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Simplex algorithm 

� General schema 
!let v be any vertex of the feasible region  

!while there is a neighbor v′ of v with better 

!objective value!

! !set v = v′  

� At each iteration the simplex algorithm must 
1.  check whether the current vertex v is 

optimal 

2.  determine where to move next 

Simplex Algorithm

Solving a linear program - Simplex Algorithm

Developed in 1947.
one of greatest and most successful algorithms of all time.
Generic algorithm:

Start at some extreme point.
Pivot from one extreme point to a neighbouring one.
Repeat until optimal.

1: let v be any vertex of the feasible region

2: while there is a neighbour v 0 of v with better

objective value:

3: set v = v 0
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hyperplanes corresponding to inequalities 4© and 6© do not define a vertex, because their
intersection is not just a single point but an entire line.
Let’s make this definition precise.

Pick a subset of the inequalities. If there is a unique point that satisfies them with
equality, and this point happens to be feasible, then it is a vertex.

How many equations are needed to uniquely identify a point? When there are n variables, we
need at least n linear equations if we want a unique solution. On the other hand, having more
than n equations is redundant: at least one of them can be rewritten as a linear combination
of the others and can therefore be disregarded. In short,

Each vertex is specified by a set of n inequalities.3

A notion of neighbor now follows naturally.

Two vertices are neighbors if they have n− 1 defining inequalities in common.

In Figure 7.12, for instance, vertices A and C share the two defining inequalities { 3©, 7©} and
are thus neighbors.

7.6.2 The algorithm
On each iteration, simplex has two tasks:

1. Check whether the current vertex is optimal (and if so, halt).

2. Determine where to move next.

As we will see, both tasks are easy if the vertex happens to be at the origin. And if the vertex
is elsewhere, we will transform the coordinate system to move it to the origin!
First let’s see why the origin is so convenient. Suppose we have some generic LP

max cT x

Ax ≤ b

x ≥ 0

where x is the vector of variables, x = (x1, . . . , xn). Suppose the origin is feasible. Then it is
certainly a vertex, since it is the unique point at which the n inequalities {x1 ≥ 0, . . . , xn ≥ 0}
are tight. Now let’s solve our two tasks. Task 1:

The origin is optimal if and only if all ci ≤ 0.
3There is one tricky issue here. It is possible that the same vertex might be generated by different subsets

of inequalities. In Figure 7.12, vertex B is generated by { 2©, 3©, 4©}, but also by { 2©, 4©, 5©}. Such vertices are
called degenerate and require special consideration. Let’s assume for the time being that they don’t exist, and
we’ll return to them later.

Simplex algorithm (cont.) 

�  Tasks 1 and 2 in the previous slide are easy if the vertex is the origin 
�  Why is the origin so convenient? 

�  Suppose that the origin is in the feasible region 

�  The origin is a vertex since it is the unique point at which the 
n inequalities {x1 ≥ 0, . . . , xn ≥ 0} are tight 

�  The origin is optimal iff all ci ≤ 0 
�  If all ci ≤ 0 then we can’t hope a better objective value because x ≥ 0 
�  If there is at least a ci > 0 then we can increase the objective function by increasing the 

variable xi 

�  So if the origin is not optimal we can move by increasing some xi for which ci > 0 
until we hit some other constraint 
�  i.e., until some constraints other than {x1 ≥ 0, . . . , xn ≥ 0} becomes tight 

�  At that point, we again have exactly n tight inequalities, so we are at a new vertex 
�  We then transform the coordinate systems to move the new vertex to the origin 

�  And repeat tasks 1 and 2 
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intersection is not just a single point but an entire line.
Let’s make this definition precise.
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than n equations is redundant: at least one of them can be rewritten as a linear combination
of the others and can therefore be disregarded. In short,

Each vertex is specified by a set of n inequalities.3

A notion of neighbor now follows naturally.

Two vertices are neighbors if they have n− 1 defining inequalities in common.
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Simplex Algorithm - Confectionery’s problem  

Simplex Algorithm Example - Confectionery’s problem

Simplex Algorithm - Confectionery’s problem

max 13x
1

+ 23x
2

1 5x
1

+ 15x
2

 480
2 4x

1

+ 4x
2

 160
3 35x

1

+ 20x
2

 1190
4 x

1

� 0
5 x

2

� 0

Current vertex:
(x

1

= 0, x
2

= 0) origin;

( 4 , 5 ).
Objective value= 0.

