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Exercise 1 (3 points) 
Which are the genetic operators of the Simple Genetic Algorithm? Explain how they work. 
 
Solution 
The main loop of the Simple Genetic Algorithm is 
 

 
 
There are 3 genetic operators: selection, crossover, and mutation 
• Selection picks individuals from Population with probability proportional to their fitness: 

fitter individuals (better solutions to the problem) have greater chance to be selected. 
Selection creates the set Parents, which possibly includes multiple copies of the best 
individuals. 

• Crossover is then applied to Parents. Each individual in Parents has a probability pc to be 
chosen. There are different types of crossover, see lecture 10 for details. Crossover has 
the goal of creating new (possibly better) individuals (solutions), by combining the 
genotypes of the parents. 

• Mutation is then applied on single individuals. It changes the genotypes by flipping each 
bit with a very small probability. The goal is to maintain genetic diversity from one 
generation to the next. 

The whole population is replaced at each iteration of the algorithm.  
 
Exercise 2 (4 points) 
The Prim’s algorithm finds a minimum spanning tree (MST) on a connected graph. For the 
graph below, show the steps in executing Prim's algorithm. Draw the partial MST identified at 
each step. 
 

 
 

In general, can a connected graph have more than one MST? If not, explain why; if yes, make 
an example.  
 
Solution 
The application of the Prim’s algorithm to the given graph finds a MST including the edges in 
the following table. In the table, the edges are in the order of inclusion in the MST. The 
starting node of the algorithm is node A. 

 
In general, a connected graph can have more than 1 MST. For example, 
another MST for the given graph is obtained by replacing edge BE with 
edge BF. 
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SGA reproduction cycle 
1.  Select parents for the 

mating pool (size of mating 
pool = population size) 

2.  Shuffle the mating pool 

3.  Apply crossover for each 
consecutive pair with 
probability pc, otherwise 
copy parents 

4.  Apply mutation for each 
offspring 
(bit-flip with probability pm 
independently for each bit) 

5.  Replace the whole 
population with the 
resulting offspring 

Population 

Parents 
Parent selection 

Replacement 

Crossover (pc) 

Mutation (pm) 

Offspring 

|Population| = |Parents| = |Offspring| 

SGA operators: 1-point crossover 

! Apply with probability pc 
!  pc typically in range (0.6, 0.9) 

! Choose a random point on the two parents 
! Split parents at this crossover point 
! Create children by exchanging tails 
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Exercises
5.1. Consider the following graph.

A B C D

E F G H

1 2 2

1

6 5 6

33

5 4 5 7

(a) What is the cost of its minimum spanning tree?
(b) How many minimum spanning trees does it have?
(c) Suppose Kruskal’s algorithm is run on this graph. In what order are the edges added to the
MST? For each edge in this sequence, give a cut that justifies its addition.

5.2. Suppose we want to find the minimum spanning tree of the following graph.

A B C D

E F G H

1 2

41268

5

64

1 1

3

(a) Run Prim’s algorithm; whenever there is a choice of nodes, always use alphabetic ordering
(e.g., start from node A). Draw a table showing the intermediate values of the cost array.

(b) Run Kruskal’s algorithm on the same graph. Show how the disjoint-sets data structure
looks at every intermediate stage (including the structure of the directed trees), assuming
path compression is used.

5.3. Design a linear-time algorithm for the following task.

Input: A connected, undirected graph G.
Question: Is there an edge you can remove from G while still leaving G connected?

Can you reduce the running time of your algorithm to O(|V |)?
5.4. Show that if an undirected graph with n vertices has k connected components, then it has at

least n− k edges.
5.5. Consider an undirected graph G = (V, E) with nonnegative edge weights we ≥ 0. Suppose that

you have computed a minimum spanning tree of G, and that you have also computed shortest
paths to all nodes from a particular node s ∈ V .
Now suppose each edge weight is increased by 1: the new weights are w′

e = we + 1.

(a) Does the minimum spanning tree change? Give an example where it changes or prove it
cannot change.

(b) Do the shortest paths change? Give an example where they change or prove they cannot
change.

