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ABSTRACT

In the last decade there has been a constantly increasing interest in ontologies. In
particular, ontologies are regarded as one of the prime concepts in the Semantic
Web, where they can be used to describe the semantics of information at various
sites, overcoming the problem of implicit and hidden knowledge, and thus enabling
content exchange. Currently the standard ontology language for the Web is OWL-
2, that has Description Logics (DLs) as its core.

Description Logics provide a solid foundation for ontology representation and
reasoning. Although results on DLs provide effective reasoning techniques for on-
tology management tools, they hardly can be used for supporting other tasks. One
of the remarkable examples is ontology update, which is especially important in
the Semantic Web context due to dynamicly of the Web.

In this thesis we address the problem of update for a rich family of Descrip-
tion logics called DL-Lite, that is a most tractable fragment of OWL2. DL-Lite
ontologies are composed of two components, a TBox that expresses general knowl-
edge about the concepts and their relationships, and an ABox that describes the
properties of individuals that are instances of concepts. In this paper, we focus on
updates for both the ABox and the TBox level of KBs.

Updating ABoxes corresponds to the situation when the state of affairs in an
application domain changes. Description Logics are generally not closed with re-
spect to instance-level update, in the sense that the set of models corresponding
to the application of any of these operations to a KB in a Description Logic L
may not be expressible by an ABox in L. In particular, we show that this is true
for DL-Litecore . To deal with this problem, we first define a minimal extension of
standard DL-Lite languages that is closed under update, and introduce a polyno-
mial algorithm for computing instance-level update in this logic. Then we provide
a notion of approximation with respect to a fixed language L of instance-level up-
date, and propose algorithms that obtain an approximate update for DL-LiteR and
DL-LiteA.

Regarding TBox updates, the situation is very different from the case of ABox
update, since TBox changes may also affect the ABox level. We propose a poly-
nomial algorithm which produces update for DL-LiteFR, taking into account all
implicit relations implied by the TBox and their influence on ABox assertions.
Since Description Logics are typically not closed with respect to intensional-level
update either, here we also use the notion of approximate update. We characterize
the semantics of update on the basis of the approaches proposed by Winslett and
by Poggi.



The thesis extends previous results on the semantics and complexity of DL-Lite
updates of both ABox and TBox for the logics DL-LiteFR, DL-Litecore , DL-LiteA,
and DL-LiteR. The thesis also provides algorithms to compute updates.
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1. INTRODUCTION

In the last decade there has been a constantly increasing interest in ontologies. In
particular, ontologies are regarded as one of the prime concepts in the Semantic
Web [BLHL01], where they can be used to describe the semantics of information at
various sites, overcoming the problem of implicit and hidden knowledge, and thus
enabling content exchange. Generally speaking, the term “ontology” has come
to computer science from philosophy. In both fields, the essence of ontology is
the representation of entities, ideas, and events, along with their properties and
relations, according to a system of categories.

One can single out three levels of an ontology. The first one, the meta-level,
specifies a set of modeling categories, such as entities, individuals, etc. The second
level that is known as the intensional level specifies a set of conceptual elements,
in rough words, instances of categories, and a set of rules to describe the concep-
tual structure of the domain. While the first level defines the language which will
be used for describing, the syntax and the semantics of an ontology, the inten-
sional level describes a specific area of interest, delineating classes, entities, their
attributes and relations among them. Finally, the extensional, or instance, level
specifies a set of instances of the conceptual elements described at the intensional
level (Fig. 1.1).

Description Logics (DLs) provide a solid foundation for ontology representation
and reasoning [BCM+03]. Though results on DLs provide effective reasoning tech-
niques for ontology management tools [Hor98, Ho01], they hardly can be used for
supporting other tasks. One of the remarkable examples is ontology update.

Suppose one wants to construct, use, and maintain a DL knowledge base (KB)
describing what is known about one’s area of interest. For example, the concept
AvailablePlayer describes the class of all players who can play the next match, and
the concept UnavailablePlayer represents those players who are traumatized or sus-
pended. This concept is formulated in DL-Litecore , the basic DL. Concepts are the
most important elements of description logics, and they are used to make a primary
description of the domain of interest. The ABox assertion AvailablePlayer(inzaghi)
says that Inzaghi is able to play the next match. In DL applications, an ABox is
usually used to represent the current state of affairs in the application domain
[BCM+03]. In such applications there exists a need to update the ABox if that
state has changed. In other words, one would naturally wish to have a means of
updating the information kept in the ontology, reflecting changes in the domain of
interest. But how can new facts be added to a KB when the new information may
contradict preexisting facts? E.g., if we know that Inzaghi has got serious injury
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Fig. 1.1: The Three Levels of an Ontology

at the last training and cannot play the next match, we should update the above
ABox in a corresponding way. The simplest choice is to make the users determine
exactly what to add and remove from the knowledge base. But what is really
needed is a way to specify the desired change intensionally, by stating a formula
that the state of the world is now known to satisfy and by letting the knowledge
base update algorithms automatically accomplish that change.

First research on the subject was started in the late 1970s, beginning from
the examination of the problems posed by queries against databases containing
incomplete information [Gra89]. The type of incompleteness that was considered
was usually that of null values, which is a value that is known to be in the certain
domain, but where concrete value is unknown. For example, PlayInClub(ronaldo, ?)
says that Ronaldo plays in some club, but what this club is exactly we do not
know. The challenge here is, firstly, to define what the correct answer should be,
and justify that; secondly, to develop a way to obtain the desired query answer
efficiently. E.g., if we have a query asking whether Ronaldo plays in Milan, what
should the answer be? An additional complication arises from the fact that a
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null value is not value itself, but represents an existentially quantified variable (for
example, PlayInClub(ronaldo, ?) and PlayInClub(ronaldinho, ?) do not imply that
Ronaldo and Ronaldinho play in the same club).

Another type of incompleteness arising in database applications comes not from
insufficient information but schema attributes that are not applicable for a partic-
ular tuple. For example, the “child’s name” attribute for a player who has no
children might get a special type of null value: “inapplicable”. The latter value
indicates a lack of correspondence between the database schema and the state of
the real world represented by the schema. In theory, one could mend the schema
in order to avoid the appearance of inapplicability. But in practice the resulting
schema may spread out and be inconvenient to use, so that from an engineering
point of view, it may be better to keep an imperfect schema and learn how to
handle “inapplicable” null values.

Along with the problem of query answering in incomplete databases, the prob-
lem of updating such databases also drew attention. Problems arise when updating
depends on the missing value. Though it is syntactically simple to allow null val-
ues in relational tables and their updates, any sensible semantics for these updates
yields result relations that cannot be stored as relational tables. For these reasons,
we should relief the restrictions of traditional relational databases and instead
consider databases as simple, restricted theories in first-order logic with equality
[Win90].

So, given a database encoded as a set of first-order sentences T , one would like
to have ability to update T when new information arrives. Unfortunately, there is
no obvious and application-independent choice of semantics for updating T , and a
lot of candidate semantics have appeared in the literature [AG85, MLG87, Win88a].
Among them, we can mark out two basic classes of semantics: those based on the
formulas presented in T (formula-based), and those based only on the models of T
(model-based).

Under the model-based paradigm, the objects of change are not the formulas
of a theory T , but its individual models. Note that the update of a model is not
in general a model, but a set of them, since it is not uncommon that there exist
more than one way to update. In all these models, the inserted formulas (new
information) must be obviously true. At the same time, the “difference” between
the original model and the obtained ones must be as small as possible in some
meaning; otherwise, it is intuitively clear that an arbitrary set of models satisfying
the insertion cannot generally reflects new possible states of the world. Therefore,
the way of doing the update must ensure that the resulting models are satisfiable
if the insertion is. From the model-based point of view, to update a theory means
to update all its models and obtain a new theory that describes exactly all new
models. The principles mentioned above are the basic ones, however, different
semantics may have additional restrictions depending on applications.

Under the formula-based semantics, a theory T is highlighted. Roughly speak-
ing, an update is performed by adding the inserted formulas to T . If the union
is contradictory, one should remove from T some formulas, different from the in-
serted ones, in order to make the result consistent. One way to make an update
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is to remove all the formulas of T . But one would like to keep as much of the old
data as possible, so the deleted part should be as small as possible. It turns out
that there may be several subsets of T that are candidates for the deletion. There
were several approaches considered to find the best candidate for the deletion:

• to have a set of theories as an output, one theory for each minimal set;

• to make a cross-product of those theories;

• to remove all formulas of all minimal sets.

The main disadvantage of the first two approaches is that it is difficult to see how
to construct an efficient implementation of the semantics. In addition, since the
formula-based semantics are sensitive to the syntax, the behavior of the resulting
theory is almost unpredictable. The latter approach, called WIDTIO (the acronym
stands for “When In Doubt Throw It Out”), has the advantage that it is easier to
implement than the two previous ones, despite it tends to lose information. Other
restrictions on the formula based semantics are quite natural and similar to the
case of model-based semantics:

• the inserted formulas must be implied by the resulting theory;

• satisfiable insertion must yield satisfiable result.

Winslett in [Win98b] studied the relationships between the two classes of se-
mantics, model-based and formulas-based ones. In a number of cases the former
class behaves computationally better. She considers a so-called Possible World Ap-
proach (PWA), which is an example of a formula-based WIDTIO semantics, and a
so-called Possible Model Approach (PMA), which is an example of a model-based
semantics. She compared the behavior of PWA and PMA on a number of exam-
ples, and presented several problems that were unavoidable under the PWA but not
under the PMA. At the same time all the PMA limitations are also present under
the PWA. E.g., the frame problem may appear under the PWA since the principle
of minimality there is measured only by the effect of a change of the formulas in
T rather than by considering the effect of a change of the world itself. It leads to
the second-class status of those formulas that can be derived from T and makes
the PWA too reluctant to retract the formulas presented in T . The situation with
the ramification problem is even worse. If the PWA may just fail drawing certain
wanted conclusions, it may lie dealing with incomplete information, as opposed to
the PMA.