(0,0)
Cookies

Cupcakes

(0,32)

(34,0)

(26,14)

(12,28)

(19.41,25.53)
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Simplex Algorithm - Confectionery’s problem (cont.)  

Simplex Algorithm Example - Confectionery’s problem

Simplex Algorithm - Confectionery’s problem
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Simplex Algorithm Example - Confectionery’s problem

Simplex Algorithm - Confectionery’s problem II

max 13x
1

+ 23x
2

1 5x
1

+ 15x
2

 480
2 4x

1

+ 4x
2

 160
3 35x

1

+ 20x
2

 1190
4 x

1

� 0
5 x

2

� 0

Current vertex:
(x

1

= 0, x
2

= 0) origin;

( 4 , 5 ).
Objective value= 0.

Pivot 1: x
2

has a positive objective
coe�cient ) increase x

2

until some
constraint becomes tight:

5 x
2

� 0 is released;
1 5x

1

+ 15x
2

 480 becomes tight
) x

2

= 480

15

= 32.

New vertex ( 4 , 1 ) and has local coordinates
(y

1

= 0, y
2

= 0), where:
y
1

= x
1

;
y
2

= 480� 5x
1

� 15x
2

)
x
2

= (y
2

� 480 + 5x
1

)(� 1

15

) =
32� 1

3

x
1

� 1

15

y
2

= 32� 1

3

y
1

� 1

15

y
2

Rewrite the linear program using the new
coordinates ) substitute x

1

= y
1

and
x
2

= 32� 1

3

y
1

� 1

15

y
2

in the objective
function and constraints.
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Simplex Algorithm - Confectionery’s problem (cont.)  
Simplex Algorithm Example - Confectionery’s problem

Simplex Algorithm - Confectionery’s problem II

max 13x
1

+ 23x
2

1 5x
1

+ 15x
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 480
2 4x
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+ 4x
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3 35x
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4 x
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� 0
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= 0) origin;
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2

= (y
2

� 480 + 5x
1

)(� 1

15

) =
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15
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Rewrite the linear program using the new
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1
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1
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x
2

= 32� 1

3

y
1

� 1

15

y
2

in the objective
function and constraints.
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Simplex Algorithm Example - Confectionery’s problem

Simplex Algorithm - Confectionery’s problem III
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Simplex Algorithm - Confectionery’s problem (cont.)  

Simplex Algorithm Example - Confectionery’s problem

Simplex Algorithm - Confectionery’s problem II
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Simplex Algorithm Example - Confectionery’s problem

Simplex Algorithm - Confectionery’s problem V

max 16

3

y
1

� 23

15

y
2

+ 736
1 y

2

� 0
2

8

3

y
1

� 4

15

y
2

 32
3

85

3

y
1

� 4

3

y
2

 550
4 y

1

� 0
5

1

3

y
1

+ 1

15

y
2

 32

Current vertex:
(y

1

= 0, y
2

= 0) origin;

( 4 , 1 ).
Objective value= 736.

Pivot 2: y
1

has a positive objective
coe�cient ) increase y

1

until some
constraint becomes tight:

4 y
1

� 0 is released;
2

8

3

y
1

� 4

15

y
2

 32 becomes tight
) y

1

= 32 · 3

8

= 12.

New vertex ( 2 , 1 ) and has local coordinates
(z

1

= 0, z
2

= 0), where:
z
2

= y
2

z
1

= 32� 8

3

y
1

+ 4

15

y
2

)
y
1

= (z
1

� 32� 4

15

y
2

) · (� 3

8

) =
12� 3

8

z
1

+ 1

10

y
2

= 12� 4

8

z
1

+ 1

10

z
2

;

Rewrite the linear program using the new
coordinates ) substitute y

2

= z
2

and
y
1

= 12� 3

8

z
1

+ 1
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z
2

in the objective
function and constraints.
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Simplex Algorithm Example - Confectionery’s problem

