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Exercise 5.1 page 148 DPV  
Consider the following graph 
 
 
 
 
� What is the cost of its minimum spanning tree?  
� How many minimum spanning trees does it have?  
� Suppose Kruskal’s algorithm is run on this graph. 

In what order are the edges added to the MST? For 
each edge in this sequence, give a cut that justifies 
its addition  
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Exercises
5.1. Consider the following graph.

A B C D

E F G H

1 2 2

1

6 5 6

33

5 4 5 7

(a) What is the cost of its minimum spanning tree?
(b) How many minimum spanning trees does it have?
(c) Suppose Kruskal’s algorithm is run on this graph. In what order are the edges added to the
MST? For each edge in this sequence, give a cut that justifies its addition.

5.2. Suppose we want to find the minimum spanning tree of the following graph.

A B C D

E F G H

1 2

41268

5

64

1 1

3

(a) Run Prim’s algorithm; whenever there is a choice of nodes, always use alphabetic ordering
(e.g., start from node A). Draw a table showing the intermediate values of the cost array.

(b) Run Kruskal’s algorithm on the same graph. Show how the disjoint-sets data structure
looks at every intermediate stage (including the structure of the directed trees), assuming
path compression is used.

5.3. Design a linear-time algorithm for the following task.

Input: A connected, undirected graph G.
Question: Is there an edge you can remove from G while still leaving G connected?

Can you reduce the running time of your algorithm to O(|V |)?
5.4. Show that if an undirected graph with n vertices has k connected components, then it has at

least n− k edges.
5.5. Consider an undirected graph G = (V, E) with nonnegative edge weights we ≥ 0. Suppose that

you have computed a minimum spanning tree of G, and that you have also computed shortest
paths to all nodes from a particular node s ∈ V .
Now suppose each edge weight is increased by 1: the new weights are w′

e = we + 1.

(a) Does the minimum spanning tree change? Give an example where it changes or prove it
cannot change.

(b) Do the shortest paths change? Give an example where they change or prove they cannot
change.

Exercise 5.1 page 148 DPV  
Solution 

�  What is the cost of its minimum spanning tree? 

�  19 

�  How many minimum spanning trees does it have? 

�  2 

�  Suppose Kruskal’s algorithm is run on this graph. In what order are the edges 

added to the MST? For each edge in this sequence, give a cut that justifies its 

addition 

2

5.1 (a) 19

(b) 2

(c)

Edge included Cut

AE {A,B, C, D} & {E,F,G,H}
EF {A,B, C, D, E} & {F,G, H}
BE {A,E, F, G, H} & {B,C,D}
FG {A,B, E} & {C,D,F,G,H}
GH {A,B, E, F,G} & {C,D,H}
CG {A,B, E, F,G, H} & {C,D}
GD {A,B, C, E, F,G, H} & {D}

5.2 (a)

Vertex included Edge included Cost

A 0
B AB 1
C BC 3
G CG 5
D GD 6
F GF 7
H GH 8
E AE 9

5.3 Since the graph is given to be connected, it will have an edge whose removal still leaves it connected,
if and only if it is not a tree i.e. has more than |V |� 1 edges. We perform a DFS on the graph until
we see |V | edges. If we can find |V | edges then the answer is “yes” else it is “no”. In either case, the
time taken is O(|V |).

5.4 Let ei, ni denote the number of edges and vertices in the ith component. Since a connected graph on
t vertices must have at least t� 1 edges,

|E| =
kX

i=1

ei �
kX

i=1

(ni � 1) = n� k

5.5 (a) The minimum spanning tree does not change. Since, each spanning tree contains exactly n � 1
edges, the cost of each tree is increased n� 1 and hence the minimum is unchanged.

(b) The shortest paths may change. In the following graph, the shortest path from A to D changes
from AB �BC � CD to AD if each edge weight is increased by 1.

B

A

C

D

1

1

5

1

5.6 Suppose the graph has two di↵erent MSTs T1 and T2. Let e be the lightest edge which is present in
exactly one of the trees (there must be some such edge since the trees must di↵er in at least one edge).
Without loss of generality, say e 2 T1. Then adding e to T2 gives a cycle. Moreover, this cycle must
contain an edge e0 which is (strictly) heavier that e, since all lighter edges are also present in T1, where
e does not induce a cycle. Then adding e to T2 and removing e0 gives a (strictly) better spanning tree
than T2 which is a contradiction.

