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A Small  S tudy  of t h e  A r t  o f  Th ink ing .  

"I c a n n o t  s e e  t h a t  t h e  machines have 

d e t h r o n e d  t h e  Queen. Mathemat ic ians  who 

would d i s p e n s e  e n t i r e l y  wi th  b r a i n s  

p o s s i b l y  have no need o f  any." 

E.T.Bel1 

P r e f a c e .  

T h i s  b o o k l e t  is w r i t t e n  by a man t h a t  r e g a r d s  h imse l f  a s  a programmer. 

The p l a n s  t o  w r i t e  i t  I have ha rboured ,  a t  l e a s t  s u b c o n s c i o u s l y ,  f o r  more 

t h a n  a  decade ;  t h e y  came t o  t h e  s u r f a c e  a s  t h e  r e s u l t  of a c u l t u r a l  c o n f l i c  

between my p r o f e s s i o n a l  s u r r o u n d i n g s  and m y s e l f .  My immediate p r o f e s s i o n a l  

s u r r o u n d i n g s  c o n s i s t e d  of p u r e  ma themat i c i ans ,  who, by and large., seemed t o  

i g n o r e  a u t o m a t i c  computing,  and a p p l i e d  ma themat i c i ans  and n u m e r i c a l  a n a l y s t s ,  

who r e g a r d e d  a u t o m a t i c  compute r s  a s  bery u s e f u l  t o b l s  t h a t  would have  d e e p  

consequences  f o r  t h e i r  own p r o f e s s i o n ,  b u t  c o u l d  o n l y  a p p r e c i a t e  t h e  s i g -  

n i f i c a n c e  of a u t o m a t i c  computers  i n  t h a t  s p e c i f i c  c a p a c i t y  o f  b e i n g  a  u s e f u l  

t o o l .  My w i d e r  p r o f e s s i o n a l  s u r r o u n d i n g s  comprised a l l  s o r t s  of "managing 

s c i e n t i s t s "  and t h e y ,  t o o ,  c o n s i d e r e d  a u t o m a t i c  computers  p r i m a r i l y  a s  a  

t o o l :  f i r s t  a s  a  d e v i c e  f o r  s a v i n g  money, l a t e r  a s  a  d e v i c e  t h e t  s h o u l d  g i v e  

managers  a  b e t t e r  g r i p  on what t h e y  were  supposed t o  manage. 

Wi thou t  deny ing  t h e  p o s s i b i l i t y  t h a t  a u t o m a t i c  computers  c o u l d  be  used  

a s  t o o l s  t o  g r e a t  a d v a n t a g e ,  I cou ld  n o t  a g r e e  and f e l t  v e r y  l o n e l y .  I had 

been programming f o r  more t h a n  t e n  y e a r s  and,  a s  a  r e s u l t  o f  t h e  problems 

e n c o u n t e r e d ,  I was b e g i n d g  t o  f e e l  t h e t  t h e  a u t o m a t i c  computer  belonged 

a s  much t o  t h e  problem set a s  t o  t h e  s o l u t i o n  s e t .  A s  t h e  y e a r s  went by,  I 

became convinced t h a t  t h e  i n f l u e n c e  o f  a u t o m a t i c  computers  i n  t h e i r  c a p a c i t y  

o f  t o o l s  would o n l y  be  a  r i p p l e  on t h e  s u r f a c e  o f  o u r  s o c i e t y ,  compared w i t h  

t h e  deep  i n f l u e n c e  t h e y  were bound t o  h a v e  on o u r  c u l t u r e  i n  t h e i r  c a p a c i t y  

o f  i n t e l l e c t u a l  c h a l l e n g e  t o  Mankind t h a t  w a s  t o t a l l y  w i t h o u t  p r e c e d e n t .  