Simplex Algorithm - Confectionery’s problem IV

Current vertex:
(y

1

= 0, y
2

= 0) origin; ( 4 , 1 ).
x
1

= y
1

and x
2

= 32� 1

3

y
1

� 1

15

y
2

max 13x
1

+ 23x
2

; max 13y
1

+ 23(32� 1

3

y
1

� 1

15

y
2

);
max 13y

1

+ 736� 23

15

y
2

� 23

3

y
1

; max 16

3

y
1

� 23

15

y
2

+ 736
1 5x

1

+ 15x
2

 480; 5y
1

+ 15(32� 1

3

y
1

� 1

15

y
2

)  480;
5y

1

+ 480� 5y
1

� y
2

 480; �y
2

 0; y
2

� 0
2 4x

1

+ 4x
2

 160; 4y
1

+ 4(32� 1

3

y
1

� 1

15

y
2

)  160;
4y

1

+ 128� 4

15

y
2

� 4

3

y
1

 160; 8

3

y
1

� 4

15

y
2

 32
3 35x

1

+ 20x
2

 1190; 35y
1

+ 20(32� 1

3

y
1

� 1

15

y
2

)  1190;
35y

1

+ 640� 4

3

y
2

� 20

3

y
1

 1190; 85

3

y
1

� 4

3

y
2

 550
4 x

1

� 0; y
1

� 0
5 x

2

� 0; 32� 1

3

y
1

� 1

15

y
2

� 0; 1

3

y
1

+ 1

15

y
2

 32
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Simplex Algorithm - Confectionery’s problem (cont.)  

Simplex Algorithm Example - Confectionery’s problem

Simplex Algorithm - Confectionery’s problem V
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2
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z
1
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z
2

in the objective
function and constraints.

Valeria Fionda (KRDB-FUB) Advanced Algorithms 8 / 40

Simplex Algorithm Example - Confectionery’s problem
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Simplex Algorithm Example - Confectionery’s problem

Simplex Algorithm - Confectionery’s problem III
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Simplex Algorithm - Confectionery’s problem (cont.)  

Simplex Algorithm Example - Confectionery’s problem

Simplex Algorithm - Confectionery’s problem VI

max 16

3

y
1

� 23

15

y
2

+ 736
1 y

2

� 0
2

8

3

y
1

� 4

15

y
2

 32
3

85

3

y
1

� 4

3

y
2

 550
4 y

1

� 0
5

1

3

y
1

+ 1

15

y
2

 32

Current vertex:
(y

1

= 0, y
2

= 0) origin;

( 4 , 1 ).
Objective value= 736.

(0,0) Cookies

Cupcakes

(0,32)

(34,0)

(26,14)

(12,28)

(19.41,25.53)

Valeria Fionda (KRDB-FUB) Advanced Algorithms 9 / 40

(5) 

(4) 
(1) 

(3) 

(2) 

Simplex Algorithm Example - Confectionery’s problem

Simplex Algorithm - Confectionery’s problem V

max 16

3

y
1

� 23

15

y
2

+ 736
1 y

2

� 0
2

8

3

y
1

� 4

15

y
2

 32
3

85

3

y
1

� 4

3

y
2

 550
4 y

1

� 0
5

1

3

y
1

+ 1

15

y
2

 32

Current vertex:
(y

1

= 0, y
2

= 0) origin;

( 4 , 1 ).
Objective value= 736.

Pivot 2: y
1

has a positive objective
coe�cient ) increase y

1

until some
constraint becomes tight:

4 y
1

� 0 is released;
2

8

3

y
1

� 4

15

y
2

 32 becomes tight
) y

1

= 32 · 3

8

= 12.

New vertex ( 2 , 1 ) and has local coordinates
(z

1

= 0, z
2

= 0), where:
z
2

= y
2

z
1

= 32� 8

3

y
1

+ 4

15

y
2

)
y
1

= (z
1

� 32� 4

15

y
2

) · (� 3

8

) =
12� 3

8

z
1

+ 1

10

y
2

= 12� 4

8

z
1

+ 1

10

z
2

;

Rewrite the linear program using the new
coordinates ) substitute y

2

= z
2

and
y
1

= 12� 3

8

z
1

+ 1

10

z
2

in the objective
function and constraints.

Valeria Fionda (KRDB-FUB) Advanced Algorithms 8 / 40

Simplex Algorithm Example - Confectionery’s problem

Simplex Algorithm - Confectionery’s problem V

max 16

3

y
1

� 23

15

y
2

+ 736
1 y

2

� 0
2

8

3

y
1

� 4

15

y
2

 32
3

85

3

y
1

� 4

3

y
2

 550
4 y

1

� 0
5

1

3

y
1

+ 1

15

y
2

 32

Current vertex:
(y

1

= 0, y
2

= 0) origin;

( 4 , 1 ).
Objective value= 736.