5.7 Multiply the weights of all the edges by -1. Since both Kruskal’s and Prim’s algorithms work for
positive as well as negative weights, we can find the minimum spanning tree of the new graph. This is
the same as the maximum spanning tree of the original graph.
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Exercise 5.5.a page 148 DPV  
Consider an undirected graph G = (V, E) with 
nonnegative edge weights we ≥ 0. 
Suppose that you have computed a minimum 
spanning tree of G. 
Now suppose each edge weight is increased by 1: 
the new weights are we′ =we+1.  
� Does the minimum spanning tree change? Give an 

example where it changes or prove it cannot 
change  

Exercise 5.5.a page 148 DPV  
Solution 
The MST does not change because 1 is added to all 
edges, so their ordering per weight is the same as 
before and Kruskal’s algorithms build the MTS 
exactly as before. 
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Exercise 5.7 page 149 DPV  
Show how to find the maximum spanning tree of a 
graph, that is, the spanning tree of largest total 
weight 

Exercise 5.7 page 149 DPV  
Solution 
Multiply the weights of all the edges by -1. Since 
Kruskal’s algorithm works for positive as well as 
negative weights, we can find the minimum spanning 
tree of the new graph. This is the same as the 
maximum spanning tree of the original graph.  
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Assignment 03 
Exercise 5.2.b page 148 DPV 
Suppose we want to find the minimum 
spanning tree of the following graph 

Run Kruskal’s algorithm on the graph. Show how the 
disjoint-sets data structure looks at every 
intermediate stage (including the structure of the 
directed trees), assuming path compression is used  
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Exercises
5.1. Consider the following graph.

A B C D

E F G H

1 2 2

1

6 5 6

33

5 4 5 7

(a) What is the cost of its minimum spanning tree?
(b) How many minimum spanning trees does it have?
(c) Suppose Kruskal’s algorithm is run on this graph. In what order are the edges added to the
MST? For each edge in this sequence, give a cut that justifies its addition.

5.2. Suppose we want to find the minimum spanning tree of the following graph.

A B C D

E F G H

1 2

41268

5

64

1 1

3

(a) Run Prim’s algorithm; whenever there is a choice of nodes, always use alphabetic ordering
(e.g., start from node A). Draw a table showing the intermediate values of the cost array.

(b) Run Kruskal’s algorithm on the same graph. Show how the disjoint-sets data structure
looks at every intermediate stage (including the structure of the directed trees), assuming
path compression is used.

5.3. Design a linear-time algorithm for the following task.

Input: A connected, undirected graph G.
Question: Is there an edge you can remove from G while still leaving G connected?

Can you reduce the running time of your algorithm to O(|V |)?
5.4. Show that if an undirected graph with n vertices has k connected components, then it has at

least n− k edges.
5.5. Consider an undirected graph G = (V, E) with nonnegative edge weights we ≥ 0. Suppose that

you have computed a minimum spanning tree of G, and that you have also computed shortest
paths to all nodes from a particular node s ∈ V .
Now suppose each edge weight is increased by 1: the new weights are w′

e = we + 1.

(a) Does the minimum spanning tree change? Give an example where it changes or prove it
cannot change.

(b) Do the shortest paths change? Give an example where they change or prove they cannot
change.

Assignment 03 (cont.) 
Exercise 5.9 page 149 DPV (partially) 

The following statements may or may not be correct. In each case, 
either prove it (if it is correct) or give a counterexample (if it isn’t correct). 
Always assume that the graph G = (V, E) is undirected. Do not assume that edge 
weights are distinct unless this is specifically stated. 

1.  If graph G has more than |V |−1 edges, and there is a unique heaviest 
edge, then this edge cannot be part of a minimum spanning tree 

2.  If G has a cycle with a unique heaviest edge e, then e cannot be part of any 
MST 

3.  Let e be any edge of minimum weight in G. Then e must be part of some 
MST 

4.  If the lightest edge in a graph is unique, then it must be part of every MST. 

5.  If e is part of some MST of G, then it must be a lightest edge across some 
cut of G 

 