2

5.1 (a) 19

(b) 2

(c)

Edge included Cut

AE {A,B, C, D} & {E,F,G,H}
EF {A,B, C, D, E} & {F,G, H}
BE {A,E, F, G, H} & {B,C,D}
FG {A,B, E} & {C,D,F,G,H}
GH {A,B, E, F,G} & {C,D,H}
CG {A,B, E, F,G, H} & {C,D}
GD {A,B, C, E, F,G, H} & {D}

5.2 (a)

Vertex included Edge included Cost

A 0
B AB 1
C BC 3
G CG 5
D GD 6
F GF 7
H GH 8
E AE 9

5.3 Since the graph is given to be connected, it will have an edge whose removal still leaves it connected,
if and only if it is not a tree i.e. has more than |V |� 1 edges. We perform a DFS on the graph until
we see |V | edges. If we can find |V | edges then the answer is “yes” else it is “no”. In either case, the
time taken is O(|V |).

5.4 Let ei, ni denote the number of edges and vertices in the ith component. Since a connected graph on
t vertices must have at least t� 1 edges,

|E| =
kX

i=1

ei �
kX

i=1

(ni � 1) = n� k

5.5 (a) The minimum spanning tree does not change. Since, each spanning tree contains exactly n � 1
edges, the cost of each tree is increased n� 1 and hence the minimum is unchanged.

(b) The shortest paths may change. In the following graph, the shortest path from A to D changes
from AB �BC � CD to AD if each edge weight is increased by 1.

B

A

C

D

1

1

5

1

5.6 Suppose the graph has two di↵erent MSTs T1 and T2. Let e be the lightest edge which is present in
exactly one of the trees (there must be some such edge since the trees must di↵er in at least one edge).
Without loss of generality, say e 2 T1. Then adding e to T2 gives a cycle. Moreover, this cycle must
contain an edge e0 which is (strictly) heavier that e, since all lighter edges are also present in T1, where
e does not induce a cycle. Then adding e to T2 and removing e0 gives a (strictly) better spanning tree
than T2 which is a contradiction.

5.7 Multiply the weights of all the edges by -1. Since both Kruskal’s and Prim’s algorithms work for
positive as well as negative weights, we can find the minimum spanning tree of the new graph. This is
the same as the maximum spanning tree of the original graph.



 

 
Exercise 3 (4 points) 
• Briefly describe the gradient descent algorithm. 
• Which is the function that the gradient descent algorithm optimizes when applied to linear 

regression? 
• Is the gradient descent algorithm assured to find the global minimum for linear 

regression? Explain. 
• What is feature scaling and why is it useful before running the gradient descent 

algorithm? 
 
Solution 
• Gradient descent is an iterative algorithm used to find the minimum of a differentiable 

function. For simplicity here we consider a function of 2 variables θ0 and θ1, but the 
algorithm can be generalized to n variables. Given a function J(θ0,θ1), gradient descent 
finds minθ0,θ1 J(θ0,θ1). Starting from a point of the function, e.g., (θ0=0, θ1=0), the algorithm 
keep changing θ0 and θ1 to reduce J(θ0,θ1), until hopefully ends up at a minimum.  The 
change of the 2 variables is done in the “steepest” direction, indicated by the gradient of 
the function wrt the variables. The algorithm can be summarized as follows, where α 
(learning rate) regulates the “step” of the change. 

 

 
 

• In case of linear regression the function J(θ0,θ1) is the cost function below. 

 
• The cost function is convex, so the gradient descent algorithm is assured to converge to 

the minimum, with the proviso that the learning rate α is not too large. 
• Feature scaling is adopted to speed up convergence of the algorithm. 
 
Exercise 4 (1 point) 
Explain what the big-O notation is and make an example of two functions f and g such that 
f=O(g). 
 
Solution 
Let f(n) and g(n) be functions from positive integers to positive real numbers. We say f=O(g) 
(which means that “f grows no faster than g”) if there is a constant c>0 such that f(n)≤c*g(n). 
An example is the following: f(n) = 2n+20,  g(n) = n2, f=O(g). 
  
Exercise 5 (3 points) 
Explain what the maximum flow problem is. The Ford-Fulkerson algorithm and the Edmonds-
Karp algorithm were proposed to solve the maximum flow problem; explain the main 
advantage (in terms of complexity) of the Edmonds-Karp algorithm over the Ford-Fulkerson 
algorithm. 
 
