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Example 2 – Pension fund 
�  A pension fund has 30 million dollar to invest 
�  The money is to be divided among Treasury notes, 

bonds, and stocks 
�  The rules for administration of the fund require that 

�  at least 3 million be invested in each type of investment 
�  at least half the money be invested in Treasury notes and 

bonds 
�  the amount invested in bonds not exceed twice the amount 

invested in Treasury notes 

�  The annual yields for the various investments are: 
�  7% for Treasury notes 
�  8% for bonds 
�  9% for stocks  

�  Question: How should the money be allocated among 
the various investments to produce the largest return?  

Example 2 – Pension fund (cont.) 

First step – Identification of the problem: 
� Individuate (or choose) the objective 

�  maximize the total return 

� Individuate the available resources 
�  30 million dollars  

� Individuate available data 
�  annual yields for the various investments 
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Example 2 – Pension fund (cont.) 

Second step – Formulation of the linear programming problem: 
�  Define the variables 

�  xt: amount in Treasury notes 

�  xb: amount in bonds 

�  xs: amount in stocks 

�  Define the mathematical relations among variables and data 
�  Constraints 

�  at least 3 million be invested 
in each type of investment 

�  at least half the money be invested 
in Treasury notes and bonds 

�  the amount invested in bonds not exceed 
twice the amount invested in Treasury notes 

�  the total amount of investments 
corresponds to the budget 

Linear Programming How to write a LP - Pension fund

Example 3- Pension fund

Mathematical formulation:

Identify the mathematical relations among variables and data:
Constraints:

at least 3 million be invested in each type of investment:

x

t

, x
b

, x
s

� 3

at least half the money be invested in Treasury notes and bonds:

x

t

+ x

b

� 15

the amount invested in bonds not exceed twice the amount invested in
Treasury notes:

x

b

 2 · x
t

the total amount of investments should is limited by the budget:

x

t

+ x

b

+ x

s

= 30
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Example 2 – Pension fund (cont.) 

Second step – Formulation of the linear programming 
problem: 

� Define the mathematical relations among variables 
and data 
�  Objective function: 

�  Maximizing the total yearly return 

Linear Programming How to write a LP - Pension fund

Example 3- Pension fund

Mathematical formulation:

Identify the mathematical relations among variables and data:
Objective function:

maximizing the total return:

max 0.07x
t

+ 0.08x
b

+ 0.09x
s

Valeria Fionda (KRDB-FUB) Advanced Algorithms 26 / 53
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Example 2 – Pension fund (cont.) 

To summarize: 

Linear Programming How to write a LP - Pension fund

Example 3- Pension fund

Mathematical model:
x

t

:Treasury notes, x
b

: bonds, x
s

: stocks.

max 0.07x
t

+ 0.08x
b

+ 0.09x
s

x

t

+ x

b

� 15
x

b

 2 · x
t

x

t

+ x

b

+ x

s

= 30
x

t

, x
b

, x
s

� 3
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Maximizing the total return 

Feasible Region  
� What is the Feasible Region of a LP problem? 

�  It is the set of all points that satisfy all the 
constraints 

� Only points in the feasible region can be used 
to assign values to variables  

� A linear equation defines a hyper plan in the 
k-D space 
�  E.g., consider the equation 3x1 + 2x2 = 18 

It is represented in the 2-D space by 
a line intersecting the axes in 
(x1=0, x2=18/2=9) and 
(x1=18/3=6, x2=0)  

Feasible Region of a LP

Feasible Region

A linear equation in the variables defines a line in the two-dimensional
(2D) plane (i.e., if we have two variables).

Consider the equation 3x1 + 2x2 = 18

It can be represented in the 2D space by a line intersecting the axis in

the two points (x1 = 0, x2 = 18/2 = 9) and (x1 = 18/3 = 6, x2 = 0).

(0,0)

linear equality

(6,0)

(0,9)

x1

x2

A linear inequality designates an half-space (i.e., the region on one
side of the line).

