
18/10/13	
  

1	
  

Advanced Algorithms 
 
Floriano Zini 
 
Free University of Bozen-Bolzano 
Faculty of Computer Science 
 
 
Academic Year 2013-2014 
 
 
 

Lab 2 – Exercises on 
algorithms with numbers 



18/10/13	
  

2	
  

Exercise 0.1 page 8 DPV 
In each of the following situations, indicate whether 
f = O(g), or f = Ω (g), or both, i.e., f = Θ (g). 
Justify your answer. 
� Hint: you can 

�  Apply the definitions of O(.), Ω (.), Θ (.) 
�  Apply the simplifications introduced in the lectures 
�  Plot the graphics of the functions (e.g., using Octave)  

 

Exercise 0.1 page 8 DPV 

� Solution 

2

0.1. a) n − 100 = Θ(n − 200)

b) n1/2 = O(n2/3)

c) 100n + log n = Θ(n + (log n)2)

d) n log n = Θ(10n log 10n)

e) log 2n = Θ(log 3n)

f) 10 log n = Θ(log(n2))

g) n1.01 = Ω(log2 n)

h) n2/ log n = Ω(n(log n)2)

i) n0.1 = Ω((log n)10)

j) (log n)log n = Ω(n/ log n)

k)
√

n = Ω((log n)3)

l) n1/2 = O(5log2 n)

m) n2n = O(3n)

n) 2n = Θ(2n+1)

o) n! = Ω(2n)

p) (log n)log n = O(2(log2 n)2)

q)
∑n

i=1 ik = Θ(nk+1)

0.2. By the formula for the sum of a partial geometric series, for c #= 1: g(n) = 1−cn+1

1−c = cn+1−1
c−1 .

a) 1 > 1 − cn+1 > 1 − c. So: 1
1−c > g(n) > 1.

b) For c = 1, g(n) = 1 + 1 + · · · + 1 = n + 1.

c) cn+1 > cn+1 − 1 > cn. So: c
1−ccn > g(n) > 1

1−ccn.

0.3. a) Base case: F6 = 8 ≥ 26/2 = 8.
Inductive Step: for n ≥ 6, Fn+1 = Fn +Fn−1 ≥ 2n/2 +2(n−1)/2 = 2(n−1)/2(21/2 +1) ≥ 2(n−1)/22 ≥
2(n+1)/2.

b-c) The argument above holds as long as we have, in the inductive step, 2c(n−1)(2c + 1) ≥ 2c(n+1),

i.e. as long as 2c ≤ 1+
√

5
2 .

0.4. a) For any 2 × 2 matrices X and Y :

XY =

(

x11 x12

x21 x22

)(

y11 y12

y21 y22

)

=

(

x11y11 + x12y21 x11y12 + x12y22

x21y11 + x22y21 x21y12 + x22y22

)

This shows that every entry of XY is the addition of two products of the entries of the original
matrices. Hence every entry can be computed in 2 multiplications and one addition. The whole
matrix can be calculated in 4 multiplications and 4 additions.

b) First, consider the case where n = 2k for some positive integer k. To compute, X2k

, we can

recursively compute Y = X2k−1

and then square Y to have Y 2 = X2k

Unfolding the recursion,
this can be seen as repeatedly squaring X to obtain X2,X4, · · · ,X2k

= Xn. At every squaring,
we are doubling the exponent of X, so that it must take k = log n matrix multiplications to
produce Xn. This method can be easily generalized to numbers that are not powers of 2, using
the following recursion:

Xn =

{

(X#n/2$)2 if n is even
X · (X#n/2$)2 if n is odd

The algorithm still requires O(log n) matrix multiplications, of which log n are squares and at
most log n are multiplications by X.
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Exercise 

� Implement in Octave the function fib1, which 

calculates Fibn recursively. Modify the program 

such that it displays all the calculated Fibonacci 

numbers 

An exponential algorithm

function fib1(n)

if n = 0: return 0

if n = 1: return 1

return fib1(n - 1) + fib1(n - 2)

Exercise 

� Implement in Octave the function fib1, which 
calculates Fibn recursively. Modify the program 
such that it displays all the calculated Fibonacci 
numbers 

� Solution 

An exponential algorithm

function fib1(n)

if n = 0: return 0

if n = 1: return 1

return fib1(n - 1) + fib1(n - 2)

function f = fib1(n) 
if (n == 0) 
    f = 0; 
    disp(sprintf("fib(%d)=%d",n,f)); 
elseif (n==1) 
    f = 1; 
    disp(sprintf("fib(%d)=%d",n,f)); 
else 
    f=fib1(n-1)+fib1(n-2); 
    disp(sprintf("fib(%d)=%d",n,f)); 
endif; 
end 
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Exercise 

� Implement in Octave the function fib2, which 

calculates Fibn iteratively 

A polynomial algorithm

function fib2(n)

if n = 0 return 0

create an array f[0...n]

f[0] = 0, f[1] = 1

for i = 2...n:

f[i] = f[i - 1] + f[i - 2]

return f[n]

The correctness of fib2(n) is trivial.

How long does it take? The inner loop consists of a single computer step and is
executed n � 1 times. Therefore the number of computer steps used by fib2 is
linear in n.

Exercise 

� Implement in Octave the function fib2, which 

calculates Fibn iteratively 

� Solution 

A polynomial algorithm

function fib2(n)

if n = 0 return 0

create an array f[0...n]

f[0] = 0, f[1] = 1

for i = 2...n:

f[i] = f[i - 1] + f[i - 2]

return f[n]

The correctness of fib2(n) is trivial.

How long does it take? The inner loop consists of a single computer step and is
executed n � 1 times. Therefore the number of computer steps used by fib2 is
linear in n.

function f = fib2(n) 
f = ones (1, n); 
for i = 3:n 
    f(i) = f (i-1) + f (i-2); 
endfor 
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Assignment 01 
Exercise 0.1 page 8 DPV (cont.) 
� In each of the following situations, indicate 

whether f = O(g), or f = Ω (g), or both, 
i.e., f = Θ (g). Justify your answer. 

� Hint: you can 
�  Apply the definitions of O(.), Ω (.), Θ (.) 
�  Apply the simplifications introduced in the lectures 

�  Plot the graphics of the functions (e.g., using Octave)  

Assignment 01 (cont.) 

Exercise 

� With reference on exercise 0.4 on page 9 of DPV, 

implement in Octave a function fib3 that 

calculates the n-th Fibonacci number using 

matrices 
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Assignment 01 (cont.) 

Exercise 1.7 page 39 DPV 
� How long does the recursive multiplication 

algorithm take to multiply an n-bit number by 
an m-bit number? Justify your answer  