I came t o  t h e  c o n c l u s i o n  t h a t  prografflining s h o u l d  b e  c o n s i d e r e d  a s  one  

o f  t h e  most d i f f i c u l t  b ranches  of a p p l i e d  ma themat i c s ,  because  it is a l s o  
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one of t h e  most d i f f i c u l t  b ranches  of e n g i n e e r i n g ,  and v i c e  v e r s a .  Obvious 

a s  t h i s  c o n c l u s i o n  i s  now. i t  was a t  t h e  t ime  a  hard  c o n c l u s i o n  t o  a r r i v e  

a t ,  f o r  it was t h e n  v e r y  impopular .  I t  was a  c o n c l u s i o n  t h a t  met v i o l e n t  

o p p o s i t i o n  when I t r i e d  t o  s h a r e  it w i t h  o t h e r s .  The u s u a l  form o f  r e b u t t a l  

was p o i n t i n g  t o  t h e  hundred thousands  o f  p e o p l e  t h e n  employed a s  programmers, 

t h e  m a j o r i t y  of whom had a t  b e s t  t h i r d  r a t e  i n t e l l e c t s  --it was a  p r o f e s s i m  

t h a t  had a t t r a c t e d  many d rop-ou t s  and p e o p l e  w i t h o u t  any f o r m a l  t r a i n i n g  a t  

a l l - -  : i n  view o f  t h a t  mediocre  m u l t i t u d e  t h e  o p i n i o n  t h a t  programming was 

among t h e  most e x a c t i n g  o f  a l l  human endeavours  w a s  c l e a r l y  s h e e r  nonsense! 

(1 v i v i d l y  remember one  d i s c u s s i o n  i n  which my p a r t n e r  r e f u s e d  t o  l i s t e n  t o  

my a r g u m e n t s , a n d , . i n s t e a d ,  accused  me and a l l  my f e l l o w  comput ing s c i e n t i s t s  

f o r  h a v i n g  f a i l e d  t o  d e s i g n  a programming l anguage  t h a t  would make programming 

a s  e a s y  a s  it o b v i o u s l y  s h o u l d  be!) The r e s u l t  was a menta l  c o l l a p s e  from 

my s i d e ,  from which I o n l y  r ecovered  when I r e a l i z e d  t h a t  my c o n s i d e r e d  

o p i n i o n s  had been r e j e c t e d ,  n o t  because  t h e y . w e r e  mfrong, b u t  because  t h e y  

were  i m p a l a t a b l e .  M t h a t  moment I knew t h a t  once I would w r i t e  a  l i t t l e  

b o o k l e t  a b o u t  t h i n k i n g .  

A t  l a s t  I now embark upon t h e  l i t t l e  p r o j e c t ,  i n  s p i t e  o f  t h e  f a c t  

t h a t  I d o  n o t  f e e l  q u i t e  r e a d y ,  n o r  s u f f i c i e n t l y  equipped f o r  t h e  t a s k .  

The b r u t a l  f a c t  i s  t h a t  I embark upon t h e  p r o j e c t  b e c a u s e  I need t h e  l i t t l e  

b o o k l e t  mysel f .  The more unusua l  t h e  problems I t a c k l e ,  t h e  h a r d e r  I f i n d  

i t  t o  g i v e  a  f l a w l e s s  s o l u t i o n .  Two o f  my p u b l i s h e d  p a p e r s  c o n t a i n  an  e r r o r ,  

and r e c e n t l y  I had t o  wi thdraw a  s u b m i t t e d  p a p e r  because  a  deep e r r o r  was 

d i s c o v e r e d  ( t h i s  i n  s p i t e  o f  t h e  f a c t  t h a t  i t  was t h e  f o u r t h  o r  f i f t h  

i t e r a t i o n  and many o t h e r s  had a l r e a d y  s t u d i e d  and en joyed  it!) I n  r e t r o s p e c t  

I can  s e e ,  where I have  &+hued a g a i n s t  my own p r i n c i p l e s ;  t h e  o n l y  way t o  

p r e v e n t  me from d o i n g  i t  a g a i n  seems t o  make t h e s e  p r i n c i p l e s  more e x p l i c i t  

t h a n  I h a v e  e v e r  done  b e f o r e ,  and d e c i d e  q u i t e  c l e a r l y  f o r  myself  what I 

a c c e p t  a s  "a c o n v i n c i n g  argumentn .  Hence my p e r s o n a l  need f o r  t h e  b o o k l e t .  