Consider the inequality 3x1 + 2x2  18

It can be represented in the 2D space by one of the half-spaces

delimited by the previous line. The points belonging to this half space

are those under and on the line, indeed the point (x1 = 1, x2 = 1)

satisfies the inequality.
(0,0)

linear inequality

(6,0)

(0,9)

x1

x2

Valeria Fionda (KRDB-FUB) Advanced Algorithms 29 / 53
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Feasible Region (cont.)  
� A linear inequality selects a half k-D space 

(i.e., the space region on one side of the hyper 
plan)  
�  E.g., consider the inequality 3x1 + 2x2 ≤ 18 

It is represented in the 2-D space by one of the half-spaces 
delimited by the previous line 

�  The points belonging to this half space are 
those under and on the line. E.g., the point 
P(x1=1, x2=1) satisfies the inequality 

Feasible Region of a LP

Feasible Region

A linear equation in the variables defines a line in the two-dimensional
(2D) plane (i.e., if we have two variables).

Consider the equation 3x1 + 2x2 = 18

It can be represented in the 2D space by a line intersecting the axis in

the two points (x1 = 0, x2 = 18/2 = 9) and (x1 = 18/3 = 6, x2 = 0).

(0,0)

linear equality

(6,0)

(0,9)

x1

x2

A linear inequality designates an half-space (i.e., the region on one
side of the line).

Consider the inequality 3x1 + 2x2  18

It can be represented in the 2D space by one of the half-spaces

delimited by the previous line. The points belonging to this half space

are those under and on the line, indeed the point (x1 = 1, x2 = 1)

satisfies the inequality.
(0,0)

linear inequality

(6,0)

(0,9)

x1

x2
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P(1,1) 

Feasible Region (cont.)  
� In general, if we have k variables, each linear 

equation defines a  k-D plane, and each 
inequality a half-space on one side of the 
plane  

� Thus, all the feasible solutions, that are all the 
points in the k space that satisfy all the constraints, 
are in the intersection 
of all the half-spaces 
identified by the linear 
inequalities  

Feasible Region of a LP

Feasible Region

In general if we have k variables, each linear equation defines a a kD
plane, and each inequality a half-space on one side of the plane.

Thus, all the feasible solutions, that are all the points in the k space
that satisfy all the constraints, are those in the intersection of all the
half-spaces identified by the linear inequalities.

Valeria Fionda (KRDB-FUB) Advanced Algorithms 30 / 53
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Feasible Region (cont.)  
�  Property 

�  the feasible region is always convex 

�  Convex set 
�  if two points a and b are in the set, then so it is ½*(a + b) 

�  Extreme point 
�  a point in the set that can’t be written as ½*(a + b) where a 

and b are two distinct points in the set  

Feasible Region of a LP

Feasible Region

Property: the feasible region is always a convex polygon (2D) or
polyhedron (kD).
Convex set: if two points a and b are in the set, then so is 1

2(a+ b).
Extreme point. a point in the set that can’t be written as 1

2(a+ b),
where a and b are two distinct points in the set.

convex not convex

extreme points

Valeria Fionda (KRDB-FUB) Advanced Algorithms 31 / 53

Feasible Region - Confectionery’s problem 

Feasible Region of a LP Example - Confectionery’s problem

Feasible Region - Confectionery’s problem I

(0,0) Cookies

Cupcakes

Valeria Fionda (KRDB-FUB) Advanced Algorithms 32 / 53
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Feasible Region - Confectionery’s problem (cont.) 
Feasible Region of a LP Example - Confectionery’s problem

Feasible Region - Confectionery’s problem II

x2 � 0

(0,0)
Cookies

Cupcakes

Valeria Fionda (KRDB-FUB) Advanced Algorithms 33 / 53

The number of boxes of 
cupcakes is positive 

Feasible Region - Confectionery’s problem (cont.) 
Feasible Region of a LP Example - Confectionery’s problem

