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Assignment 07 

Exercise 7.10 page 224 DPV  

�  For the following network, with edge capacities as shown, find the maximum 

flow from S to T. Use both Linear programming and the Ford-Fulkerson 

algorithm 
 

240 Algorithms

(a) Formulate the problem as a linear program in two variables.
(b) Graph the feasible region, give the coordinates of every vertex, and circle the vertex maxi-
mizing profit. What is the maximum profit possible?

7.6. Give an example of a linear program in two variables whose feasible region is infinite, but such
that there is an optimum solution of bounded cost.

7.7. Find necessary and sufficient conditions on the reals a and b under which the linear program
max x + y

ax + by ≤ 1

x, y ≥ 0

(a) Is infeasible.
(b) Is unbounded.
(c) Has a unique optimal solution.

7.8. You are given the following points in the plane:
(1, 3), (2, 5), (3, 7), (5, 11), (7, 14), (8, 15), (10, 19).

You want to find a line ax + by = c that approximately passes through these points (no line is a
perfect fit). Write a linear program (you don’t need to solve it) to find the line that minimizes the
maximum absolute error,

max
1≤i≤7

|axi + byi − c|.

7.9. A quadratic programming problem seeks to maximize a quadratric objective function (with terms
like 3x2

1 or 5x1x2) subject to a set of linear constraints. Give an example of a quadratic program
in two variables x1, x2 such that the feasible region is nonempty and bounded, and yet none of
the vertices of this region optimize the (quadratic) objective.

7.10. For the following network, with edge capacities as shown, find the maximum flow from S to T ,
along with a matching cut.

A

B

C

G

T

D

E

F

4

1

6

10
2

20

2

5

1
10

5

4

12

6

2

S

7.11. Write the dual to the following linear program.
max x + y

2x + y ≤ 3

x + 3y ≤ 5

x, y ≥ 0

Find the optimal solutions to both primal and dual LPs.

Assignment 07 
Exercise 7.10 page 224 DPV  
Solution with LP 
�  Variables: 

 a=SA, b=SB, c=SC, d=AB, e=CB, f=AD, g=AE, h=BE, i=CF, 
 j=DE, k=EF, l=DG, m=EG, n=FT, o=GT  

�  Objective function 
 maximize a + b + c + d + e + f + g + h + i + j + k + l + m + n + o 

�  Constraints 

�  Capacity and non negativity 
 0 <= a <= 6 
 0 <= b <= 1 
 0 <= c <= 10 
 0 <= d <= 2 
 0 <= e <= 2 
 0 <= f <= 4 
 0 <= g <= 1 
 0 <= h <= 20 
 0 <= i <= 5 
 0 <= j <= 2 
 0 <= k <= 6 
 0 <= l <= 5 
 0 <= m <= 10 
 0 <= n <= 4 
 0 <= o <= 12  

 

�  Flow conservation 
 a = d + f + g 
 b + d + e = h 
 c = e + i 
 f = j + l 
 g + h + j = k + m 
 i + k = n 
 l + m = o 
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Assignment 07 
Exercise 7.10 page 224 DPV  
Solution with LP (cont.) 
 
The solution is on the right 
and is: 
a = 6, b = 1, c = 6, d = 2, 
e = 2, f = 3, g = 1, h = 5, 
i = 4, j = 2, k = 0, l = 1, 
m = 8, n = 4, o = 9 
 
To obtain the maximum flow 
we consider either the 
variables corresponding 
to the out-links of the source 
node or those corresponding 
the in-links of the sink node 
 
Max flow = a + b + c = 
n + o = 13 

Assignment 07 
Exercise 7.10 page 224 DPV  
Solution with Ford-Fulkerson 

We use the following notation for the edges in G: a=SA, b=SB, c=SC, d=AB, e=CB, f=AD, g=AE, 
h=BE, i=CF, j=DE, k=EF, l=DG, m=EG, n=FT, o=GT 

We apply the FF algorithm to the graph G. 

1.  Take augmenting path cin. The residual capacity c* = min{c,i,n} = 4. We allocate 4 flow 
units from this path. Update e := e – 4 for every e along the path cin 

2.  Take augmenting path aflo. The residual capacity c* = min{a,f,l,o} = 4. We allocate 4 
flow units from this path. Update e := e - 4 every e along the path aflo 

3.  Take augmenting path cehmo. The residual capacity c* = min{c,e,h,m,o} = 2. We 
allocate 2 flow units from this path. Update e := e - 2 every e along the path cehmo. 

4.  Take augmenting path adhmo. The residual capacity c* = min{a,d,h,m,o} = 2. We 
allocate 2 flow units from this path. Update e := e - 2 every e along the path adhmo. 

5.  Take augmenting path bhmo. The residual capacity c* = min{b,h,m,o} = 1. We 
allocate 1 flow units from this path. Update e := e - 1 every e along the path bhmo. 

6.  Now we cannot find any other valid path from source to sink à STOP! 

7.  Total flow = 4 + 4 + 2 + 2 + 1 = 13.  
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Assignment 07 
Exercise 7.17 page 226 DPV  

1.  The maximum flow f=11 can be found solving the LP model 
corresponding to graph G or running the Ford-Fulkerson algorithm 
on G. 

2.  The residual graph Gf is 
 
 
 
 
 
 
 
 
In this residual network, vertices A and B reachable from S, and C is the vertex from 
which T is reachable (by reachable we mean that there is still some flow that can be 
further allocated for S to A and B or from C to T). 

 

2. Residual network 

 

 
Maximum flow = 11 
 
Bottleneck edges = BC and AC 
 
Graph without bottleneck edges 
 
 
 
 

 

With all edge has the same flow value. 
 
 
Algorithm to check bottleneck:  
On the residual graph, check every edge e that has remaining 
flow = 0. Check whether there is a path in the graph from 
source to sink such that the path contains e and e is the only 
edge in the path that has flow = 0. 
 
For example, in the previous graph BC and AC are bottlenecks, 
whereas BD, AD, and DT are not. 
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Assignment 07 
Exercise 7.17 page 226 DPV  

Solution (cont.) 

 

3.  The bottlenecks are AC and BC 

4.  Examples of networks without bottlenecks are: 

5.  On the residual graph, check every edge e that has remaining flow = 0. Check whether 
there is a path in the graph from source to sink such that the path contains e and e is 
the only edge in the path that has flow = 0.  

 

Exercise 2

1. Maximum flow:

(a) S ! A ! C ! T min = 4

(b) S ! B ! C ! T min = 2

(c) S ! A ! D ! T min = 2

(d) S ! B ! D ! T min = 3

Max = 11

2. Residual graph:

3. Bottleneck edges: AC, BC.

4. Graph with no bottlenecks:
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Increasing the capacity of one edge, no matter which, does not result in

an increased maximum flow.

5

2. Residual network 

 

 
Maximum flow = 11 
 
Bottleneck edges = BC and AC 
 
Graph without bottleneck edges 
 
 
 
 

 

With all edge has the same flow value. 
 
 
Algorithm to check bottleneck:  
On the residual graph, check every edge e that has remaining 
flow = 0. Check whether there is a path in the graph from 
source to sink such that the path contains e and e is the only 
edge in the path that has flow = 0. 
 
For example, in the previous graph BC and AC are bottlenecks, 
whereas BD, AD, and DT are not. 
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All the edges have the same capacity 