Ã * 

I t  is  now more t h a n  t h i r t y  y e a r s  a g o  when George Polya  w r o t e  h i s  "How 

t o  s o l v e  it.", and I can  o n l y  recommend h i s  works t o  everyone who i s  i n t e r -  

e s t e d  i n  t h e  p r o c e s s  o f  d i s c o v e r y  by t h e  human minds. Polya is v e r y  much 

conce rned  w i t h  "d i scovery"  and g i v e s  a  k ind  of c h e c k l i s t  o f  t h i n g s  t o  t r y  
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c o n s c i o u s  s t u d y  - -usua l ly  under  t h e  head ing  of "Programming Methodology"-- 

and s i n c e  a  few y e a r s  we a r e  g a i n i n g  ( v e r y  encouraging!)  e x p e r i e n c e  i n  

t e a c h i n g  them. I t  i s  now q u i t e  c l e a r  t h a t  a  "Course i n  Programmingn s h o u l d  

no l o n g e r  be what i t  used t o  be,  v i z .  t h e  t e a c h i n g  of a programming l a n g u a g e ,  

b u t  s h o u l d  r e a l l y  be  t h e  t e a c h i n g  of programming, i . e .  a  human d e s i g n  a c t i v i t y  

i n  which e f f e c t i v e  t h i n k i n g  p l a y s  a predominant  r o l e .  With r e s p e c t  t o  Pro- 

gramming Methodology --to bo th  t h e  development  and t h e  t e a c h i n g  of t h e  sub- 

j ec t - -  s t r i k i n g  p r o g r e s s  has  been made, b u t  i t  i s  a l s o  c l e a r  t h a t  we have 

s t i l l  a  l o n g  way t o  go. I t  i s  a l s o  becoming a b u n d a n t l y  c l e a r ,  however,  t h a t  

t h i s  development  s h o u l d  n o t  remain  c o n f i n e d  t o  t h e  s t r i c t  l i m i t s  of t h e  

programmer 's  wor ld .  

For  t h e  f u r t h e r  development o f  Programming Methodology i t  seems d e s i r a b l e  

t h a t  t h e  a r t  of  e f f e c t i v e  t h i n k i n g  i s  s t u d i e d  i n  a  somewhat w i d e r  s e t t i n g .  

For ,  when programmers t h i n k  a b o u t  programming, t h e y  a lways  want t o  remain  

" r e a l i s t i c " ,  and t h e y  a lways  keep  t h e  o v e r a l l  c h a r a c t e r i s t i c s  of t o d a y ' s  

e x i s t i n g  computers  i n  t h e  dim r e c e s s e s  of t h e i r  minds. T h i s  c o l o u r s  t h e i r  

v iew of t h e  world o f  problems and t e n d s  t o  make them b l i n d  f o r  human f a c i l i t i e s  

f o r  which t o d a y ' s  equipment  p r o v i d e s  no o p p o r t u n i t y  f o r  use .  But i t  is e x a c t l y  

t h e  d i s c o v e r y  o f  such  human 'Â¥gaeilitie t h a t  c o u l d  p r o v i d e  t h e  i n c e n t i v e  t o  

t h i n k  a b o u t  new, r e v o l u t i o n a r y  d i f f e r e n t  compute r  d e s i g n s .  

The second r e a s o n  i s  t h a t  a l r e a d y  now, what h a s  been d i s c o v e r e d  and 

deve loped  f o r  t h e  b&e o f  programming seems t o  have a  much w i d e r  s i g n i f i c a n c e  

and t o  be  p e r t i n e n t  t o  a l l  o f  ma themat i c s  and ,  t h e r e f o r e ,  p r o b a b l y  a l o t  more 

a s  w e l l .  