Feasible Region - Confectionery’s problem III

x1 � 0

(0,0)
Cookies

Cupcakes

Valeria Fionda (KRDB-FUB) Advanced Algorithms 34 / 53

The number of boxes of 
cookies is positive 
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Feasible Region - Confectionery’s problem (cont.) 
Feasible Region of a LP Example - Confectionery’s problem

Feasible Region - Confectionery’s problem IV

5 · x1 + 15 · x2  480

(0,0)
Cookies

Cupcakes

(0,32)

(5x1+15x2<=480)

Valeria Fionda (KRDB-FUB) Advanced Algorithms 35 / 53

Available sugar 480 Hg 
1 box of cookies needs 5 Hg 
1 box of cupcakes needs 15 Hg 

Feasible Region - Confectionery’s problem (cont.) 
Feasible Region of a LP Example - Confectionery’s problem

Feasible Region - Confectionery’s problem V

35 · x1 + 20 · x2  1190

(0,0)
Cookies

Cupcakes

(0,32)

(5x1+15x2<=480)

(34,0)

(30x1+20x2<=1190)

Valeria Fionda (KRDB-FUB) Advanced Algorithms 36 / 53

Available flour 1190 Hg 
1 box of cookies needs 35 Hg 
1 box of cupcakes needs 20 Hg 

35x1+20x2<=1190 



22/11/13	
  

9	
  

Feasible Region - Confectionery’s problem (cont.) 
Feasible Region of a LP Example - Confectionery’s problem

Feasible Region - Confectionery’s problem VI

4 · x1 + 4 · x2  160

(0,0)
Cookies

Cupcakes

(0,32)

5x1+15x2<=480

(34,0)

30x1+20x2<=1190

(26,14)

(12,28)

4x1+4x2<=160

Valeria Fionda (KRDB-FUB) Advanced Algorithms 37 / 53

Available milk 160 litres 
1 box of cookies needs 4 litres 
1 box of cupcakes needs 4 litres 

35x1+20x2<=1190 

Feasible Region - Confectionery’s problem (cont.) 
Feasible Region of a LP Example - Confectionery’s problem

Feasible Region - Confectionery’s problem VII

Objective Function: 13 · x1 + 23 · x2

(0,0)
Cookies

Cupcakes

(0,32)

5x1+15x2<=480

(34,0)

30x1+20x2<=1190

(26,14)

(12,28)

4x1+4x2<=160

13x1+23x2=442

Valeria Fionda (KRDB-FUB) Advanced Algorithms 38 / 53

Maximize the profit 
profit of 1 box of cookies 13$ 
profit of 1 box of cupcakes 23$ 

35x1+20x2<=1190 
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Feasible Region - Confectionery’s problem (cont.) 
Feasible Region of a LP Example - Confectionery’s problem

Feasible Region - Confectionery’s problem VIII

Objective Function: 13 · x1 + 23 · x2

(0,0)
Cookies

Cupcakes

(0,32)

5x1+15x2<=480

(34,0)

30x1+20x2<=1190

(26,14)

(12,28)

4x1+4x2<=160

13x1+23x2=442

13x1+23x2=660

Valeria Fionda (KRDB-FUB) Advanced Algorithms 39 / 53

Maximize the profit 
profit of 1 box of cookies 13$ 
profit of 1 box of cupcakes 23$ 

35x1+20x2<=1190 

Feasible Region - Confectionery’s problem (cont.) 
Feasible Region of a LP Example - Confectionery’s problem

Feasible Region - Confectionery’s problem IX

Objective Function: 13 · x1 + 23 · x2

(0,0)
Cookies

Cupcakes

(0,32)

5x1+15x2<=480

(34,0)

30x1+20x2<=1190

(26,14)

(12,28)

4x1+4x2<=160

13x1+23x2=442

13x1+23x2=660
13x1+23x2=736

Valeria Fionda (KRDB-FUB) Advanced Algorithms 40 / 53

Maximize the profit 
profit of 1 box of cookies 13$ 
profit of 1 box of cupcakes 23$ 