Pivot 2: y
1

has a positive objective
coe�cient ) increase y

1

until some
constraint becomes tight:

4 y
1

� 0 is released;
2

8

3

y
1

� 4

15

y
2

 32 becomes tight
) y

1

= 32 · 3

8

= 12.

New vertex ( 2 , 1 ) and has local coordinates
(z

1

= 0, z
2

= 0), where:
z
2

= y
2

z
1

= 32� 8

3

y
1

+ 4

15

y
2

)
y
1

= (z
1

� 32� 4

15

y
2

) · (� 3

8

) =
12� 3

8

z
1

+ 1

10

y
2

= 12� 4

8

z
1

+ 1

10

z
2

;

Rewrite the linear program using the new
coordinates ) substitute y

2

= z
2

and
y
1

= 12� 3

8

z
1

+ 1

10

z
2

in the objective
function and constraints.

Valeria Fionda (KRDB-FUB) Advanced Algorithms 8 / 40

Simplex Algorithm Example - Confectionery’s problem

Simplex Algorithm - Confectionery’s problem V

max 16

3

y
1

� 23

15

y
2

+ 736
1 y

2

� 0
2

8

3

y
1

� 4

15

y
2

 32
3

85

3

y
1

� 4

3

y
2

 550
4 y

1

� 0
5

1

3

y
1

+ 1

15

y
2

 32

Current vertex:
(y

1

= 0, y
2

= 0) origin;

( 4 , 1 ).
Objective value= 736.

Pivot 2: y
1

has a positive objective
coe�cient ) increase y

1

until some
constraint becomes tight:

4 y
1

� 0 is released;
2

8

3

y
1

� 4

15

y
2

 32 becomes tight
) y

1

= 32 · 3

8

= 12.

New vertex ( 2 , 1 ) and has local coordinates
(z

1

= 0, z
2

= 0), where:
z
2

= y
2

z
1

= 32� 8

3

y
1

+ 4

15

y
2

)
y
1

= (z
1

� 32� 4

15

y
2

) · (� 3

8

) =
12� 3

8

z
1

+ 1

10

y
2

= 12� 4

8

z
1

+ 1

10

z
2

;

Rewrite the linear program using the new
coordinates ) substitute y

2

= z
2

and
y
1

= 12� 3

8

z
1

+ 1

10

z
2

in the objective
function and constraints.

Valeria Fionda (KRDB-FUB) Advanced Algorithms 8 / 40

Simplex Algorithm Example - Confectionery’s problem

Simplex Algorithm - Confectionery’s problem

max 13x
1

+ 23x
2

1 5x
1

+ 15x
2

 480
2 4x

1

+ 4x
2

 160
3 35x

1

+ 20x
2

 1190
4 x

1

� 0
5 x

2

� 0

Current vertex:
(x

1

= 0, x
2

= 0) origin;

( 4 , 5 ).
Objective value= 0.

(0,0)
Cookies

Cupcakes

(0,32)

(34,0)

(26,14)

(12,28)

(19.41,25.53)

Valeria Fionda (KRDB-FUB) Advanced Algorithms 4 / 40

y1 ≥  0 

8/3*y1 - 4/15*y2  ≤  32 
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Simplex Algorithm - Confectionery’s problem (cont.)  

� How to compute the optimal solution point? 
� Solve the system of equations (1), (2) of the 

original LP  

Simplex Algorithm Example - Confectionery’s problem
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Simplex Algorithm – 
Another problem  

S. Dasgupta, C.H. Papadimitriou, and U.V. Vazirani 231

Figure 7.13 Simplex in action.

Initial LP:

max 2x1 + 5x2

2x1 − x2 ≤ 4 1©
x1 + 2x2 ≤ 9 2©
−x1 + x2 ≤ 3 3©

x1 ≥ 0 4©
x2 ≥ 0 5©

Current vertex: { 4©, 5©} (origin).
Objective value: 0.

Move: increase x2.
5© is released, 3© becomes tight. Stop at x2 = 3.