In spite of its advantages, the PMA as well as another minimal change methods
is generally problematic for updating knowledge bases with disjunctive information.
In [ZF96] two different approaches have been proposed to deal with this problem –
one is called the Minimal Change with Exceptions (MCE), the other is called the
Minimal Change with maximal Disjunctive inclusions (MCD). The first method is
syntax based, while the second one is model theoretic. Under MCE, if the truth
value of a literal is logically indefinite with respect to the update, then this literal
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is treated as an exception to the minimal change principle. In this case the change
of this literal’s truth value will not obey the rule of minimal change. The MCD
as opposed to the MCE proposes to describe every possible interpretation of the
disjunction without losing the minimal change criterion for other information.

Since more and more data is stored in DL ontologies, it is desirable to have
a means to update exactly DL KBs with new information. In [Pog06], instance
level update of DL-LiteF knowledge bases has been introduced. The underlying
method is the PMA adapted to the DL-Lite case, in which an efficient algorithm
of obtaining update can be devised. Also the notion of erasure has been examined
there. Despite it is quite close to the notion of update, it has a little but important
difference. Erasure is not just update with negation of information (that is, having
P (a), we do update with ¬P (a)), which would forbid the state of the world in
which the erased information is true (that is P (a) is not satisfied by any model of
an updated KB), but it is proposed to erase information by making it uncertain
(that is P (a) may either appear or not appear in a model).

In our work we study the notion of update of an ontology expressed as a DL
knowledge base. We recall that DL-Lite knowledge bases consist of a TBox that
expresses the intensional level of the ontology, i.e. general knowledge about con-
cepts and their relations; and an ABox that represents the instance, level of the
ontology, i.e. the state concerning the instances of concepts and relations.

In the Chapter 2, we recall the main notions about DLs, their basic constructs,
their syntax and semantics, and some definitions that will be useful later.

In the Chapter, we consider the notion of instance level update for DLs. We
recall some of the results in [Pog06]. Firstly, we provide the general framework
for instance level update of DL ontologies, by specifying in particular, the formal
semantics for update. Then, we show that the DL-LiteRS language introduced in
the Chapter 1 is closed with respect to instance-level update, in the sense that the
result of an update is always expressible in the language of the original ontology. It
contrasts with the results in [LYV+98], which imply that if we use more expressive
logics, instance-level update generally is not expressible in the logic of the original
database. Also, we give an algorithm for computing updates for DL-LiteRS , i.e.,
an ABox that corresponds to the update, in polynomial time. Then, combining
the result with the similar one from [Pog06] concerning DL-LiteFS we obtain an
algorithm working for DL-LiteAS . Afterwards, we examine the notion of approxi-
mate instance level update for DL-LiteA. Since an update of a DL-LiteA KB is not
always expressible in DL-LiteA itself, we have to build an ABox, approximately
describing it. Since the notion of instance level erasure for DLs is quite close to the
notion of update, we obtain analogous results for it the update results on update.

In the Chapter 4, we study the notion of TBox update of DL-LiteFR KBs.
Despite that the TBox level of an ontology is more “stable” and unchangeable
than the ABox level, it may also need to be modified. Though an insertion in-
cludes only TBox assertions, that is role inclusion assertions, concept inclusion
assertions, and role functional assertions, changes at intensional level inevitably
affect the instance level. Intensional level of an ontology described in a DL lan-
guage may include an even greater number of implicit relations than those explic-
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itly mentioned in a TBox. For example, if we know that Humans v Chordates,
Chordates v Animals, and Animals v ¬Plants, it immediately follows that
Humans v Animals, Humans v ¬Plants, and Chordates v ¬Plants. Thus,
when making changes to a TBox, it is necessary to take into account such implicit
relations. Moreover, we should also change the ABox in order to satisfy a new
TBox, and not to lose information that could be kept. The latter requirement
gives rise to some problems, i.e., inserting a negative inclusion assertion, we could
face a problem that two membership assertions in an ABox must be replaced by
a new one that provides a choice between them. But since one cannot expresses
in DL-Lite ABox any disjunction, this problem does not have a trivial solution. A
similar problem arises when we insert a new functional assertion into a TBox. We
solve this problems by means of the prioritization over predicates.

The algorithm introduced in the Chapter 4 provides update of a TBox of a
DL-LiteFR knowledge base. Since that algorithm in general returns a DL-LiteFRS
ABox, we else show how to compute an approximation of a set of models of the
updated KB.

All the algorithms introduced in the work have good computational properties,
computing result in polynomial time in the size of the original TBox T , of the
original ABox A, and of the insertion F .



2. PRELIMINARIES

In this chapter we give definitions of the basic DL-Lite languages: DL-LiteF and
DL-LiteR, their “hybrid” DL-LiteA, and their extension, the DL-LiteS subfamily.
In addition, some useful notions regarding DL-Lite are defined.

2.1 The language

Description Logics (DLs) are knowledge representation formalisms, tailored for rep-
resenting the domain of interest in terms of concepts and roles. In DLs [BCM+03]
complex concept and role expressions (or simply, concepts and roles) are obtained
starting from atomic concepts and roles (which are simply names) by applying
suitable constructs. Concepts and roles are then used in a DL knowledge base
(KB) to model the domain of interest. Specifically, a DL KB K = 〈T ,A〉 is formed
by two distinct parts, a TBox T and an ABox A. The TBox T represents the
intensional-level of the KB, i.e., the general knowledge. The ABox provides infor-
mation on the instance-level of the KB. In this paper we focus on a family of DLs
called DL-Lite. We now introduce DL-Litecore , DL-LiteF , and DL-LiteR.

DL-Litecore . This logic includes those constructs that are used in every DL-Lite
language.

B ::= A | ∃R

C ::= B | ¬B

Q ::= P | P−,

where A denotes an atomic concept, B a basic concept, and C a general concept.
P denotes an atomic role, and Q a basic role.

A DL-Litecore TBox is a set of concept inclusion assertions of the form

B v C,

and an ABox is a set of membership assertions of the form

A(a), P (a, b).
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DL-LiteF . This logic is an extension of the previous one that includes all the
constructs of DL-Litecore , and additionally allows one to have in the TBox so-
called role functional assertions of the form

(funct Q).

An ABox is of the same form as a DL-Litecore ABox.

DL-LiteR. This logic, is an extension of DL-Litecore , but it has an additional
construct

R ::= Q | ¬Q,

where, R denotes a general role, and it allows to have in its TBox role inclusion
assertions (instead of functional assertions) of the form

Q v R.

A DL-LiteR ABox is of the same form as a DL-Litecore ABox.

DL-LiteA. Both DL-LiteF and DL-LiteR have nice computational properties, e.g.,
knowledge base satisfiability is PTime in the size of TBox and LOGSPACE in
data complexity. But can we make a hybrid of them, keeping their computational
properties? The answer is ‘yes’, but with some restrictions on the TBox described
below.

DL-LiteA is a hybrid of the two previous logics. It distinguishes between ob-
jects and values, by allowing to use value-domains, a.k.a. concrete domains (like
booleans, integers, strings, and so on); concept attributes (binary relations between
objects and values); and role attributes (binary relations between pair of objects
and values) [CDGL+06, CDGL+09]. So, DL-LiteA has the following constructs:

B ::= A | ∃Q | δ(UC)

C ::= >C | B | ¬B | ∃Q.C | δF (UC) | ∃δF (UR) | ∃δF (UR)−,

where A, B and C denote atomic, basic and general concepts, respectively; >C
denotes the universal (top) concept. Then, given an atomic concept attribute UC ,
δ(UC) denotes the domain of UC , i.e., the set of objects that UC relates to values.
In a similar way, δ(UR) denotes the domain of an atomic role attribute UR, i.e., the
set of pairs of objects that UR relates to values. Moreover, δF (UC) (resp., δF (UR))
is a designation of the set of objects (resp., of pairs of objects) that UC (resp. UR)
relates to values in the value-domain F .

Q ::= P | P− | δ(UR) | δ(UR)−

R ::= Q | ¬Q | δF (UR) | δF (UR)−

where P , Q and R denote atomic, basic and general roles respectively.

E ::= D | ρ(UC) | ρ(UR)
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F ::= >D | E | ¬E | T1 | . . . | Tn,
where D, E and F denote atomic, basic and general value-domains respectively;
>D denotes the universal value-domain; each Ti is an RDF data type. And finally,

VC ::= UC | ¬UC

VR ::= UR | ¬UR,
where UC denotes an atomic concept attribute, VC a general concept attribute, UR
an atomic role attribute, VR a general role attribute.

A DL-LiteA TBox is of the following form:

B v C Q v R E v F

UC v VC UR v VR
(funct Q) (funct UC) (funct UR).

In this work we will use the notation described below. Writing A, we will mean
an atomic concept, C is for general concept, P is an atomic concepts and so on.
Mark that, for example, C designates both B and ¬B and we will not distinguish
those cases when there is no need for this. Analogously, Q is for both P and P−,
R is for both Q and ¬Q, V is for both U and ¬U .

Then, the following syntactical sugar will be used: notation ¬C designates ¬B,
if C = B, and designates B, if C = ¬B; and the similarly for the other constructs
(see the following table).

Designation Meaning Condition Designation Meaning Condition
¬C ¬B if C = B ¬R ¬Q if R = Q

B if C = ¬B Q if R = ¬Q
Q− P− if Q = P ¬V ¬U if V = U

P if Q = P− U if V = ¬U
The TBox restrictions mentioned before are as follows:

• if ∃Q.C appears in T , then (funct Q) is not in T ;

• if Q1 v Q2 appears in T , then (funct Q2) is not in T ;

• if UC v U ′C appears in T , then (funct U ′C) is not in T ;

• if UR v U ′R appears in T , then (funct U ′R) is not in T .