35x1+20x2<=1190 
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Feasible Region - Confectionery’s problem (cont.) 
Feasible Region of a LP Example - Confectionery’s problem

Feasible Region - Confectionery’s problem X

Objective Function: 13 · x1 + 23 · x2

(0,0)
Cookies

Cupcakes

(0,32)

5x1+15x2<=480

(34,0)

30x1+20x2<=1190

(26,14)

(12,28)

4x1+4x2<=160

13x1+23x2=442

13x1+23x2=660
13x1+23x2=736

Valeria Fionda (KRDB-FUB) Advanced Algorithms 41 / 53

Maximize the profit 
profit of 1 box of cookies 13$ 
profit of 1 box of cupcakes 23$ 

35x1+20x2<=1190 

Optimal 
solution!! 

Feasible Region - Confectionery’s problem (cont.) 

� Regardless of objective function coefficients, an 
optimal solution occurs at an extreme point 

� This is true for all LP problems  

Feasible Region of a LP Example - Confectionery’s problem

Feasible Region - Confectionery’s problem XII

(0,0)
Cookies

Cupcakes

(0,32)

5x1+15x2<=480

(34,0)

35x1+20x2<=1190

(26,14)

(12,28)

4x1+4x2<=160

Extreme points

Valeria Fionda (KRDB-FUB) Advanced Algorithms 43 / 53

35x1+20x2<=1190 
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Feasible Region – pension fund 
� Let’s change a bit the mathematical model and 

reduce to a 2-D space  

Feasible Region of a LP Example - Pension fund’s problem

Feasible Region - Pension fund

Mathematical model:
x

t

:Treasury notes, x
b

: bonds, x
s

: stocks.

x

t

:Treasury notes, x
b

: bonds, 30� (x
t

+ x

b

): stocks.

max 0.07x
t

+ 0.08x
b

+ 0.09x
s

x

t

+ x

b

� 15
x

b

 2 · x
t

x

t

+ x

b

+ x

s

= 30
x

t

, x
b

, x
s

� 3

max 0.07x
t

+ 0.08x
b

+ 0.09(30�
(x

t

+ x

b

)) = 2.7� .02x
t

� 0.01x
b

x

t

+ x

b

� 15
x

b

 2 · x
t

X
x

t

, x
b

� 3
30� (x

t

+ x

b

) � 3

Valeria Fionda (KRDB-FUB) Advanced Algorithms 44 / 53

Feasible Region – pension fund (cont.) 
Feasible Region of a LP Example - Pension fund’s problem

Feasible Region - Pension fund

Valeria Fionda (KRDB-FUB) Advanced Algorithms 45 / 53

xt+xb=15 

xt=3 

xb=3 

xt 

xb 

30-(xt+xb)=3 

xb=2xt 

(1) (2) (3) 
(1): 2.7-0.02*xt-0.01*xb=2.2 

(2): 2.7-0.02*xt-0.01xb=2.35 

(3): 2.7-0.02*xt-0.01*xb=2.5 
  OPTIMUM!! 

Optimal Solution: 
xt=5, xb=10, xs=30-(5+10)=15 

Value = 2.7-0.02*xt-0.01*xb= 
    = 2.7-0.1-0.1=2.5 
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Optimal solution 

�  Extreme point property 
�  if there exists an optimal solution to a linear program P, then there 

exists one that is an extreme point  

�  Good news 
�  only need to consider finitely many possible solutions 

�  Bad news 
�  the number of extreme points is an exponential function of the 

number of equalities/inequalities and the number of variables 

�  Greedy property 
�  extreme point is optimal iff no neighboring extreme point is better 

�  Generic algorithm for solving a LP problem 
1.   Start at some extreme point (the origin is a good candidate) 
2.   Move to the neighboring point where the objective function 

increase (or decrease) 
3.   Repeat until optimal 

Matrix-vector notation 
�  A linear function c1*x1 + c2*x2 can be written as the dot product of two 

vectors 

 

 

 

    denoted by cT x where cT=(c1 c2) is the transpose of c 

�  Similarly, linear constraints can be compiled into matrix-vector form 

 

 

 

 

    denoted by Ax ≤ b, where each row of A corresponds to a constraint  

Matrix-Vector notation

Matrix-vector notation

A linear function c1 · x1 + c2 · x2 can be written as the dot product of
two vectors:

c =

✓
c1

c2

◆
and x =

✓
x1

x2

◆

denoted by c

T

x .