Solution 
Given a network (a directed graph) G =(V,E) the maximum flow problem is to find a feasible 
flow from the source of G (o ∈ V) to the sink of G (t ∈ V) having the maximum value. Flow 
through an edge is allowed only in the direction indicated by the arrow and the maximum 
amount of flow through an edge is given by the edge capacity. The maximum flow is 
measured either as the amount of flow leaving the source o or as the amount of flow entering 
in the sink t. 
The key idea behind the Ford-Fulkerson algorithm is that as long as there is a path from the 
source to the sink, with available capacity on all edges in the path, we send flow along it. A 
path with available capacity is called an augmenting path; in general at each step of the 
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Gradient descent algorithm 

Correct: Simultaneous update Incorrect: 

Learning rate 
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Gradient descent for linear regression 

Gradient descent algorithm Linear Regression Model 

We apply gradient descent to minimize               :  J(θ0,θ1) min
θ0 ,θ1

J(θ0,θ1)   θ0,θ1 ∈ℜ

Key term 

Gradient descent for linear regression 
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algorithm there are several alternative augmenting paths that can be used to increase the 
flow. The runtime of Ford-Fulkerson is bounded by O(|E|*f), where |E| is the number of edges 
in the graph and f is the maximum flow. If the number of edges is small but the maximum flow 
is very high, the running time can be also high (see lecture 9 for an example). 
The Edmonds-Karp algorithm  uses a heuristics to select the augmenting path, i.e., it selects 
the shortest augmenting path. This bounds the running time to O(|V|*|E|2) and makes it 
independent from the maximum possible flow. 
 
Exercise 6 (3 points) 
A small business enterprise makes dresses and trousers. To make a dress requires 1/2 hour 
of cutting and 20 minutes of sewing. To make a pair of trousers requires 15 minutes of cutting 
and 1/2 hour of sewing. The profit on a dress is 40 € and on a pair of trousers is 50 €. The 
business operates for a maximum of 8 hours per day. Determine how many dresses and 
trousers should be made to maximize the daily profit and what the maximum profit is. 

1. Formulate a linear programming model for this problem; 
2. Use the graphical method to solve this model. 

 
Solution 
Let x be the number of dresses and y the number of trousers.  
(A) Constraint on cutting time: 1/2x + 1/4y ≤ 8  à 2x+y≤32 
(B) Constraint of sewing time: 1/3x+1/2y ≤ 8 à 2x+3y≤48 
Trivial constraints: x≥0, y≥0 
(O) Objective function: max 40x+50y 
 
Feasible region: 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The line corresponding to all the pairs (x,y) for which the objective is equal to 0 is denoted by 
O. Given the slope of this line, we can visually determine that the maximum of the objective 
function is the vertex of the feasible region indicated by M. The coordinates of M can be found 
calculating the intersection of lines A and B; M=(12, 8). The value of the objective function in 
M is 880. 
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LINEAR PROGRAMMING : Some Worked Examples 
and Exercises for Grades 11 and 12 Learners. 
 
 
Example : 
A small business enterprise makes dresses and trousers. To make a dress requires 

2
1  hour of 

cutting and 20 minutes of stitching. To make a trousers requires 15 minutes of cutting and 
 

2
1  hour of stitching.  The profit on a dress is R40 and on a pair of trousers R50. The business operates for a 

maximum of   8 hours per day. 
Determine how many dresses and trousers should be made to maximize profit and what the maximum profit is. 
 
Solution :    
 
Step 1 : To solve the above problem we would have to translate the conditions or constraints 
              from a verbal to a symbolic form. We first introduce our variables. 
                
                Let x be the number of dresses and y the number of trousers. 
 
Step 2 :   Next we express the constraints as a system of inequalities . 
 
                         0yand0x ≥≥  ,  x and y being whole numbers ie. ∈y,x N0 
               

   Cutting Time:       32y2xie.8y
4
1x

2
1 ≤+≤+  

               Stitching Time:       48y32xie.8y
2
1

x
3
1 ≤+≤+  

 
Step 3 :   Graph the system of inequalities and shade in the region that satisfy the constraints. 
                The shaded region is called the feasible region. 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
Step 4:   Write the profit in terms of the variables.   
                                       P = 40x + 50y 
                                                                                
               Since the objective (in this case) is to make a maximum profit, the profit equation 
               is called the objective function.  
 
Step 5:   To determine the maximum profit and the number of items that will give the   

    maximum profit we can use one of two methods : 
 
            5.1    Substitute each of the ordered pairs of the vertices of the feasible region,  

         excluding   (0;0) , ie.  (0;16) , (16;0) and (12;8)  into profit equation . 
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