Since DL-LiteA has more constructs, it allows more assertion types in its ABox:

Concept membership assertion A(c)
Role membership assertion P (c1, c2)
Domain membership assertion D(v)
Concept attribute membership assertion UC(c, v)
Role attribute membership assertion UR(c1, c2, v)

where c, c1 and c2 denotes object constants, and v is a value constant.
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2.2 DL-Lite(FRA)S

We introduce new DL-Lite logics: DL-LiteFS , DL-LiteRS , and DL-LiteAS , which
are extensions of DL-LiteF , DL-LiteR, and DL-LiteA, respectively. The difference
with the previous ones is in their ABoxes. Since that DL-LiteS logics allow to
express the existence of objects (or values) that are instances of concepts (or value-
domains), without naming the actual objects (or values), by means of so-called
soft-constants.

Definition 2.1. A soft-constant (or variable) is a constant that is not interpreted
under the Unique Name Assumption.

Recall that in DL-LiteF , DL-LiteR and DL-LiteA all constants appearing in an
ABox are under Unique Name Assumption, i.e. if aI1 = aI2 , then a1 = a2.

Moreover, both general concepts and general roles are allowed in their ABoxes.
Thus, a DL-LiteS ABox is of the form:

C(a) C(x) R(a, b) F (v) F (y) VC(a, v) VR(a, b, v)

where the last four assertion types are present only in DL-LiteAS .

2.3 Semantics of DL constructs

The semantics of DL-Lite is based on the notion of interpretation. An interpre-
tation I = 〈·I , ·I〉 consists of an interpretation domain ∆I and an interpretation
function ·I . For DL-LiteA (and DL-LiteAS), where we distinguish objects and
values, the interpretation domain is split into two non-overlapping subdomains,
notably, the object domain ∆IO and the value domain ∆IV . The function val map-
ping from the set of soft-constants to ∆IV id predefined. The interpretation of
DL-Lite constructs is as follows:

Construct Syntax Semantics
Atomic concept A AI ⊆ ∆IO
Existential restriction ∃Q {a | ∃a′.(a, a′) ∈ QI}
Concept attribute δ(UC) {a | ∃v.(a, v) ∈ UIC}

domain
Top concept >C >IC = ∆IO
Concept negation ¬B ∆IO\BI
Qualified existential ∃Q.C {a | ∃a′.(a, a′) ∈ QI ∧ a′ ∈ CI}

restriction
Concept attribute δF (UC) {a | ∃v.(a, v) ∈ UIC ∧ v ∈ F I}

domain restriction
Atomic role P P I ⊆ ∆IO ×∆IO
Inverse role P− {(a, a′) | (a′, a) ∈ P I}
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Construct Syntax Semantics
Role attribute δ(UR) {(a, b) | ∃v.(a, b, v) ∈ UIR}

domain
Role negation ¬Q (∆IO ×∆IO)\QI
Role attribute δF (UR) {(a, b) | ∃v.(a, b, v) ∈ UIR ∧ v ∈ F I}

domain restriction
Concept attribute ρ(UC) {v | ∃a.(a, v) ∈ UIC}

range
Role attribute ρ(UR) {v | ∃(a, b).(a, b, v) ∈ UIR}

range
Top domain >D >ID = ∆IV
Domain negation ¬E ∆IV \EI
Data type Ti val(Ti) ⊆ ∆IV
Atomic attribute U UI ⊆ ∆IO ×∆IV
Attribute negation ¬U (∆IO ×∆IV )\UI
Object constant c cI ∈ ∆IO
Value constant v val(v) ∈ ∆IV

The semantics of TBox assertions is specified by saying when an assertion is
satisfied in I (or, is a model of I).

Assertion Syntax Semantics
Concept inclusion B v C BI ⊆ CI

assertion
Role inclusion Q v R QI ⊆ RI

assertion
Value-domain E v F EI ⊆ F I

inclusion assertion
Attribute inclusion U v V UI ⊆ V I

assertion
Role functionality (funct Q) ∀a, a′, a′′.(a, a′) ∈ QI ∧ (a, a′′) ∈ QI

assertion → a′ = a′′

Attribute functionality (funct U) ∀a, v′, v′′.(a, v′) ∈ UI ∧ (a, v′′) ∈ UI
assertion → v′ = v′′

The semantics of ABox assertions is defined similarly:

Assertion Syntax Semantics
Concept membership A(c) cI ∈ AI

assertion
Role membership P (c1, c2) (cI1 , c

I
2 ) ∈ P I

assertion
Concept attribute UC(c, v) (cI , val(v)) ∈ UIC
membership assertion

Role attribute UR(c, d, v) (cI , dI , val(v)) ∈ UIR
membership assertion
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Model of DL KB. We say that an interpretation I = 〈∆, ·I〉 is a model of a TBox
T if and only if it is a model of each assertion in T . Similarly, I is a model of an
ABox A if and only if it is a model of each membership assertion in A. Finally, if
K = 〈T ,A〉 is a DL KB, then I is a model of K if and only if it is a model of both
T and A.

Mod(T ) stands for the set of models of T , where T is a set of formulas, i.e.,
applied to the work, it is a set of TBox assertions or membership assertions. If
K = 〈T ,A〉 is a DL KB, then its set of models Mod(T ∪ A) is designated as
Mod(K).

In the following, with some abuse to notation, we may use the same symbol,
say, c to denote both a constant appearing in a KB and an object in the domain
of interpretation such that the interpretation of c is equal to the object.

2.4 The notion of chase of a knowledge base

Given a KB K = 〈T ,A〉, one can build a structure which is called chase(K)
[CDGL+07].

Definition 2.2. Let K = 〈T ,A〉 be a DL-LiteF or DL-LiteR KB. Then, chase(K)
is a set of DL-LiteF or DL-LiteR membership assertions obtained by applying
recursively the following rules:

cr0 A ⊆ chase(K);

cr1 if A1 v A2 ∈ Tp and A1(a) ∈ chase(K), then A2(a) ∈ chase(K);

cr2 if A v ∃R ∈ Tp and A(a) ∈ chase(K) and cr2 has not already been applied
for A v ∃R and A(a), then R(a, b′) ∈ chase(K), where b′ is a new constant;

cr3 if ∃R v A ∈ Tp and R(a, b) ∈ chase(K), then A(a) ∈ chase(K);

cr4 if ∃R1 v ∃R2 ∈ Tp and R1(a, b) ∈ chase(K), then R2(a, b′) ∈ chase(K),
where b′ is a new constant;

cr5 if R1 v R2 ∈ Tp and R1(a, b) ∈ chase(K) and cr4 has not already been
applied for R1 v R2 and R1(a, b), then R2(a, b) ∈ chase(K);

where Tp is the set of positive inclusions in T .

2.5 Closure of negative inclusions

Here we define the notion of closure of negative inclusions. Originally, it was
introduced in [CDGL+07] and was adapted in [Pog06] to DL-LiteA for checking
satisfiability of an ontology, but it is also useful for our goal. Firstly, let us give
the following definition:

Definition 2.3. An inclusion assertion is a negative inclusion if it is of the form
L v ¬R′.
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Now, we can turn to the closure of negative inclusions:

Definition 2.4. Let T be a DL-LiteAS TBox. The NI-closure of T , denoted by
cln(T ), is the TBox obtained inductively as follows:

1. all negative inclusions in T are also in cln(T );

2. if B1 v B2 is in T and B2 v ¬B3 or B3 v ¬B2 is in cln(T ), then also
B1 v ¬B3 is in cln(T );

3. if E1 v E2 is in T and E2 v ¬E3 or E3 v ¬E2 is in cln(T ), then also
E1 v ¬E3 is in cln(T );

4. if Q1 v Q2 is in T and ∃Q2 v ¬B or B v ¬∃Q2 is in cln(T ), then also
∃Q1 v ¬B is in cln(T );

5. if Q1 v Q2 is in T and Q2 v ¬Q3 or Q3 v ¬Q2 is in cln(T ), then also
Q1 v ¬Q3 is in cln(T );

6. if one of the assertions ∃Q v ¬∃Q, ∃Q− v ¬∃Q−, or Q v ¬Q is in cln(T ),
then all three such assertions are in cln(T );

7. if UC1 v UC2 is in T and δ(UC2) v ¬B or B v ¬δ(UC2) is in cln(T ), then
also δ(UC1) v ¬B is in cln(T );

8. if UC1 v UC2 is in T and ρ(UC2) v ¬E or E v ¬ρ(UC2) is in cln(T ), then
also ρ(UC1) v ¬E is in cln(T );

9. if UC1 v UC2 is in T and UC2 v ¬UC3 or UC3 v ¬UC2 is in cln(T ), then also
UC1 v ¬UC3 is in cln(T );

10. if one of the assertions ρ(UC) v ¬ρ(UC), δ(UC) v ¬δ(UC), or UC v ¬UC ,
then all three such assertions are in cln(T );

11. if UR1 v UR2 is in T and ρ(UR2) v ¬E or E v ¬ρ(UR2) is in cln(T ), then
also ρ(UR1) v ¬E is in cln(T );

12. if UR1 v UR2 is in T and δ(UR2) v ¬P or P v ¬δ(UR2) is in cln(T ), then
also δ(UR1) v ¬P is in cln(T );

13. if UR1 v UR2 is in T and UR2 v ¬UR3 or UR3 v ¬UR2 is in cln(T ), then also
UR1 v ¬UR3 is in cln(T );

14. if one of the assertions ρ(UR) v ¬ρ(UR), δ(UR) v ¬δ(UR), or UR v ¬UR is
in cln(T ), then all three such assertions are in cln(T ).