Similarly, linear constraints can be compiled into matrix-vector form:

A =

0

@
a1,1 a1,2

a2,1 a2,2

a3,1 a3,2

1

A and x =

✓
x1

x2

◆
 and b =

0

@
b1

b2

b3

1

A

denoted by Ax  b, where each row of A corresponds to a constraint.

Valeria Fionda (KRDB-FUB) Advanced Algorithms 48 / 53
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A =

0

@
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a2,1 a2,2
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✓
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Matrix-vector notation – Confectionery's problem Matrix-Vector notation Example - Confectionery’s problem

Matrix-vector notation - Confectionery’s problem

x1:cookies, x2: cupcakes max 13x1 + 23x2 =) c

T

x

5x1 + 15x2  480
=) Ax  b4x1 + 4x2  160

35x1 + 20x2  1190
x1, x2 � 0

x =

✓
x1

x2

◆

c =

✓
13
23

◆

A =

0

@
5 15
4 4
35 20

1

A

b =

0

@
480
160
1190

1

A .

Valeria Fionda (KRDB-FUB) Advanced Algorithms 49 / 53
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max cT x 

Ax ≤  b  

x1: cookies,  x2: cupcakes 
Matrix-Vector notation Example - Confectionery’s problem
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Matrix-vector notation - Confectionery’s problem
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x1, x2  ≥  0  

Matrix-Vector notation Example - Confectionery’s problem
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Is cT x = x cT ? 
NO! 
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Solving a LP problem – Simplex Algorithms 

� Developed in 1947 by George Dantzig 
� One of the most successful algorithms of all time 
� Generic algorithm 

�  let v be any vertex of the feasible region!

�  while there is a neighbor v′ of v with better 
objective value!

�  set v = v′  

Simplex Algorithm

Solving a linear program - Simplex Algorithm

Developed in 1947.
one of greatest and most successful algorithms of all time.
Generic algorithm:

Start at some extreme point.
Pivot from one extreme point to a neighbouring one.
Repeat until optimal.

1: let v be any vertex of the feasible region

2: while there is a neighbour v 0 of v with better

objective value:

3: set v = v 0

Valeria Fionda (KRDB-FUB) Advanced Algorithms 2 / 40

Simplex method (cont.) 
�  Each vertex is the unique point at which some subset of 

hyper planes meet 
�  If we have m constraints and n variables, each vertex is 

defined by n inequalities satisfied with equality 
�  E.g., vertex A is the sole point where constraints (2), (3), and (7) are 

satisfied with equality 

�  Two vertices are neighbors if they have n−1 defining 
inequalities in common 
�  E.g., vertices A and C 

share the two defining 
inequalities (3) and (7) 

S. Dasgupta, C.H. Papadimitriou, and U.V. Vazirani 227

Figure 7.12 A polyhedron defined by seven inequalities.

x1

x3

x2

1©

4©

2©

3©

5©

6©

7©

A

B C

max x1 + 6x2 + 13x3

x1 ≤ 200 1©
x2 ≤ 300 2©

x1 + x2 + x3 ≤ 400 3©
x2 + 3x3 ≤ 600 4©

x1 ≥ 0 5©
x2 ≥ 0 6©
x3 ≥ 0 7©

7.6 The simplex algorithm
The extraordinary power and expressiveness of linear programs would be little consolation if
we did not have a way to solve them efficiently. This is the role of the simplex algorithm.
At a high level, the simplex algorithm takes a set of linear inequalities and a linear objec-

tive function and finds the optimal feasible point by the following strategy:

let v be any vertex of the feasible region
while there is a neighbor v′ of v with better objective value:

set v = v′

In our 2D and 3D examples (Figure 7.1 and Figure 7.2), this was simple to visualize and made
intuitive sense. But what if there are n variables, x1, . . . , xn?
Any setting of the xi’s can be represented by an n-tuple of real numbers and plotted in

n-dimensional space. A linear equation involving the xi’s defines a hyperplane in this same
space Rn, and the corresponding linear inequality defines a half-space, all points that are
either precisely on the hyperplane or lie on one particular side of it. Finally, the feasible region
of the linear program is specified by a set of inequalities and is therefore the intersection of
the corresponding half-spaces, a convex polyhedron.
But what do the concepts of vertex and neighbor mean in this general context?

7.6.1 Vertices and neighbors in n-dimensional space
Figure 7.12 recalls an earlier example. Looking at it closely, we see that each vertex is the
unique point at which some subset of hyperplanes meet. Vertex A, for instance, is the sole
point at which constraints 2©, 3©, and 7© are satisfied with equality. On the other hand, the
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Simplex method (cont.) 
�  At each iteration the simplex algorithm must 

1.  check whether the current vertex is optimal 

2.  determine where to move next  

�  The above tasks 1 and 2 are easy if the vertex is the origin 
�  Why is the origin so convenient? 

�  Suppose we have a generic LP problem and that the origin 
is in the feasible region 

�  The origin is a vertex since it is the unique point at which the 
n inequalities {x1 ≥ 0, . . . , xn ≥ 0} are tight 

�  The origin is optimal iff all ci ≤ 0 
�  If all ci ≤ 0 then we can’t hope a better objective value because x ≥ 0 

�  If there is at least a ci > 0 then we can increase the objective function by increasing the 
variable xi 

�  So if the origin is not optimal we can move by increasing some xi for which ci > 0 
until we hit some other constraint 
�  i.e., until some constraints other than x ≥ 0 becomes tight 

�  At that point, we again have exactly n tight inequalities, so we are at a new vertex 

�  We then transform the coordinate systems to move the new vertex to the origin! 

228 Algorithms

hyperplanes corresponding to inequalities 4© and 6© do not define a vertex, because their
intersection is not just a single point but an entire line.
Let’s make this definition precise.

Pick a subset of the inequalities. If there is a unique point that satisfies them with
equality, and this point happens to be feasible, then it is a vertex.

How many equations are needed to uniquely identify a point? When there are n variables, we
need at least n linear equations if we want a unique solution. On the other hand, having more
than n equations is redundant: at least one of them can be rewritten as a linear combination
of the others and can therefore be disregarded. In short,

Each vertex is specified by a set of n inequalities.3

A notion of neighbor now follows naturally.

Two vertices are neighbors if they have n− 1 defining inequalities in common.

In Figure 7.12, for instance, vertices A and C share the two defining inequalities { 3©, 7©} and
are thus neighbors.

7.6.2 The algorithm
On each iteration, simplex has two tasks:

1. Check whether the current vertex is optimal (and if so, halt).

2. Determine where to move next.

As we will see, both tasks are easy if the vertex happens to be at the origin. And if the vertex
is elsewhere, we will transform the coordinate system to move it to the origin!
First let’s see why the origin is so convenient. Suppose we have some generic LP

max cT x

Ax ≤ b

x ≥ 0

where x is the vector of variables, x = (x1, . . . , xn). Suppose the origin is feasible. Then it is
certainly a vertex, since it is the unique point at which the n inequalities {x1 ≥ 0, . . . , xn ≥ 0}
are tight. Now let’s solve our two tasks. Task 1:

The origin is optimal if and only if all ci ≤ 0.
3There is one tricky issue here. It is possible that the same vertex might be generated by different subsets

of inequalities. In Figure 7.12, vertex B is generated by { 2©, 3©, 4©}, but also by { 2©, 4©, 5©}. Such vertices are
called degenerate and require special consideration. Let’s assume for the time being that they don’t exist, and
we’ll return to them later.