A l l  t h r o u g h  t h e  a g e s  two e d u c a t i o n a l  methods have  been used .  The one  

method i s  t h a t  o f  t h e  g u i l d ,  where t h e  young a p p r e n t i c e  works f o r  seven  

meagre y e a r s  under  t h e  gu idance  and s u p e r v i s i o n  of a  m a s t e r ,  a b s o r b i n g  t h e  

n e c e s s a r y  knowledge i m p l i c i t l y ,  by osmos i s  s o  t o  speak ,  u n t i l  he may be  

c a l l e d  a  m a s t e r  h i m s e l f .  The r e s u l t  is t h e  c r a f s t m a n ,  and c r a f t s m e n  t y p i c a l l y  

keep t h e i r  common knowledge as  a  wel l -guarded s e c r e t  among t h e  members of 

t h e i r  g u i l d .  The o t h e r  method is t h e  p r e v a i l i n g  one a t  t h e  u n i v e r s i t i e s ,  

where t h e  young s t u d e n t  s t u d i e s  u n d e r  t h e  g u i d a n c e  of a p r o f e s s o r ,  who t r i e s  

t o  t r a n s m i t  knowledge and s k i l l s  a s  e x p l i c i t l y  a s  p o s s i b l e ,  and who, by 
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T h i r d l y  --and t h i s  i s  n o t  independent  o f  t h e  f i r s t  two-- we know 

how t o  teach them: a r i t h m e t i c  a t  p r ima ry  school ,  formula man ipu l a t i on  a t  

secondary school ,  and symbol ic  l o g i c  a t  t h e  u n v e r s i t y .  

Fou r t h l y ,  we a r e  ve r y  good a t  do i ng  modest amounts o f  reasoning.  When 

l a r g e  amounts o f  i t  a r e  needed, however, we a r e  powerless w i t h o u t  mechanica l  

a ids .  M u l t i p y l i n g  two t w o - d i g i t  numbers i s  something we a l l  can do; f o r  t h e  

m u l t i p l i c a t i o n  o f  two f i v e - d i g i t  numbers most o f  us would p r e f e r  t he  ass i s t ance  

o f  p e n c i l  and paper, t h e  m u l t i p l i c e t i o n  o f  two hundred-d ig i t  numbers i s  a  

task  t h a t ,  even w i t h  t h e  a i d  o f  p e n c i l  and paper, most o f  us would n o t  c a r e  

t o  undertake. 

Our emot iona l  a p p r e c i a t i o n  o f  t h e  v a r i o u s  i ns tances  o f  reason ing  i s  

q u i t e  d i f f e r e n t ,  so d i f f e r e n t  as a  m a t t e r  o f  f a c t ,  t h a t  q u i t e  a  few peop le  

( I  discovered)  wondered whether a r i t h m e t i c  should be c l a s s i f i e d  as  a  t h i n k i n g  

a c t i v i t y .  But  l e t  us  be c a r e f u l :  l e s s  than  500 years  ago a  p ro fessor  o f  

mathematics taugh t  a t  one o f  Europe's u n i v e r s i t i e s ,  t h a t  f o r  t h e  more g i f t e d  

and i n d u s t r i o u s  s tuden ts  i t  was n o t  imposs i b l e  t o  master l o n g  d i v i s i o n s :  

h i s  s tuden ts  had t o  do i t  w i t h  Roman numerals! The m a j o r i t y  o f  us  m igh t  f e e l  

t h a t  t h e  i n t r o d u c t i o n  of t h e  dec ima l  numbers has reduced a r i t h m e t i c  t o  a  b o r i n g  

r o u t i n e ,  b u t  t h a t  i s  p robab ly  on ly ,  because most of u s  e r a  so  poor  a t  it, 

and can do no more than l a b o r i o u s l y  a p p l y i n g  t h e  r o u t i n e  s teps.  C a l c u l a t i n g  

p rod i g i es ,  however, have many ways o f  a r r i v i n g  a t  a  r e s u l t  and, as a  con- 

sequence, can ge t  q u i t e  e x c i t e d  by t h e i r  menta l  gy ra t i ons ,  e x c i t e d  because 

they  can search f o r  a  s t i l l  s h o r t e r  way. 