It is obvious that the same definition is applied to both DL-LiteA and DL-
LiteAS , since the ABox is not involved in the definition. Moreover, because each
DL-Lite language we mentioned in this section is a sublanguage of DL-LiteAS , the
definition is applied to all of them.
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3. UPDATE AND ERASURE AT THE INSTANCE-LEVEL

In this chapter we study the notion of update and erasure of a DL knowledge base.
We focus on the changes concerning only the instance-level, that is the ABox.
Firstly, we give the necessary definitions [DGLPR06].

Definition 3.1 (Containment between interpretations). Let I = 〈∆I , ·I〉
and I ′ = 〈∆I′ , ·I′〉 be two interpretations (over the same alphabet). We say that
I is contained in I ′, written I ⊆ I ′, if I, I ′ are such that:

i AI ⊆ AI′ , for every atomic concept A.

ii P I ⊆ P I′ , for every atomic role P .

iii UIC ⊆ UI
′

C , for every atomic concept attribute UC .

iv UIR ⊆ UI
′

R , for every atomic role attribute UR.

We say that I is properly contained I ′, written I ⊂ I ′, if I ⊆ I ′ and I ′ 6⊆ I.

Definition 3.2 (Difference between interpretations). Let I = 〈∆I , ·I〉 and
I ′ = 〈∆I′ , ·I′〉 be two interpretations (over the same alphabet). We define the
difference between I and I ′, written I 	 I ′, as the interpretation 〈∆I	I′ , ·I	I′〉
such that:

i AI	I
′

= AI 	AI′ , for every atomic concept A.

ii P I	I
′

= P I 	 P I′ , for every atomic role P .

iii UI	I
′

C = UIC 	 UI
′

C , for every atomic concept attribute UC .

iv UI	I
′

R = UIR 	 UI
′

R , for every atomic role attribute UR.

where S	S′ denotes the symmetric difference between sets S and S′, i.e. S	S′ =
(S ∪ S′)\(S ∩ S′).

Definition 3.3 (Model update). Let T be a TBox in a DL L, I a model of
T , and F a finite set of membership assertions in L such that Mod(T ∪ F) 6= ∅.
The update of I with F , denoted UT (I,F), is the set of interpretations defined as
follows:

UT (I,F) = {I ′ | I ′ ∈Mod(T ∪ F) and
there exists no I ′′ ∈Mod(T ∪ F) s.t. I 	 I ′′ ⊂ I 	 I ′}.
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Intuitively, updated models not only satisfy an insertion F , but the made
changes must be minimal.

Definition 3.4 (Update). Let K = 〈T ,A〉 be a KB expressed in a DL L, and F
a finite set of membership assertions expressed in L such that Mod(T ∪ F) 6= ∅.
The update of K with F , denoted K ◦T F , is defined as follows:

K ◦T F =
⋃

I∈Mod(K)

UT (I,F).

Definition 3.5 (Erasure). Let K = 〈T ,A〉 be a KB expressed in a DL L, and F
a finite set of membership assertions expressed in L such that Mod(T ∪ ¬F) 6= ∅,
where ¬F denotes the set of membership assertions {¬Fi | Fi ∈ F}. The erasure
of K with F , denoted K •T F , is defined as follows:

K •T F = Mod(K) ∪

 ⋃
I∈Mod(K)

UT (I,¬F)

 .

Note that the notion of erasure is quite close to the notion of update, it has
a little but important difference. Erasure is not just update with negation of
information (that is, having P (a), we do update with ¬P (a)), which would forbid
the state of the world in which the erased information is true (that is P (a) is not
satisfied by any model of an updated KB), but it is proposed to erase information
by making it uncertain (that is P (a) may either appear or not appear in a model).

Hereby, the object of change is not the theory itself, but the set of its models.
Then, it seems reasonable to have result of an update (or erasure) expressed in the
same language as the original knowledge base.

Definition 3.6 (Expressible update (erasure)). Let K = 〈T ,A〉 be a knowl-
edge base expressed in a DL L and F a set of membership assertions expressed
in L such that Mod(T ∪ F) 6= ∅. We say that the update (resp., erasure) of K
with F is expressible in L iff there exists an ABox A′ expressed in L such that
K ◦T F = Mod(〈T ,A′〉) (resp., K •T F = Mod(〈T ,A′〉)).

But unfortunately, an update may not be an expressible one, as it is shown in
the following example.

Example 3.1. Consider the following DL-Litecore Knowledge Base K that follows:

TBox T ABox A
A1 v ¬∃P ∃P (a)
∃P v ¬A2

∃P− v A3

We want to compute the (DL-Litecore , T )-update of K with F = {A1(a)}. We
have that K ◦T F |= ¬A2(a). Moreover, for each model I of K for each tuple
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(a, x) ∈ P I , x should be still interpreted as belonging to AI3 . Thus, K ◦T F |=
∃xA3(x).

There is no way to express neither the former nor the latter logical implication
in DL-Litecore(nor in DL-LiteR, nor in DL-LiteA).

M

It follows from this that neither DL-LiteF , nor DL-LiteR, nor DL-LiteA updates
are expressible in the same logic. Our goal is given a KB K = 〈T ,A〉 and a set of
membership assertions F to find an ABox A′ such that Mod(〈T ,A′〉) = K ◦T F
(resp., = K •T F). So, one of the possibilities to solve the problem of unexpress-
ibility is:

• to find a DL language that in which update and erasure can be expressed;

• to approximate an update (resp., an erasure) of the found language to the
original one.

As we will see, in both DL-LiteRS and DL-LiteAS update and erasure can be
expressed. That is why we begin with updating the DL-LiteS family.

3.1 Update and Erasure in DL-LiteRS

In this section we consider the problem of update and erasure of DL-LiteRS at the
instance-level. The algorithm in Fig. 3.1 described in the first subsection offers
a way to update DL-LiteRS . The correctness of the algorithm is shown in the
subsection as well.

In the second subsection we consider an algorithm (Fig. 3.3) of instance-level
erasure of DL-LiteRS , which is based on the the previous one.

3.1.1 Update in DL-LiteRS

The algorithm in the Fig. 3.1 takes as input a DL-LiteRS knowledge base K =
〈T ,A〉 and a set of DL-LiteRS membership assertions F , and returns as output a
DL-LiteRS ABox A′ such that Mod(K′) = K ◦T F , where K′ = 〈T ,A′〉. Or more
precisely:

1. First, it checks whether T and F are satisfiable (line 1), and if they are, it
adds to F all membership assertions that are logically implied by F . The
membership assertions ∃R(a) and ∃R−(b) come from R(a, b) trivially (lines
3-4).

2. Second, the algorithm computes the set F ′ of all membership assertions that
contradict F and are logically implied by K (lines 5-19).

In the case, when f ∈ F and it is a concept assertion, the algorithm calls the
function Saturate(¬f, T ) that returns the set FC of membership assertions
which, according to T , contradict F (line 8). If a formula fC ∈ FC is logically
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ALGORITHM ComputeUpdateRS(T ,A,F)
INPUT: finite set of ground membership assertions F , satisfiable with DL-LiteRS
KB 〈T ,A〉
OUTPUT: an ABox A′, or ERROR
[1] if 〈T ,F〉 is not satisfiable then return ERROR
[2] else
[3] {for each f ∈ F do
[4] if f = R(a, b) then F := F ∪ {∃R(a),∃R−(b)}
[5] F ′ := ∅
[6] for each f ∈ F do
[7] if f = C(a) then
[8] {FC := Saturate(¬C(a), T )
[9] for each fC ∈ FC do
[10] {if 〈T ,A〉 |= fC then F ′ := F ′ ∪ {fC}
[11] if fC = ∃R(a) then F ′ := F ′ ∪ {R(a, b) | R(a, b) ∈ A}
[12] }
[13] }
[14] else
[15] if f = R(a, b) then
[16] {FR = Saturate(¬R(a, b), T )
[17] for each fR ∈ FR do
[18] { if 〈T ,A〉 |= fR then F ′ := F ′ ∪ {fR} }
[19] A′ := A ∪ F ;
[20] for each f ′ ∈ F ′ do
[21] if f ′ = C(a) then
[22] {A′ := A′\{C(a)}
[23] for each C v C1 in cl(T ) do
[24] if (C1(a) 6∈ F ′) then A′ := A′ ∪ {C1(a)}
[25] if f ′ = ∃R(a) then
[26] for each ∃R− v C2 in cl(T ) do
[27] A′ := A′ ∪ {C2(z∃R(a))}, with z∃R(a) new variable
[28] }
[29] else
[30] if f ′ = R(a, b) then
[31] {A′ := A′\{R(a, b),∃R(a),∃R−(b)}
[32] for each R v R1 in cl(T ) do
[33] if R1(a, b) /∈ F ′ then A′ := A′ ∪ {R1(a, b)};
[34] for each ∃R v C3 in cl(T ) do
[35] if C3(a) /∈ F ′ then A′ := A′∪{C3(a)}
[36] for each ∃R− v C4 in cl(T ) do
[37] if C4(b) /∈ F ′ then A′ := A′ ∪ {C4(b)}
[38] }
[39] }

Fig. 3.1: Algorithm ComputeUpdateRS
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ALGORITHM Saturate(f, T )
INPUT: a membership assertion f , TBox T
OUTPUT: set P of ground membership assertions
P = {f}
repeat
P ′ := P
for each f ∈ P ′

case f =
C(a) then

if C ′ v C ∈ cl(T ) then P := P ∪ {C ′(a)}
R(a, b) then

if R′ v R ∈ cl(T ) then P := P ∪ {R′(a, b)}
until P = P ′

Fig. 3.2: Algorithm Saturate

implied by a KB K, it adds fC to F ′ (line 10). Moreover, if fC is of the form
∃R(a), it adds to F ′ all role membership assertions R(a, b) which are in A
(line 11).

