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Exercise 1 
 Network Flow 

�  The figure below shows a network 

�  For each edge the information about the current flow (first number in parenthesis) 

and the capacity (second number in parenthesis) is provided 

1.  Find value of the maximum flow from A to F using the Ford-Fulkerson algorithm 

2.  Find the final flow on each edge  

 

2. Network Flow. The figure below shows a network. For each edge the information about the
current flow (first number in parenthesis) and the capacity (second number in parenthesis) is
provided.
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(a) What is the value of the maximum flow from A to F?

(c) Which is the minimum A-F cut. (Specify which edges belong to the the cut.)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .mark:10

Solution

1) For the initial step there are a number of flow augmenting paths. We choose the path
P1 = (1, 4, 8), identified by the list of arcs in the path, and the flow can be increased by 5
units.
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2) Another flow augmenting path is P2 = (2, 5, 6, 9). We can augment the flow on this path
by 5 units.
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3) The last augmenting path is P3 = (2, 7, 4, 3, 6, 9), where the positive numbers show arcs
in which flow is to be increased and negative numbers show arcs in which flow is to be
decreased (edges traversed in the opposite direction). The flow can be increased by 5 units
by obtaining a final flow from A to F of 15 units.
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Exercise 1 
Solution 
� Iteration 1 

�  We choose the path P1 = (1, 4, 8), identified by the list of 
edges in the path, and the flow can be increased by 5 units 

2. Network Flow. The figure below shows a network. For each edge the information about the
current flow (first number in parenthesis) and the capacity (second number in parenthesis) is
provided.
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(a) What is the value of the maximum flow from A to F?

(c) Which is the minimum A-F cut. (Specify which edges belong to the the cut.)
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Solution

1) For the initial step there are a number of flow augmenting paths. We choose the path
P1 = (1, 4, 8), identified by the list of arcs in the path, and the flow can be increased by 5
units.
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2) Another flow augmenting path is P2 = (2, 5, 6, 9). We can augment the flow on this path
by 5 units.
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3) The last augmenting path is P3 = (2, 7, 4, 3, 6, 9), where the positive numbers show arcs
in which flow is to be increased and negative numbers show arcs in which flow is to be
decreased (edges traversed in the opposite direction). The flow can be increased by 5 units
by obtaining a final flow from A to F of 15 units.
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Residual network 
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Exercise 1 
Solution (cont.) 
� Iteration 2 

�  Another flow augmenting path is P2 = (2, 5, 6, 9). We can 
augment the flow on this path by 5 units  

Residual network 

2. Network Flow. The figure below shows a network. For each edge the information about the
current flow (first number in parenthesis) and the capacity (second number in parenthesis) is
provided.
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(a) What is the value of the maximum flow from A to F?

(c) Which is the minimum A-F cut. (Specify which edges belong to the the cut.)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .mark:10

Solution

1) For the initial step there are a number of flow augmenting paths. We choose the path
P1 = (1, 4, 8), identified by the list of arcs in the path, and the flow can be increased by 5
units.
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2) Another flow augmenting path is P2 = (2, 5, 6, 9). We can augment the flow on this path
by 5 units.
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3) The last augmenting path is P3 = (2, 7, 4, 3, 6, 9), where the positive numbers show arcs
in which flow is to be increased and negative numbers show arcs in which flow is to be
decreased (edges traversed in the opposite direction). The flow can be increased by 5 units
by obtaining a final flow from A to F of 15 units.
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Exercise 1 
Solution (cont.) 
� Iteration 3 

�  Now we select the augmenting path P3 = (2, 7, 4, 3, 6, 9). 
Notice that edge 4 is traversed in the opposite direction 
and therefore the flow allocated to this edge decreases. 
We can augment the flow on this path by 5 units  

Residual network 
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d) Two minimum cuts are reported in the following figure.
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Exercise 1 
Solution (cont.) 
� Iteration 4 

�  There isn’t an augmenting path: STOP!! 

