u

the structure of Us, , () 1, ), We need to consider two cases: 0 = dwig, @, Q" €r S1B1(0).B2(0)} (§, )
N

and§ = owg, @, Q" €r $(B1(0).52()} (g, §). In the first case, 0 ~ s, wig) for some B € consc(T1U

Ti2) over ¥ and Q, Q' € rZSB (0, owR)); using |(XVII) we derive the contradiction. The second case is
proved analogously using



Thus, assuming the pair By, Bs is 71 U Ti2-consistent produces a contradiction, therefore Bi, By is
71 U Ti2 inconsistent. This concludes the proof that [[i)] of Lemma [D.2]is satisfied. Analogously, using
Lemma[C.10] [XIV)} [XV)} it can be shown that|(i1)| of Lemma[D.2]is satisfied, which
concludes the proof (<) of Lemma

(=) Assume 7Ty is a representation for 7; under 7;,, we show that —[Gi)] are satisfied. For [(iv)]
assume a 7i-consistent pair of concepts By, Bs, such that By, By is 71 U Tis-inconsistent; it follows
Lemma by @ that X, (0),B, (o)} 1 inconsistent. Then, one of the following holds:

(XXX) There are concepts C, C’ € tH% (310,32 () (6) such that (CMC' C 1) € T U Tia;

(XXXI) There are roles Q,Q’ € X081 (0), B2 (o)) (6,0) suchthat (QM Q' C L) € ToU Tia.

Assume is the case and notice that w.l.o.g. we can assume C’ is over = and C' is over ¥ U =.
Let, first, 0 = o, by the structure of Xy p, (o), B, (o)} it follows there are B € {B;, B2} and B’ is over £
such that 715 - B C B’ and 75 F B’ C C’. Suppose C is over =, then it follows (C 1 C’' C 1) € Ty
and, again, there are D € {By, B2} and D’ is over = such that 710 - D C D' and 72 - D' C C.
By Lemma it follows 71 U 712 is closed under disjointness between B’ and D’, so |(iv)(a)[(1)| is
satisfied. Suppose C'is over ¥, then (CMC’ C L) € T2, and by the structure of X p, (5), B, (o)} it follows
C € {B1, Bo}. By Lemma|D.1][Gi)it follows 7; U Ti2 is closed under inclusion between B’ and C', so
(iv)(a)(2)|is satisfied. Consider now the case tail(0) = wyg) for R € X; by the structure of X¢p, (0),B, (o)}
it follows 3R € {Bj, B2} and by LemmaTg UTio F3IR-CC,TUTi2 3R~ C C'. Now we can
repeat the argument above with B = D = IR~ to conclude either that either|(iv)(b)}( 1) or|(2)|is satisfied.

Finally, consider the case tail(0) = WiRY| with R’ over Z. By Lemmait isthe case 7o - 3R~ C C,
T AR EC . Tfo X5, (0,50 WIR> then by the structure of X g, (o), B, (o)} it follows T2 = B &
B"and 0 ~~ (7, ¢B/(0)}) Wig for some B € {B1, By}, B’ over Z; also by Lemmasand it follows
the concept B’ is T3 inconsistent. Since by Lemma 71 U 712 is closed under the disjointness
between B’ and B’, it followsis satisfied. If it is not the case o X (B (0), By (0 WIR']S it follows

3R € {By, B2} and Ti2 - 3R~ C B’ for some B’ over =, such that there is 0 € AUT (81 with
tail(o) = wig- Again, by LemmasandB’ is T3 inconsistent, then by Lemma 7'1 U Ti2
is closed under disjointness between B” and B’, so|(iv)}(b)(1)|is satisfied.

Assumeis the case and notice that w.1.0.g. we can assume @’ is over = and @ is over XUZ=. By

. u
the structure of Ux, ) . (,), W€ need to consider two cases: o = dwig), @, Q" € T HB1(0). 5200} (§, 7)

and § = owig, Q7,Q"" € X810, 8200 (0,0). We show only the first case, the second case is
analogous. Assume o = o, 0 X5y (o), By ()] WIR] for R over ¥, and @ over Z. It follows 712 - R C
Rand 7o F R C @Q,andalso Tio W RC Sand 7o - S C Q' for some R, S over 2. Since
(N C 1) e Tyby Lemma we get 71 U 712 is closed under inclusion between R’ and S,
sois satisfied. Let Q € X, it follows 0 ~x, ) 5, Wr) and R = Q. Tt follows also
Ti2FQ C R and 7o R’ C @', then by Lemmawe get 71 U Ty is closed under inclusion
between R’ and @', so, since (Q M Q' T L) € T12, we conclude [(iv)(b)(4)| is satisfied. Consider now
the case 0 ~x () 5.y, WR) for R over =, which implies @ is over = and (Q 1 Q' C1)e Ty
then 712 - B C B’ and 75 - B’ C 3R for some concepts B € {By, Bo} and B’ over =. It follows
0 ~(T5.{B'(0)}) W[r)» then by Lemmas[C.4land[C.7| B’ is T inconsistent, then by Lemma7'1 U712
is closed under disjointness between B’ and B’, so|(iv){(b)(1)|is satisfied. This concludes the proof for the
case o = o.