Similarly, if f is a role membership assertions of the form R(a, b), the algo-
rithm calls the function Saturate(¬f, T ) (line 16). If an assertion fR ∈ FR,
where FR is the set returned by Saturate contradicts F , the algorithm adds
it to F ′.

3. Third, it computes the result set A′. For each membership assertion f ′ from
A, the algorithm deletes it if it belongs to F ′, but adds those assertions which
are logically implied by F ′ and do not contradict F (lines 19-35).

We denote by cl(T ) the deductive closure of T , which can be defined as the
generalization of cln(T ), notably:

Definition 3.7. Let T be a DL-LiteAS TBox. The closure of T , denoted by cl(T ),
is the TBox obtained inductively as follows:

1. all inclusion assertions in T are also in cl(T );

2. the negative closure of T cln(T ) is a subset of cl(T );

3. the relation “v” is transitive in cl(T ), i.e. if L vM and M v R are in cl(T ),
then also L v R is in cl(T );

4. if Q v R is in cl(T ), then also ∃Q v ∃R and ∃Q− v ∃R− are in cl(T );

5. if U v V is in cl(T ), then also δ(U) v δ(V ) and ρ(U) v ρ(U) are in cl(T ),
where U is either UC or UR, and V is either VC or VR;

6. if B v ∃Q.C, then also B v ∃Q;
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Let us prove the correctness of the algorithm step by step. We start from
satisfiability.

Lemma 3.1 (Satisfiability). Let K = 〈T ,A〉 be a satisfiable DL-LiteRS knowl-
edge base, F a finite set of ground DL-LiteRS membership assertions such that
Mod(T ∪ F) 6= ∅, and K′ the DL-LiteRS knowledge base such that K′ = 〈T ,A′〉,
where A′ = ComputeUpdateRS(T ,A,F). We have that K′ is satisfiable.

Proof. According to Algorithm 3.1, K′ is obtained by

1. inserting into A:

• a finite set of membership assertions F such that Mod(T ∪ F) 6= ∅.

• a finite set of membership assertions F ′′ that do not contradict F and
are logically implied by K; it is done in the lines 23-27, 32-35.

Thus, Mod(T ∪ F ∪ F ′′) 6= ∅;

2. deleting from A the maximum set of membership assertions F ′ that contra-
dict F .

Thereby, we have that A′ = (A ∪ F ∪ F ′′)\F ′. Then, by the data K is sat-
isfiable (i.e. Mod(T ∪ A) 6= ∅), this leads to satisfiability of K′: Mod(T ∪ A′) =
Mod(T ∪ [(A ∪ F ∪ F ′′)\F ′]) = Mod((T ∪ A ∪ F ∪ F ′′)\F ′) 6= ∅.

Lemma 3.2 (Termination). Let K = 〈T ,A〉 be a DL-LiteRS knowledge base,
F a finite set of ground DL-LiteRS membership assertions. Then the algorithm
ComputeUpdateRS(T ,A,F) terminates, returning ERROR if Mod(T ∪ F) = ∅,
and an ABox A′ such that 〈T ,A′〉 is a DL-LiteRS knowledge base, otherwise.

Proof. The proof of the theorem follows from the observations below:

1. The algorithm calls Saturate a finite number of times. This algorithm stops,
since cl(T ) is finite for a finite T , returning a finite output [CDGL+07].

2. The algorithm of checking whether K |= F for some F terminates; the number
of membership assertions to be checked is finite since they belong to outputs
of Saturate.

3. Deleting membership assertions of F ′ and introducing new assertions (lines
20-35) terminate since both F ′ and cl(T ) is finite.

Now we consider the completeness and soundness of the algorithm.
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Lemma 3.3 (Soundness). Let K = 〈T ,A〉 be a DL-LiteRS knowledge base, F
a finite set of ground DL-LiteRS membership assertions such that Mod(T ∪ F) 6=
∅, and K′ the DL-LiteRS knowledge base such that K′ = 〈T ,A′〉, where A′ =
ComputeUpdateRS(T ,A,F). Then, for every model I ′ ∈Mod(K′), we have that:

∃I ∈Mod(K) such that I ′ ∈ UT (I,F).

Proof. The structure of the proof is as follows: first, we show how to build a model
I of K given I ′ ∈ K′, then we prove, that for the obtained model I, I ′ ∈ UT (I,F).

Let I ′ be a model of K′ and not a model of K (otherwise the theorem is proved
trivially). By construction, I ′ is a model of T , that means that there exists a
subset F ′ of A such that for each F ∈ F ′, I ′ /∈Mod({F}).

We build a model I step by step as it is described below.

STEP 1 We set I0 := I ′.

STEP 2 We modify I0 as follows. For each F ∈ F ′ do:

1. if F = C(a), then aI0 ∈ CI0 .

2. if F = Q(a, b), then (aI0 , bI0) ∈ QI0 , aI0 ∈ ∃QI0 , and bI0 ∈ ∃Q−I0 .

STEP 3 We set Ii := Ii−1 and i := 1.

Repeat the following rules:

1. If a ∈ BIi−1 , B v C ∈ T and a 6∈ CIi−1 , then set a ∈ CIi .

2. If a ∈ ∃QIi−1 and there is no b ∈ ∆Ii−1 such that (a, b) ∈ QIi−1 , then
add (a, b′) ∈ QIi and b′ ∈ ∃Q−Ii , where b′ is a new element.

3. If (a, b) ∈ QIi−1 , Q v R ∈ T and (a, b) 6∈ RIi−1 , then set (a, b) ∈ RIi .

4. If a ∈ ¬∃QIi−1 , then for each (a, b) ∈ QIi−1 we set (a, b) 6∈ QIi , and if
there exists no a′ 6= a such that (a′, b) ∈ QIi−1 , then we set b 6∈ ∃Q−Ii .

5. i := i+ 1.

Until Ii = Ii−1

We apply STEP 3 until In+1 = In, and In will be the required interpretation
I. It is obvious that I is a model of T (I0 is a model of T , and in STEP 3 we make
those settings that are logically implied by T ). Also, I satisfies F ′ by construction
(STEP 2). Furthermore, I satisfies all membership assertions in A (it satisfies both
A′ and F ′).

Now, let us show that I ′ ∈ UT (I,F). As we mentioned before, I ′ is a model
of T ; moreover, it is also a model of F , since F ⊆ A′ and I ′ is a model of A′.
By definition, I ′ ∈ UT (I,F) if and only if there is no interpretation I ′′ such that
I ′′ ∈Mod(T ∪ F) and I 	 I ′′ ⊂ I 	 I ′.

Let us suppose that there exists such I ′′. The inclusion I 	I ′′ ⊂ I 	I ′ means
that there is some difference in interpretations I, I ′′ and I ′, i.e. one of the following
cases occurs:
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1. There is a such that a ∈ AI and a ∈ AI′′ , but a 6∈ AI′ .

2. There is a such that a 6∈ AI and a 6∈ AI′′ , but a ∈ AI′ .

3. There is (a, b) such that (a, b) ∈ QI and (a, b) ∈ QI′′ , but (a, b) 6∈ QI′ .

4. There is (a, b) such that (a, b) 6∈ QI and (a, b) 6∈ QI′′ , but (a, b) ∈ QI′ .

Let us consider all these cases:

1. In this case, since I is built from I ′ in the way described above, there are
two possibilities:

• A(a) ∈ F ′ and A(a) ∈ A, that is A(a) was removed by the algorithm
ComputeUpdateRS . In this case, A(a) ∈ Saturate(¬C(a), T ) for some
C(a) ∈ F (iff A v ¬C ∈ cl(T )), that is A(a) contradicts F . Since
I ′′ is a model of T , a ∈ AI

′′
implies a 6∈ CI

′′
. The latter expression

contradicts the fact that I ′′ is a model of F .

• a was set in AI in STEP 3 in the first item of building I. This means
that a ∈ BI and B v A ∈ T , but a 6∈ AI′ . That is firstly a ∈ BI 1 was
introduced to satisfy F ′, and a ∈ AI was introduced to satisfy T . So,
if a ∈ BI′′ , it is not a model of F , and if a /∈ BI′′ it is not model of T .
Thus, we have a contradiction.

2. We can reduce this case to the previous one by considering that a ∈ ¬AI ,
a ∈ ¬AI′′ , and a /∈ ¬AI′ .

3. As it is in the first case, an assertion Q(a, b) belongs to F ′, where F ′ ⊆ A
and it was removed by ComputeUpdateRS because of a contradiction with
F . So, we have several possibilities:

• Q(a, b) ∈ Saturate(¬Q1(a, b), T ), Q v Q1 ∈ cl(T ), and Q1(a, b) ∈ F .
Thus, (a, b) ∈ QI

′′
yields (a, b) /∈ QI

′′

1 , that contradicts that I ′′ is a
model of F .

• For some C(a) ∈ F , Q(a, b) logically implies ¬C(a), that comes from
Saturate. Here we have a contradiction as well as in the previous case.

Another possibility is that (a, b) was inserted in QI in STEP 3 of building I.
We have two possibilities here:

• (a, b) was set in QI in STEP 3 in the third item of building I. This
means that (a, b) ∈ Q′I and Q′ v Q ∈ T , but (a, b) /∈ QI

′
. That is

firstly (a, b) ∈ Q′I2 was set to satisfy F ′, and (a, b) ∈ QI was set to
satisfy T . So, if (a, b) ∈ Q′I′′ , it is not a model of F , and if (a, b) /∈ Q′I′′

it is not model of T . Thereby, we have a contradiction.
1 We can suppose this without loss of generality.
2 We can suppose this without loss of generality.
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• (a, b) was inserted in QI in STEP 3 in the second item of building I. It
means that a ∈ ∃QI and there is no b′ such that (a, b′) ∈ QI′ . It means
that ∃Q(a) is logically implied by some assertion in F ′ that contradicts
F . Thus, if (a, b) ∈ QI

′′
, we have a contradiction, since a ∈ ∃QI′′

implies that I ′′ is not model of F .