�  The final flow from A to F is of 15 units  

Exercise 2 
 Network Flow 

�  The figure below shows a flow network on which an s-t flow is 
shown 

�  The capacity of each edge appears as a label next to the edge, and 
the numbers in boxes give the amount of flow sent on each edge 

�  Edges without boxed numbers have no flow being sent on them 

1.  What is the value of this flow? 

2.  Is this a maximum s-t flow in this graph? If not, find a maximum 
s-t flow 
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Problem 5

The figure below shows a flow network on which an s-t flow is shown. The capacity of each edge appears
as a label next to the edge, and the numbers in boxes give the amount of flow sent on each edge. (Edges
without boxed numbers have no flow being sent on them.)

(a) What is the value of this flow?

(b) Is this a maximum s-t flow in this graph? If not, find a maximum s-t flow.

(c) Find a minimum s-t cut. (Specify which vertices belong to the sets of the cut.)

Solution: The value of the flow is 4+7+6=17. The value of the flow it is not maximum. We can send
two unit of flow along the path: s,z,y,x,w,t obtaining a flow of value 17+2=19 [subfigure (a)]. The residual
capacity are reported in [subfigure (b)]. The min cut is the set of edges: {(s,w), (x,w), (y,t), (z,t)} [see
subfigure (c)].

5
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Exercise 2 

Solution 

1.  The value of the flow is 4+7+6=17  

2.  The value of the flow it is not maximum. We can send 2 units of 
flow along the path: s – z – y – x – w - t obtaining a flow of value 
17+2=19 (figure on the left). The residual capacities are reported 
in the figure on the right 
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Problem 5

The figure below shows a flow network on which an s-t flow is shown. The capacity of each edge appears
as a label next to the edge, and the numbers in boxes give the amount of flow sent on each edge. (Edges
without boxed numbers have no flow being sent on them.)

(a) What is the value of this flow?

(b) Is this a maximum s-t flow in this graph? If not, find a maximum s-t flow.

(c) Find a minimum s-t cut. (Specify which vertices belong to the sets of the cut.)

Solution: The value of the flow is 4+7+6=17. The value of the flow it is not maximum. We can send
two unit of flow along the path: s,z,y,x,w,t obtaining a flow of value 17+2=19 [subfigure (a)]. The residual
capacity are reported in [subfigure (b)]. The min cut is the set of edges: {(s,w), (x,w), (y,t), (z,t)} [see
subfigure (c)].
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(c)

Problem 6

Multi-processor scheduling: given n jobs J1, ..., Jn with processing times p1, p2, ..., pn and m machines
M1,M2, ...,Mm

, we want to minimize the total finishing time. For identical machines show that greedy list
scheduling that assign job J

i

to the machine with least current load has an approximation ratio of 2.
Solution
We can define to lower bounds for the value of the optimal solution. The first lower bound suppose that

the average load of all the machine is the same: OPT �
P

i
pi

m

= LB1. The second lower bound takes into
account the fact that jobs cannot be subdivided and thus the total finishing time should be greater than or
equals to the maximal length of the jobs: OPT � max

i

{p
i

} = LB2.
Let Li

j

be the load on machine j after i jobs have been assigned. Let L be the maximum load over all
the machine after the last assignment.

Consider the machine k that have the highest finishing time L. Suppose that the last job assigned to the
machine k is the job j. Since we assigned the job j to machine k, it means that all the other machines was
the less loaded before assigning the job j: Lj�1

i

� Lj

k

� p
j

= L� p
j

for 1  i  m.

Then we have
P

m

i=1 L
j�1
i

� m(L� p
n

) )
P

m

i=1 L
n

i

�
P
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i=1 L
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� m(L� p
j

). Thus:

L� p
j


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i=1 L
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i
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L 
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m
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m
+ p

j

L  LB1 + LB2

Let LB = max{LB1, LB2} ) L  2LB
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Assignment 07 

Exercise 7.10 page 224 DPV  

�  For the following network, with edge capacities as shown, find the maximum 

flow from S to T. Use both Linear programming and the Ford-Fulkerson 

algorithm 
 

240 Algorithms

(a) Formulate the problem as a linear program in two variables.
(b) Graph the feasible region, give the coordinates of every vertex, and circle the vertex maxi-
mizing profit. What is the maximum profit possible?