As sa id :  we a r e  ve ry  good a t  modest amounts o f  reasoning. I n  many 

arguments, t he  amount o f  reason ing  needed o f t e n  becomes t h e  s t umb l i ng  b l ock .  

One of t h e  c e n t r a l  themata o f  t h i s  b o o k l e t  i s  t o  r e l a t e  t he  e f f e c t i v e n e s s  

o f  t h e  way i n  which we have ar ranged o u r  though ts  t o  t h e  e x t e n t  i n  which we 

have been a b l e  t o  reduce t h e  demands on ou r  l i m i t e d  reason ing  powers: l e n g t h y  

arguments a r e  never  conv inc ing !  

Our u l t i m a t e  g o a l  may be t o  l e a r n  t o  t h i n k  as e f f e c t i v e l y  as poss i b l e ;  

perhaps we a r e  even more amb i t i ous  and would even l i k e  t o  l e a r n  how t o  teach  

how t o  t h i n k  as e f f e c t i v e l y  as  poss i b l e .  Bu t  cons i de ra t i ons  abou t  h e u r i s t i c s  
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--and, p o s s i b l y ,  t h e i r  teaching--  s h o u l d  b e  pos tponed .  P r i o r  t o  t h a t ,  we 

s h o u l d  s t u d y  a number of "given"  s o l u t i o n s .  We s h o u l d  s t u d y  a  number of v e r y  

e f f e c t i v e  o n e s ,  i n  o r d e r  t o  g e t  a  c l e a r  view o f  t h e  k ind  o f  i n t e l l e c t u a l  

e l e g a n c e  we a r e  head ing  f o r .  I n  o r d e r  t o  s a t i s f y  o u r  c u r i o s i t y ,  we s h o u l d  

compare d i f f e r e n t  s o l u t i o n s  f o r  t h e  same problem. I n  d o i n g  s o  we may hope 

t o  d i s c o v e r  what t o  do, what t o  t r y  and ,  above a l l ,  what t o  a v o i d  i f  we a r e  

a iming  a t  a r e d u c t i o n  o f  t h e  amount o f  r e a s o n i n g .  

Note. My v e r y  c o n s c i o u s  d e s i r e  t o  r e d u c e  t h e  demands made on r e a s o n i n g  i s  - 
undoub ted ly  t h e  r e s u l t  o f  my p r o f e s s i o n a l  e x p e r i e n c e  a s  a  programmer, b u t  

t h e  s e e d  h a s  been sown n e a r l y  t h i r t y  y e a r s  ago,  when I r e c e i v e d  from my 

mother  t h e  s h o r t e s t  and w i s e s t  l e s s o n  i n  mathemat ics .  Being a s k e d  by me 

what " t r igonomet ry"  was a l l  a b o u t  and whe the r  i t  was d i f f i c u l t ,  s h e  

answered "Oh no,  i t  is n o t  d i f f i c u l t :  know t h e  fo rmulae ,  and whenever you 

seem t o  need more than  f i v e  l i n e s  f o r  a problem, t r y  something e l s e ,  f o r  

i n  a l l  p r o b a b i l i t y  you a r e  on t h e  wrong t r a c k . "  ( ~ n d  o f  n o t e . )  

Burroughs  

P l a t a a n s t r a a t  5 
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bu he t y p i n g  of t h e  above h a s  been completed  on 2 7 t h  November 1975; t h e  

m a n u s c r i n t  had been w r i t t e n  i n  t h e  summer.) 
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