4. Let us consider the last case. Here we have several possibilities:

• Firstly (a, b) belonged to QIi for some i < j, but it was removed on the
j-th iteration by the rule four of the second step, so a ∈ ¬∃QI . Thus,
(a, b) ∈ QI occurs at the first step to satisfy F ′, but then it was removed
to satisfy T (a ∈ ¬∃QI appeared at the second step at some iteration).
So, if (a, b) ∈ QI′′ , then I ′′ is not a model of F ; if (a, b) /∈ QI′′ , then I ′′
is not a model of T . Thereby, we have contradiction.

• The case when (a, b) ∈ QI and b ∈ ∃Q−I is absolutely analogous to the
previous one.

Therefore we have that there is no interpretation I ′′ such that I ′′ ∈Mod(T ∪ F)
and I 	 I ′′ ⊂ I 	 I ′ that yields I ′ ∈ UT (I,F).

Lemma 3.4 (Completeness). Let K = 〈T ,A〉 be a DL-LiteRS knowledge base,
F a finite set of ground DL-LiteRS membership assertions such that Mod(T ∪
F) 6= ∅, and K′ the DL-LiteRS knowledge base such that K′ = 〈T ,A′〉, where
A′ = ComputeUpdateRS(T ,A,F). Then, for every model I ∈ Mod(K), we have
that:

UT (I,F) ⊆Mod(K′).

Proof. Let us suppose that there exists an interpretation I ′′ ∈ UT (I,F)\Mod(K′).
Then, I ′′ does not satisfy a membership assertion F ′ ∈ A′\F . By construction of
A′, it contains all the assertions of A, that do not contradict F , and those as-
sertions that were introduced into A′ at lines 24, 27, 33, 35, 37 of the algorithm
ComputeUpdateRS that are logically implied by K and do not contradict F . Then,
let us modify I ′′ in order to make it satisfy F ′. For this, we will use the proce-
dure described below. Note that we can suppose that F ′ is the only membership
assertion belonging to A′\F which is not satisfied by I ′′3.

So, the procedure is described below:

STEP 1 We set Ĭ = I ′′.

STEP 2 We modify Ĭ as follows:

1. If F ′ = C(a), then we set a ∈ C Ĭ .

3 Otherwise, we can apply the procedure the necessary number of times to obtain a model that
does not satisfy exactly one membership assertion.
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2. If F ′ = C(z), where z is a variable, then we find a constant b ∈ CI ,
and we set b ∈ C Ĭ . Note that such a constant always exists. F ′ is
inserted into A′ in the line 27, that is there exists a constant a that
belongs to ∃RI for some role R; this leads to that there exists b such
that (a, b) ∈ RI .

3. If F ′ = R(a, b), then we set (a, b) ∈ RĬ , a ∈ ∃RĬ , b ∈ ∃R−Ĭ .

STEP 3 We apply recursively the following rules in order to make Ĭ satisfy T .

1. If a ∈ BĬ , B v C ∈ T , and a /∈ CI′′ , then we set a ∈ C Ĭ .

2. If a ∈ ∃QĬ and there exists no individual b ∈ ∆ such that (a, b) ∈ QI′′ ,
then for each (a, b′) ∈ QI , set (a, b′) ∈ QĬ .

3. If a ∈ ∃Q−Ĭ and there exists no individual b ∈ ∆ such that (b, a) ∈ QI′′ ,
then for each (b′, a) ∈ QI , set (b′, a) ∈ QĬ .

4. If (a, b) ∈ QĬ , Q v R ∈ T , and (a, b) /∈ RĬ , then we set (a, b) ∈ RĬ .

It is obvious that the interpretation Ĭ is a model of T (it is provided by STEP
3). Also Ĭ satisfies F ′ by construction (STEP 2). Moreover, Ĭ satisfies all other
membership assertions in A′ (since nothing was deleted). The latter affirmation
yields that Ĭ is a model of K′.

Finally, let us show that I 	 Ĭ ⊂ I 	 I ′′. We know that membership assertion
F ′ logically implied by K, so I and Ĭ agree on interpretating this part, but not
I ′′. The same situation with setting in STEP 3. The rest is interpreted by both
I ′′ and Ĭ in the same way. Thus, we have that I 	Ĭ ⊂ I 	I ′′. Contradiction with
minimality of I ′′ (see Definition 3.3).

Thereby, I ′′ ∈Mod(K′).

The ABox A′ obtained by the algorithm ComputeUpdateRS is a DL-LiteRS
ABox, which is proved in the following lemma.

Lemma 3.5 (Expressibility). Let K = 〈T ,A〉 be a DL-LiteRS knowledge base, F a
finite set of ground DL-LiteRS membership assertions such that Mod(T ∪ F) 6= ∅,
and A′ = ComputeUpdateRS(T ,A,F). Then A is a DL-LiteRS ABox.

Proof. Note that those membership assertions that belong to A′\(A ∪ F) are in-
serted in the lines 24, 27, 33 or 35, and they are DL-LiteRS membership assertions
by definition.

From lemmas 3.1, 3.2, 3.3, 3.4, and 3.5 the following theorem follows directly.

Theorem 3.6. Let K = 〈T ,A〉 be a DL-LiteRS knowledge base, F a finite set of
ground DL-LiteRS membership assertions. Then, the algorithm ComputeUpdateRS
returns ERROR if Mod(T ) ∩Mod(F) = ∅, or returns A′, otherwise, such that
K ◦T F ≡Mod(K′), where K′ = 〈T ,A′〉.
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ALGORITHM ComputeErasureRS(T ,A,F)
INPUT: finite set of ground membership assertions F such that ¬F satisfiable
with DL-LiteRS KB 〈T ,A〉
OUTPUT: an ABox A′, or ERROR
[1] if 〈T ,¬F〉 is not satisfiable then return ERROR
[2] else {
[3] A′′ = ComputeUpdateRS(T ,A,¬F)
[4] for each f ∈ ¬F do
[5] if f = Q(a, b) then ¬F := ¬F ∪ {∃Q(a),∃Q−(b)}
[6] A′ := A′′\¬F
[7] }

Fig. 3.3: ComputeErasureRS

Now we turn to computational complexity.

Theorem 3.7. Let K = 〈T ,A〉 be a DL-LiteRS knowledge base, F a finite set of
ground DL-LiteRS membership assertions such that Mod(T ∪ F) 6= ∅, and A′ =
ComputeUpdateRS(T ,A,F). Then:

• the size of A′ is polynomially bounded by the size of T ∪ A ∪ F ;

• computing A′ can be done in polynomial time in the size of T ∪ A ∪ F .

Proof. The theorem is proved by the following observations:

1. The function Saturate runs in polynomial time in the size of T .

2. Saturate is called a polynomial number of times by ComputeUpdateRS .

3. For each f ∈ Saturate, checking whether K |= f is LOGSPACE in A.

4. For each f ′ ∈ F ′ the cost of eliminating f ′ from A′ is polynomial in the size
of A.

3.1.2 Erasure in DL-LiteRS

In Fig. 3.3 we provide the algorithm for obtaining erasure for DL-LiteRS knowledge
bases. The algorithm takes a TBox T , an ABox A, and the set of membership
assertions F as input, and returns an ABox A′ such that Mod(〈T ,A′〉) = K •T F
as output. It works as described below:

• First, an ABox A′′ = ComputeUpdateRS(T ,A,¬F) is obtained;

• Second, we get the required ABox A′ by removing ¬F from A′′.
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The soundness and completeness of the algorithm is considered in the following
lemma.

Lemma 3.8 (Soundness and completeness). Let K = 〈T ,A〉 be a DL-LiteRS
knowledge base, F a finite set of ground DL-LiteRS membership assertions such
that Mod(T ∪ ¬F) 6= ∅, and K′ the DL-LiteRS knowledge base such that K′ =
〈T ,A′〉, where A′ = ComputeErasureRS(T ,A,F). Then:

Mod(K′) = K •T F .

Proof. Let Ā be the set of those membership assertions that were inserted into A′′
in the lines 24, 27, 33, 35, 37; those are the assertions that are logically implied
by K. For an assertion f , the fact that 〈T ,A〉 |= f implies that Mod(〈T ,A〉) ⊆
Mod({f}). The latter inclusion yields that

Mod(〈T ,A〉) = Mod(〈T ,A〉) ∩Mod({f})
= Mod(〈T ,A〉 ∪ {f}) = Mod(T ∪ A ∪ {f})
= Mod(〈T ,A ∪ {f}〉). (3.1)

Since (3.1) holds for each f ∈ Ā, so Mod(〈T ,A〉) = Mod(〈T ,A ∪ Ā〉). Let us
designate A ∪ Ā as A0.

According to Definition 3.5, K •T F = Mod(K)∪K ◦T ¬F = Mod(K)∪Mod(K′′).
Since Mod(K) = Mod(K0)4, we can write the following sequence of equations:

K •T F = Mod(K0) ∪Mod(K′′)
= Mod(T ∪ A0) ∪Mod(T ∪ A′′)

= Mod(T ∪ A0) ∪
[
Mod(T ) ∩Mod(A′′)

]
=

[
Mod(T ∪ A0) ∪Mod(T )

]
∩
[
Mod(T ∪ A0) ∪Mod(A′′)

]
= Mod

(
(T ∪ A0) ∩ T

)
∩Mod

(
(T ∪ A0) ∩ A′′

)
= Mod(T ) ∩Mod

(
(T ∩ A′′) ∪ (A0 ∩ A

′′)
)

= Mod(T ) ∩Mod
(

(∅∪(A0 ∩ A
′′)
)
.

Note that the intersection A0 ∩ A′′ includes (by construction of both A0 and
A′′) (i) Ā; (ii) all membership assertions of A that do not contradict ¬F . In fact,
the intersection is exactly A′. Thus, we have that

K •T F = Mod(T ) ∩Mod(A′) = Mod(K′).