7.6. Give an example of a linear program in two variables whose feasible region is infinite, but such
that there is an optimum solution of bounded cost.

7.7. Find necessary and sufficient conditions on the reals a and b under which the linear program
max x + y

ax + by ≤ 1

x, y ≥ 0

(a) Is infeasible.
(b) Is unbounded.
(c) Has a unique optimal solution.

7.8. You are given the following points in the plane:
(1, 3), (2, 5), (3, 7), (5, 11), (7, 14), (8, 15), (10, 19).

You want to find a line ax + by = c that approximately passes through these points (no line is a
perfect fit). Write a linear program (you don’t need to solve it) to find the line that minimizes the
maximum absolute error,

max
1≤i≤7

|axi + byi − c|.

7.9. A quadratic programming problem seeks to maximize a quadratric objective function (with terms
like 3x2

1 or 5x1x2) subject to a set of linear constraints. Give an example of a quadratic program
in two variables x1, x2 such that the feasible region is nonempty and bounded, and yet none of
the vertices of this region optimize the (quadratic) objective.

7.10. For the following network, with edge capacities as shown, find the maximum flow from S to T ,
along with a matching cut.
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7.11. Write the dual to the following linear program.
max x + y

2x + y ≤ 3

x + 3y ≤ 5

x, y ≥ 0

Find the optimal solutions to both primal and dual LPs.
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Assignment 07 
Exercise 7.17 page 226 DPV  

Consider the following network (the numbers are edge capacities) 

 

 

 

 

 

 

 

1.  Find the maximum flow f 

2.  Draw the residual graph Gf (along with its edge capacities). In this residual network, mark  
the vertices reachable from S and the vertices from which T is reachable 

3.  An edge of a network is called a bottleneck edge if increasing its capacity results in an 
increase in the maximum flow. List all bottleneck edges in the above network.  

4.  Give a very simple example (containing at most four nodes) of a network which has no 
bottleneck edges 

5.  (Optional) Give an efficient algorithm to identify all bottleneck edges in a network. (Hint: Start 
by running the usual network flow algorithm, and then examine the residual graph.) 

 

242 Algorithms

ingredient energy protein fat carbohydrate sodium
(kcal) (grams) (grams) (grams) (milligrams)

tomato 21 0.85 0.33 4.64 9.00
lettuce 16 1.62 0.20 2.37 8.00
spinach 371 12.78 1.58 74.69 7.00
carrot 346 8.39 1.39 80.70 508.20
oil 884 0.00 100.00 0.00 0.00

Find a linear programming applet on the Web and use it to make the salad with the fewest
calories under the nutritional constraints. Describe your linear programming formulation and
the optimal solution (the quantity of each ingredient and the value). Cite the Web resources that
you used.

7.17. Consider the following network (the numbers are edge capacities).
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(a) Find the maximum flow f and a minimum cut.
(b) Draw the residual graphGf (along with its edge capacities). In this residual network, mark
the vertices reachable from S and the vertices from which T is reachable.

(c) An edge of a network is called a bottleneck edge if increasing its capacity results in an
increase in the maximum flow. List all bottleneck edges in the above network.

(d) Give a very simple example (containing at most four nodes) of a network which has no
bottleneck edges.

(e) Give an efficient algorithm to identify all bottleneck edges in a network. (Hint: Start by
running the usual network flow algorithm, and then examine the residual graph.)

7.18. There are many common variations of the maximum flow problem. Here are four of them.

(a) There are many sources and many sinks, and we wish to maximize the total flow from all
sources to all sinks.

(b) Each vertex also has a capacity on the maximum flow that can enter it.
(c) Each edge has not only a capacity, but also a lower bound on the flow it must carry.
(d) The outgoing flow from each node u is not the same as the incoming flow, but is smaller by
a factor of (1− εu), where εu is a loss coefficient associated with node u.

Each of these can be solved efficiently. Show this by reducing (a) and (b) to the original max-flow
problem, and reducing (c) and (d) to linear programming.

7.19. Suppose someone presents you with a solution to a max-flow problem on some network. Give a
linear time algorithm to determine whether the solution does indeed give a maximum flow.