Assume tail(0) = wig for R’ over 3, this implies 0 ~~ x, (B, (0),B,(0)} W[r/]» and we lead the proof
analogously to the case above to show there is a 73 inconsistent B’ such that 735 - FR~ C B’ and

(iv)(b)(3)|is satisfied. If tail(c) = wmﬁ)r R’ over E it can be easily verified [Gv)}D] or [Gv])}3)]is
satisfied.

his concludes the proof that is satisfied; then[(v)]can be shown analogously.

To showﬂis satisfied assume B € consc (71 U T12) over ¥ and B’ € tzésB (0). By Lemma
it follows B’ € thB (0), so there exists C’ over E such that T;o - B C C"and 73 - C' C B’. By
Lemma [D.1][(i)] it follows 7; U T2 is closed under inclusion between C’ and B’; then [(ii) can be shown
analogously.

Finally, we show is satisfied; assume B € consc(71 U Ti2) over ¥ and 0 ~s, wig) for some

role R, by Lemma it follows there exists y € AY*s such that tgsB (owig)) € tZ;XB (y), and

rLEISB (0,0wir)) € rXB (0,y). By the structure of Xz it follows there exists a sequence of concepts
(Co,...,Cp) = (B,3Q7,...,3Q,,) such that T2 U T12 - C; T 3Q for all 0 < 7 < n and roles @ such




that Cy4q = 3Q~, T2 U T2 + C, C B’ forall B’ € tg‘SB (owrp)), and rlé[SB (0,0wg)) # 0 implies
n=1and ToUT2F QC R forall R' € rgSB (0, 0wR)) and Q such that C; = 3Q~. We define a
generating pass for B conform with 7; U772 as follows: L(C,,) = s5° (wigy), L(C1,Cy) = az® (o, wiR]),
L(C;) ={3Q | Cix1 = 3Q,B # 3Q} forall 0 < i < n, and L(C;,C;) = 0 for j # ¢ + 1. It can
be straightforwardly verified that [(XVIII)| holds, then also [(XIX)|and [XX)| follow using Lemma[D.1] We
have shown [(iii)|is satisfied, which concludes the proof (=) of Lemma|D.2)] t

Theorem D.4 The non-emptyness problem for UCQ-representability is NLOGSPACE-complete.

Proof. As in the case of Theorem the lower bound is shown by the reduction from the directed
graph reachability problem, however, we need a slightly more involved encoding.

Lemma D.5 The non-emptyness problem for UCQ-representability is NLOGSPACE-hard.

Proof. To encode the graph G = (V, £), we need a set of X-concept names {V; | v; € VU {S,F, X,Y}
and a set of =-concept names {V; | v; € V} U {S’, X', Y'}. Consider the TBox

Ti={ViCV;| (v,v;) € E}U{SCV,,,V,, CF,XCY},
where vy, and v,,, are, respectively, the initial and final vertices. Then, let
Tio={ViCV/|v; eVIU{SC S, SCX FCY XCX,YCY'};
we will show:

Proposition D.6 There is a directed path from vy, to v, in G iff there exists a representation for T, under
M = (27 Ea 7—12)

Indeed, using Lemma [D.2] there exists a representation iff the condition [()]is satisfied. By the structure
of 71 U 712 one can see that it is the case iff 77 U 712 is closed under the inclusion between X’ and Y.
The latter is the case iff 71 U 712 .S © X’ implies 71 U 712 =S C Y7, and that holds iff 71 H S C F,
which is the case iff there exists a path from vy, to v,, in G. This completes the proof of Lemma[D.4] O

To show the upper bound, we prove that the conditions of Lemma can be checked in
NLOGSPACE. In fact, these conditions can be checked using the algorithm, based on directed graph
reachability solving procedure, similar to the proof of Theorem [C.16] The only new case is the condi-
tion to verify that there exists a generating pass 7 = ({Cy, ... C},), L) for a concept B conform with
T1UT12, we can use the following procedure, running in NLOGSPACE. First, we take Cy = B and decide,
if the pass ends here (i.e., n = 1). If we decided so, it only remains to take L(Cp) = tgsB (owrgy), for Sp
and R as in the condition[(iiD)} and verify [(XIX)] This verification can be performed in NLOGSPACE, sim-
ilarly to the method described in the proof of Theorem@ If, on the other hand, we decide, that the pass
continues, we “guess” C1 = 3Q~ for some role Q, and verify that for some L(Cp) C {3Q} the

and |(XIX)| are satisfied. Now, if we decide that the pass stops, it remains to take L(C}) = tgsB (owigry)
HXX)

and L(Cy,C1) = rLE’SB (0,0wp)) , for Sp and R as in the condition and verify |(XIX)| and

If, on the contrary, we decide that the pass continues, we can “forget” Cp, “guess” C, and proceed wit
it in the same way, as we did with C. Finally, when we reach the concept C,,, such that the algorithm
decides to stop, it remains to verify [(XIX)|for L(C,,) = thB (owrg)). It should be clear that whenever

the generating pass m = ((Cy, ...Cy), L) for a concept B conform with 77 U 712 exists, we can find it by
the above non-determinictic procedure. g
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