The remaining properties of the algorithm (such as termination, satisfiability,
etc.) come from the analogous properties of ComputeUpdateRS .

4 K0 = 〈T ,A0〉.
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Theorem 3.9. Let K = 〈T ,A〉 be a DL-LiteRS knowledge base, F a finite set of
ground DL-LiteRS membership assertions. Then, the algorithm ComputeErasureRS
returns ERROR if Mod(T ) ∩Mod(¬F) = ∅, or returns a DL-LiteRS ABox A′,
otherwise, such that K •T F ≡Mod(K′), where K′ = 〈T ,A′〉.

3.2 Update and Erasure in DL-LiteAS

This section is dedicated to the algorithm of updating DL-LiteAS at the instance-
level. It represents a kind of hybrid of DL-LiteRS update algorithm described in
the section 3.1, and the algorithm of update of DL-LiteFS introduced in [Pog06].
Some number of DL-LiteAS constructs can be viewed as syntactic sugar and can
be expressed through the “standard” ones, but since we should keep a TBox un-
changeable, we must take into account all relations and interactions between dif-
ferent constructs. Moreover, keeping distinction between objects and values that
takes place in DL-LiteAS drives us to consider the DL-LiteAS more detailed.

The erasure algorithm presented in the second subsection is based on the update
algorithm as well as for DL-LiteRS .

3.2.1 Update in DL-LiteAS

On the fig. 3.4-3.6 one can see the algorithm of the instance-level update in DL-
LiteA KB. The main idea of it is the same as in both DL-LiteF and DL-LiteR:
given a KB K = 〈T ,A〉 and a set of membership assertions F , to obtain an ABox
A′ such that Mod(〈T ,A′〉) = K ◦T F . For this, we delete from A all membership
assertions that contradict F and add all that assertions that are logically implied
from the deleted ones and does not contradict F . Note that if an assertion of the
form ∃Q.C(a) is in F , there exists nothing in an original KB that contradict it,
since

• neither direct assertion ¬∃Q.C(a) can appear in A,

• nor contradiction can be derived from T and A: ∃Q.C cannot appear at the
left side of a negative inclusion assertion; also in cannot occur at the right
side with negation.

A contradiction can arise if we have ¬∃Q(a) in the original A, but for this
case we add to F assertion ∃Q(a) in the line 7, and then we search a possible
contradiction with this new assertion (lines 13-17).

Saying above is also true for the following constructs: ∃δF (UC), ∃δF (UR),
∃δF (UR)−, >C , >D, rdfDataTypes, δF (UR), and δF (UR)−.

Now, we consider the correctness of the algorithm. Firstly, we examine satisfi-
ability of a KB obtained as the result of ComputeUpdateAS .

Lemma 3.10. Let K = 〈T ,A〉 be a satisfiable DL-LiteAS KB, F a finite set of
ground DL-LiteAS membership assertions such that Mod(K) ∩Mod(F) 6= ∅, and
K′ the DL-LiteAS KB such that K′ = 〈T ,A′〉, where A′ = ComputeUpdateAS .
Then, K′ is always satisfiable.
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Proof. The proof is similar to the one of the theorem 3.1, taking into account the
note given above.

The next property, termination, is also proved like the analogous property of
ComputeUpdateRS algorithm.

Lemma 3.11 (Termination). Let K = 〈T ,A〉 be a DL-LiteRS knowledge base,
F a finite set of ground DL-LiteRS membership assertions. Then the algorithm
ComputeUpdateRS(T ,A,F) terminates, returning ERROR if Mod(T ∪ F) = ∅,
and an ABox A′ such that 〈T ,A′〉 is a DL-LiteRS knowledge base, otherwise.

Proof. The proof is similar to the one of the theorem 3.2. Just notice that we
extended function Saturate to make it works also with domains, concept and role
attributes.

Now, it is a turn of completeness and soundness. Take notice that new (in
comparison with DL-LiteR) constructs, domains and attributes, are in fact not very
new, but they can be expressed in DL-LiteFR language. But since the expression
requires changes in a TBox, so we have to consider each case separately.

Lemma 3.12 (Soundness). Let K = 〈T ,A〉 be a DL-LiteAS knowledge base,
F a finite set of ground DL-LiteAS membership assertions such that Mod(T ∪
F) 6= ∅, and K′ the DL-LiteAS knowledge base such that K′ = 〈T ,A′〉, where
A′ = ComputeUpdateAS(T ,A,F). Then, for every model I ′ ∈Mod(K′), we have
that:

∃I ∈Mod(K) such that I ′ ∈ UT (I,F).

Proof. The structure of this proof is the same as one of theorem 3.3.
Let I ′ be a model of K′ and not be a model of K (otherwise the theorem is

proved trivially). By construction, I ′ is a model of T , that means that there exists
a subset F ′ of A such that for each F ∈ F ′, Mod({F}) ∩Mod(I ′) = ∅.

We build a model I step by step as it is described above.

STEP 1 We set I0 := I ′.

STEP 2 We modify I0 as follows. For each f ∈ F ′ do:

1. if f = C(a) then aIi ∈ CIi ;

2. if f = R(a, b) then (aIi , bIi) ∈ RIi , aIi ∈ ∃RIi , and bIi ∈ ∃RIi . More-
over, if (funct R) ∈ T , then for each (aIi−1 , b′Ii−1) ∈ RIi−1 such that
b′ 6= b we set (aIi , b′Ii) /∈ RIi , and if there is no a′′ 6= a such that
(a′′Ii−1 , b′Ii−1) ∈ RIi−1 , then we set bIi ∈ ∃R−Ii 5;

3. if f = F (d) then dIi ∈ F Ii ;

5 The same settings can be done for f = UC(a, v).
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ALGORITHM ComputeUpdateAS(T ,A,F)
INPUT: finite set of ground membership assertions F , satisfiable with DL-LiteFS
KB 〈T ,A〉
OUTPUT: an ABox A′, or ERROR
[1] if 〈T ,F〉 is not satisfiable then return ERROR
[2] else
[3] {for each f ∈ F do
[4] if f = R(a, b) then F := F ∪ {∃R(a),∃R−(b)};
[5] if f = VC(a, v) then F := F ∪ {δ(VC)(a), ρ(VC)(v)};
[6] if f = VR(a, b, v) then F := F ∪ {δ(VR)(a, b), ρ(VR)(v),

∃δ(VR)(a),∃δ(VR)−(b)};
[7] if f = ∃Q.C(a) then F := F ∪ {∃Q(a), };
[8] if f = δF (UC)(a) then F := F ∪ {δ(UC)(a)};
[9] if f = δF (UR)(a, b) then F := F ∪ {δ(UR)(a, b)};
[10] }
[11] F ′ := ∅
[12] for each f ∈ F do
[13] if f = C(a) and either C = B or C = ¬B then
[14] {FC := Saturate(¬C(a), T )
[15] for each fC ∈ FC do
[16] {if 〈T ,A〉 |= fC then F ′ := F ′ ∪ {fC};
[17] if fC = ∃R(a) then F ′ := F ′ ∪ {R(a, b) | R(a, b) ∈ A};
[18] if fC = δ(U)(a) then F ′ := F ′ ∪ {U(a, v) | U(a, v) ∈ A};
[19] }
[20] }
[21] or else
[22] {if f = Q(a, b) and (funct Q) ∈ T then
[23] for each b′ 6= b s.th. R(a, b′) ∈ A do F ′ := F ′ ∪ {R(a, b′)};
[24] if f = R(a, b) and (funct R) /∈ T and either R = Q or R = ¬Q then
[25] FR = Saturate(¬R(a, b), T )
[26] for each fR ∈ FR do
[27] if 〈T ,A〉 |= fR then F ′ := F ′ ∪ {fR}
[28] }
[29] or else

Fig. 3.4: Algorithm ComputeUpdateAS , part 1
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[30] if f = F (d) and either F = E or F = ¬E then
[31] {FD := Saturate(¬F (d), T )
[32] for each fD ∈ FD do
[33] {if 〈T ,A〉 |= fD then F ′ := F ′ ∪ {fD}
[34] if fD = ρ(U)(d) then F ′ := F ′ ∪ {U(d, v) | U(d, v) ∈ A}
[35] }
[36] }
[37] or else
[38] {if f = U(a, v) and (funct U) ∈ T then
[39] for each v′ 6= v s.th. U(a, v′) ∈ A do F ′ := F ′ ∪ {U(a, v′)};
[40] if f = V (a, v) and (funct V ) /∈ T then
[41] FV = Saturate(¬V (a, v), T )
[42] for each fV ∈ FV do
[43] if 〈T ,A〉 |= fV then F ′ := F ′ ∪ {fV }
[44] }
[45] A′ := A ∪ F ;
[46] for each f ′ ∈ F ′ do
[47] if f ′ = C(a) then
[48] {A′ := A′\{C(a)}
[49] for each C v C1 in cl(T ) do
[50] if (C1(a) 6∈ F ′) then A′ := A′ ∪ {C1(a)}
[51] if f ′ = ∃R(a) then
[52] for each ∃R− v C2 in cl(T ) do
[53] A′ := A′ ∪ {C2(z∃R(a))}, with z∃R(a) new variable
[54] if f ′ = δ(U)(a) then
[55] for each ρ(U) v F1 in cl(T ) do
[56] A′ := A′ ∪ {C2(zδ(U)(a))}, with zδ(U)(a) new variable
[57] }
[58] or else
[59] if f ′ = R(a, b) then
[60] {A′ := A′\{R(a, b),∃R(a),∃R−(b)}
[61] for each R v R1 in cl(T ) do
[62] if R1(a, b) /∈ F ′ then A′ := A′ ∪ {R1(a, b)}
[63] for each ∃R v C3 in cl(T ) do
[64] if C3(a) /∈ F then A′ := A′∪{C3(a)}
[65] for each ∃R− v C4 in cl(T ) do
[66] if C4(b) /∈ F ′ then A′ := A′ ∪ {C4(b)}
[67] }
[68] or else
[69] if f ′ = F (d) then