New vertex { 4©, 3©} has local coordinates (y1, y2):

y1 = x1, y2 = 3 + x1 − x2

Rewritten LP:

max 15 + 7y1 − 5y2

y1 + y2 ≤ 7 1©
3y1 − 2y2 ≤ 3 2©

y2 ≥ 0 3©
y1 ≥ 0 4©

−y1 + y2 ≤ 3 5©

Current vertex: { 4©, 3©}.
Objective value: 15.

Move: increase y1.
4© is released, 2© becomes tight. Stop at y1 = 1.

New vertex { 2©, 3©} has local coordinates (z1, z2):

z1 = 3− 3y1 + 2y2, z2 = y2

Rewritten LP:

max 22− 7
3z1 − 1

3z2

− 1
3z1 + 5

3z2 ≤ 6 1©
z1 ≥ 0 2©
z2 ≥ 0 3©

1
3z1 − 2

3z2 ≤ 1 4©
1
3z1 + 1

3z2 ≤ 4 5©

Current vertex: { 2©, 3©}.
Objective value: 22.

Optimal: all ci < 0.

Solve 2©, 3© (in original LP) to get optimal solution
(x1, x2) = (1, 4).

{ 1©, 2©}
{ 3©, 4©}

{ 2©, 3©}

y1

x2

Increase

Increase

{ 1©, 5©}{ 4©, 5©}



29/11/13	
  

8	
  

Variants of linear programming  
� A general linear program has many degrees of 

freedom 
1.  It can be either a maximization or a minimization 

problem 
2.  Its constraints can be equations and/or 

inequalities 
3.  The variables are often restricted to be 

nonnegative, but they can also be unrestricted in 
sign 

� We will now show that these various LP options can 
all be reduced to one another via simple 
transformations 

Reductions  
 

� We want to solve problem P 
� We already have an algorithm that solves 

problem Q  
� If any subroutine for Q can also be used to solve 

P, we say P reduces to Q 
� Often, P is solvable by a single call to Q’s subroutine 

�  any instance x of P can be transformed into an instance y of 
Q such that P(x) can be deduced from Q(y)  

S. Dasgupta, C.H. Papadimitriou, and U.V. Vazirani 209

this particular way of translating the network problem into an LP will not scale well. We will
see a cleverer and more scalable formulation in Section 7.2.

Here’s a parting question for you to consider. Suppose we removed the constraint that
each connection should receive at least two units of bandwidth. Would the optimum change?

Reductions
Sometimes a computational task is sufficiently general that any subroutine for it can also
be used to solve a variety of other tasks, which at first glance might seem unrelated. For
instance, we saw in Chapter 6 how an algorithm for finding the longest path in a dag can,
surprisingly, also be used for finding longest increasing subsequences. We describe this phe-
nomenon by saying that the longest increasing subsequence problem reduces to the longest
path problem in a dag. In turn, the longest path in a dag reduces to the shortest path in a
dag; here’s how a subroutine for the latter can be used to solve the former:

function LONGEST PATH(G)
negate all edge weights of G
return SHORTEST PATH(G)

Let’s step back and take a slightly more formal view of reductions. If any subroutine for
task Q can also be used to solve P , we say P reduces to Q. Often, P is solvable by a single
call to Q’s subroutine, which means any instance x of P can be transformed into an instance
y of Q such that P (x) can be deduced from Q(y):

Postprocessx P (x)
Q(y)

Algorithm for P

Preprocess for Q
Algorithmy

(Do you see that the reduction from P = LONGEST PATH to Q = SHORTEST PATH follows
this schema?) If the pre- and postprocessing procedures are efficiently computable then this
creates an efficient algorithm for P out of any efficient algorithm for Q!

Reductions enhance the power of algorithms: Once we have an algorithm for problem
Q (which could be shortest path, for example) we can use it to solve other problems. In
fact, most of the computational tasks we study in this book are considered core computer
science problems precisely because they arise in so many different applications, which is
another way of saying that many problems reduce to them. This is especially true of linear
programming.
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Variants of linear programming (cont.)  
�  To turn a maximization problem into a minimization (or vice 

versa), multiply the coefficients of the objective function by −1 
max c1*x1 +c2*x2 +... +cn*xn    min -c1*x1 –c2*x2 -... –cn*xn  

 

�  To turn an inequality constraint like            into an equation, 
introduce a new slack variable s and use 
 
�  vector (x1, . . . , xn) satisfies the original inequality constraint if and only if 

there is some s ≥ 0 for which it satisfies the new equality constraint 

�  To change an equality constraint into inequalities rewrite a*x=b 
as the equivalent pair of constraints a*x ≤ b and a*x ≥ b  

�  To deal with a variable x that is unrestricted in sign 
�  Introduce two nonnegative variables, x+, x− ≥ 0 
�  Replace x, wherever it occurs in the constraints or the objective function, 

by x+ − x−  

aixi
i=1

n

∑ ≤ b

aixi
i=1

n

∑ + s = b    s ≥ 0

Standard form of Linear Programs  

�  Any LP (maximization or minimization, with both 
inequalities and equations, and with both nonnegative and 
unrestricted variables) can be reduced into an much more 
constrained LP that we call the standard form 

�  the variables are all nonnegative  

�  the constraints are all equations 

�  the objective function is to be minimized 

Standard form of LPs

Standard form of linear programs

Standard version
min c1x1 + c2x2 + ...+ c

n

x

n

a11x1 + a12x2 + ...+ a1nxn = b1

a21x1 + a22x2 + ...+ a2nxn = b2

...
a

m1x1 + a

m2x2 + ...+ a

mn

x

n

= b

m

x1, x2, ..., xn � 0

Matrix version
min c

T

x

Ax = b

x � 0
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Standard form of Linear Programs (cont.)  

� Example 1 

 
� Example 2 

�  Confectionary’s problem in standard form 

Standard form

Therefore, we can reduce any LP (maximization or minimization, with both
inequalities and equations, and with both nonnegative and unrestricted
variables) into an LP of a much more constrained kind that we call the
standard form:

I the variables are all nonnegative,

I the constraints are all equations,

I and the objective function is to be minimized.

max x
1

+ 6x
2

x
1

 200
x

2

 300
x

1

+ x
2

 400
x

1

, x
2

, x
3

� 0

=)

min �x
1

� 6x
2

x
1

+ s
1

= 200
x

2

+ s
2

= 300
x

1

+ x
2

+ s
3

= 400
x

1

, x
2

, s
1

, s
2

, s
3

� 0

Standard form of LPs Example - Confectionery’s problem

Confectionery’s problem in the standard form

Original formulation:
x1:cookies, x2: cupcakes max 13x1 + 23x2

5x1 + 15x2  480
4x1 + 4x2  160
35x1 + 20x2  1190
x1, x2 � 0

Standard form:
• translate the objective function min �13x1 � 23x2
• add slack variable to convert 5x1 + 15x2 + s1 = 480
each inequality to an equality 4x1 + 4x2 + s2 = 160

35x1 + 20x2 + s3 = 1190
x1, x2, s1, s2, s3 � 0
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Standard form

Therefore, we can reduce any LP (maximization or minimization, with both
inequalities and equations, and with both nonnegative and unrestricted
variables) into an LP of a much more constrained kind that we call the
standard form:

I the variables are all nonnegative,

I the constraints are all equations,

I and the objective function is to be minimized.
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Simplex Algorithm - pay attention  
 

There are cases when an LP does not have an 
optimum 
� Unfeasibility 

�  the constraints are so tight that it is impossible to 
satisfy all of them 

�  For instance: x ≤ 1, x ≥ 2 

�   Unboundedness 
�  The constraints are so loose that it is 

possible to achieve arbitrarily high 
objective values 
�  For instance: max x1 + x2 x1, x2 ≥0  

Simplex - Special cases

Simplex Algorithm - pay attention

Unboundedness: in some cases the LP is not bounded in the sense
that its objective function can became arbitrarily large. In this case by
exploring the neighbourhood of a vertex leads to an under-determined
system of equations.

Valeria Fionda (KRDB-FUB) Advanced Algorithms 13 / 15
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Simplex Algorithm - pay attention (cont.)  
 Degeneracy 

�  In the polyhedron on the right, vertex B 
is degenerate 

�  Geometrically, this means that it is the 
intersection of more than n=3 faces 
of the polyhedron: (2), (3), (4), and (5) 

�  Algebraically, it means that if we 
choose any one of four sets of three 
inequalities {(2),(3),(4)}, {(2),(3),(5)}, {(2),(4),(5)}, {(3),(4),(5)} and solve the 
corresponding system of three linear equations, we’ll get the same solution: (0, 300, 100) 

�  Serious problem: simplex may return a suboptimal degenerate vertex because all its 
neighbors are identical to it and thus have no better objective 

�  If we modify simplex so that it detects degeneracy and continues to hop from vertex to vertex 
despite lack of any improvement in the cost, it may end up looping forever 

�  One way to fix this is by a perturbation 
�  Change each bi by a tiny random amount to bi ± εi 

�  This doesn’t change the essence of the LP since the εi’s are tiny, but it has the effect of differentiating 
between the solutions of the linear systems 

�  To see why geometrically, imagine that the four planes (2),(3),(4),(5) were shaken a little 

�  Vertex B splits into two vertices, very close to one another 

S. Dasgupta, C.H. Papadimitriou, and U.V. Vazirani 227

Figure 7.12 A polyhedron defined by seven inequalities.

x1

x3

x2

1©

4©

2©

3©

5©

6©

7©

A

B C

max x1 + 6x2 + 13x3

x1 ≤ 200 1©
x2 ≤ 300 2©

x1 + x2 + x3 ≤ 400 3©
x2 + 3x3 ≤ 600 4©

x1 ≥ 0 5©
x2 ≥ 0 6©
x3 ≥ 0 7©

7.6 The simplex algorithm
The extraordinary power and expressiveness of linear programs would be little consolation if
we did not have a way to solve them efficiently. This is the role of the simplex algorithm.
At a high level, the simplex algorithm takes a set of linear inequalities and a linear objec-

tive function and finds the optimal feasible point by the following strategy:

let v be any vertex of the feasible region
while there is a neighbor v′ of v with better objective value:

set v = v′

In our 2D and 3D examples (Figure 7.1 and Figure 7.2), this was simple to visualize and made
intuitive sense. But what if there are n variables, x1, . . . , xn?
Any setting of the xi’s can be represented by an n-tuple of real numbers and plotted in

n-dimensional space. A linear equation involving the xi’s defines a hyperplane in this same
space Rn, and the corresponding linear inequality defines a half-space, all points that are
either precisely on the hyperplane or lie on one particular side of it. Finally, the feasible region
of the linear program is specified by a set of inequalities and is therefore the intersection of
the corresponding half-spaces, a convex polyhedron.
But what do the concepts of vertex and neighbor mean in this general context?

7.6.1 Vertices and neighbors in n-dimensional space
Figure 7.12 recalls an earlier example. Looking at it closely, we see that each vertex is the
unique point at which some subset of hyperplanes meet. Vertex A, for instance, is the sole
point at which constraints 2©, 3©, and 7© are satisfied with equality. On the other hand, the

Simplex Algorithm - pay attention (cont.)  
 The starting vertex  

�  How do we find a vertex at which to start simplex if the origin 
is not in the feasible region?  

�  In general it is find by applying the simplex algorithm to a 
modified version of the original program 

�  The possible results of this application are 

�  a basic feasible solution is found 

�  the feasible region is empty: the linear program in infeasible 

�  If the starting point does exist, the simplex algorithm is 
applied on the original problem starting from the found 
starting point 
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Simplex Algorithm - running time  

�  Let n be the number of variables and m be the number of inequality constraints 

�  Suppose the current vertex is v 

�  by definition it is the unique point at which n inequality constraints are satisfied with equality 

�  Each of its neighbors shares n-1 of these inequalities 

�  So v has at most n*m neighbors 

�  The cost for choosing the most promising neighbor is O(m*n)  

�  The total number of iteration is at most                (the maximum number of vertices) that is 

exponential in n 

�  Thus, the simplex is exponential! 

�  However, real-world scenarios do not originate exponential problems and this 

makes simplex very valuable and widely used 

m+ n
   n
!

"
#

$

%
&

Integer linear programming  
�  The optimum solution of a LP might turn out to be fractional 

�  This number is usually rounded to the upper or lower integer in order 

to make sense 

�  the overall cost increases 

�  In many examples rounding is unlikely to affect things too much  

�  But there are LPs where rounding has to be made very carefully in 

order to end up with an integer solution of reasonable quality  

�  In general, there is a tension between the ease of obtaining 

fractional solutions and the desirability of integer ones 

�  Finding the optimum integer solution of an LP is an important but very 

hard problem, called integer linear programming 