Fig. 3.5: Algorithm ComputeUpdateAS , part 2



3.2. Update and Erasure in DL-LiteAS 31

[70] {A′ := A\{F (d)}
[71] for each F v F1 in cl(T ) do
[72] if (F1(d) 6∈ F ′) then A′ := A′ ∪ {F1(d)}
[73] if f ′ = ρ(UC)(d) then
[74] for each δ(UC) v C5 in cl(T ) do
[75] A′ := A′ ∪ {C5(zρ(UC)(a))}, with zρ(UC)(a) new variable
[76] if f ′ = ρ(UR)(d) then
[77] for each δ(UR) v R2 in cl(T ) do
[78] A′ := A′ ∪ {R2(zρ(U)(a)1), zρ(U)(a)2)}, with zρ(UR)(a)i

new variables
[79] or else
[80] if f ′ = VC(a, v) then
[81] {A′ := A′\{VC(a, v), δ(VC)(a), ρ(VC)(v)}
[82] for each VC v VC1 in cl(T ) do
[83] if VC1(a, v) /∈ F ′ then A′ := A′ ∪ {VC1(a, v)}
[84] for each δ(VC) v C6 in cl(T ) do
[85] if C6(a) /∈ F then A′ := A′∪{C6(a)}
[86] for each ρ(VC) v F2 in cl(T ) do
[87] if F2(v) /∈ F ′ then A′ := A′ ∪ {F2(v)}
[88] or else
[89] if f ′ = VR(a, b, v) then
[90] {A′ := A′\{VR(a, b, v), δ(VR)(a, b), ρ(VR)(v),∃δ(VR)(a),∃δ(VR)−(b)}
[91] for each VR v VR1 in cl(T ) do
[92] if VR1(a, b, v) /∈ F ′ then A′ := A′ ∪ {VR1(a, b, v)}
[93] for each δ(VR) v R3 in cl(T ) do
[94] if R3(a, b) /∈ F ′ then A′ := A′ ∪ {R3(a, b)}
[95] for each ρ(VR) v F3 in cl(T ) do
[96] if F3(v) /∈ F ′ then A′ := A′ ∪ {F3(v)}
[97] for each ∃δ(VR) v C7 in cl(T ) do
[98] if C7(a) /∈ F ′ then A′ := A′ ∪ {C7(a)}
[99] for each ∃δ(VR)− v C8 in cl(T ) do
[100] if C8(b) /∈ F ′ then A′ := A′ ∪ {C8(b)}
[101] }

Fig. 3.6: Algorithm ComputeUpdateAS , part 3
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ALGORITHM Saturate(f, T )
INPUT: a membership assertion f , TBox T
OUTPUT: set P of ground concept membership assertions
P = {f}
repeat
P ′ := P
for each f ∈ P ′

case f =
C(a) then

if C ′ v C ∈ cl(T ) then P := P ∪ {C ′(a)}
R(a, b) then

if R′ v R ∈ cl(T ) then P := P ∪ {R′(a, b)}
F (d) then

if F ′ v F ∈ cl(T ) then P := P ∪ {F ′(d)}
UC(a, v) then

if U ′C v UC ∈ cl(T ) then P := P ∪ {U ′C(a, v)}
UR(a, b, v) then

if U ′R v UR ∈ cl(T ) then P := P ∪ {U ′R(a, b, v)}
until P = P ′

Fig. 3.7: Algorithm Saturate

4. if f = UR(a, b, v) then (aIi , bIi , val(v)) ∈ UIi

R , (aIi , bIi) ∈ δ(UR)Ii ,
val(v) ∈ ρ(UR)Ii , aIi ∈ ∃δ(UR)Ii , and bIi ∈ ∃δ(UR)−Ii . Moreover, if
(funct UR) ∈ T , then for each (aIi−1 , bIi−1 , v′Ii−1) ∈ UIi−1

R such that
v′ 6= v we set (aIi , bIi , v′Ii) /∈ UIi

R , and if there is no (a′′, b′′) 6= a, b such
that (a′′Ii−1 , bIi−1 , v′Ii−1) ∈ UIi−1

R , then we set vIi ∈ ∃U−Ii

R .

STEP 3 We set Ii := Ii−1 and i := 1.

Repeat the following rules:

1. If a ∈ BIi−1 (resp. v ∈ EIi), B v C ∈ T (resp. E v F ∈ T ) and
a 6∈ CIi−1 (resp. v 6∈ F Ii−1), then set a ∈ CIi (resp. v ∈ F Ii).

2. If a ∈ ∃QIi−1 and there is no b ∈ ∆Ii−1
O such that (a, b) ∈ QIi−1 , then

add (a, b′) ∈ QIi and b′ ∈ ∃Q−Ii , where b′ is a new element of ∆Ii

O such
that if (funct Q) ∈ T then there exists no a′′ such that (a′′, b′) ∈ QIi−16.

3. If a ∈ ∃Q.CIi−1 and there is no b ∈ ∆Ii−1
O such that (a, b) ∈ QIi−1 and

b ∈ CIi−1 , then add (a, b′) ∈ QIi , b′ ∈ ∃Q−Ii and b′ ∈ CIi , where b′ is
a new element7.

6 The analogous constructions can be done also for δ(UC), ρ(UC) and ρ(UR). We do not adduce
them in order not to overload the text of the proof.

7 The analogous constructions can be done also for δF (UC), ∃δF (UR) and ∃δF (UR)−. We do
not adduce them in order not to overload the text of the proof.
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4. If (a, b) ∈ QIi−1 , Q v R ∈ T and (a, b) 6∈ RIi−1 , then set (a, b) ∈ RIi .

5. If (a, b) ∈ δ(UR)Ii−1 and there is no v ∈ ∆Ii−1
V such that (a, b, v) ∈ UIi−1

R ,
then add (a, b, v′) ∈ U Ii

R and v′ ∈ ρ(UR)−Ii , where v′ is a new element
of ∆Ii

V such that if (funct UR) ∈ T then there exists no (a′′, b′′) such
that (a′′, b′′, v′) ∈ UIi−1

R
8.

6. If (a, b) ∈ δF (UR)Ii−1 and there is no v ∈ ∆Ii−1
V such that (a, b, v) ∈

U
Ii−1
R and v ∈ F Ii−1 , then add (a, b, v′) ∈ U Ii

R , v′ ∈ ρ(UR)Ii and v′ ∈
F Ii , where v′ is a new element9.

7. If a ∈ ¬∃QIi−1 , then for each (a, b) ∈ QIi−1 we set (a, b) 6∈ QIi , and if
there exists no a′ 6= a such that (a′, b) ∈ QIi−1 , then we set b 6∈ ∃Q−Ii 10.

8. If (a, b) ∈ ¬δ(UR)Ii−1 , then for each (a, b, v) ∈ UIi−1
R we set (a, b, v) 6∈

UIi

R , and if there exists no (a′, b′) 6= (a, b) such that (a′, b′, v) ∈ QIi−1 ,
then we set v 6∈ ρ(UR)−Ii 11.

9. i := i+ 1.

Until Ii = Ii−1

We apply STEP 3 until In+1 = In, and In will be the required interpretation
I. As well as in the lemma 3.3, I is a model of T (I0 is a model of T and I satisfies
all membership assertions in A.

Now, let us show that I ′ ∈ UT (I,F). It is true, by the definition, if and only
if there is no interpretation I ′′ such that I ′′ ∈Mod(T ∪ F) and I 	 I ′′ ⊂ I 	 I ′.

Let us suppose that there exists such I ′′ and I 	 I ′′ ⊂ I 	 I ′. It means that
one of the following cases occurs:

1. There is a such that a ∈ LI and a ∈ LI′′ , but a 6∈ LI′ , where L is either A
or D.

2. There is a such that a 6∈ LI and a 6∈ LI′′ , but a ∈ LI′ , where L is either A
or D.

3. There is (a, b) such that (a, b) ∈ MI and (a, b) ∈ MI
′′
, but (a, b) 6∈ MI

′
,

where M is either Q or UC .

4. There is (a, b) such that (a, b) 6∈ MI and (a, b) 6∈ MI
′′
, but (a, b) ∈ MI

′
,

where M is either Q or UC .

5. There is (a, b, v) such that (a, b, v) ∈ UIR and (a, b, v) ∈ UI′′R , but (a, b, v) /∈
UI
′

R .

8 The same construct is for δ(UR)−.
9 The same construct is for δF (UR)−.

10 The analogous constructions can be done also for ¬δ(UC), ¬ρ(UC) and ¬ρ(UR). We do not
adduce them in order not to overload the text of the proof.

11 The same construct is for ¬δ(UR)−.
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6. There is (a, b, v) such that (a, b, v) /∈ UIR and (a, b, v) /∈ UI′′R , but (a, b, v) ∈
UI
′

R .

Cases 1-2 are considered in the proof of the lemma 3.3. In cases 3-4, in addition
to the described contradictions, the following ones arise.

3 Let us consider the case, when I ′ does not satisfy an assertion f ′ = Q(a, b) ∈
F ′. The new possibility is that f ′ contradicts F because of a functionality
assertion, e.g. (funct Q) ∈ T , for some Q(a, b′) ∈ F , b 6= b′. Then (a, b) ∈
QI
′′

would imply that (a, b′) /∈ QI
′′

which would contradict that I ′′ is a
model of F .

4 The new possible contradiction here is that f ′ = Q(a, b′) ∈ F ′ contradicts
f ∈ F for some b′ 6= b where f = Q(a, b) and (funct Q) ∈ T . So, if
(a, b′) ∈ QI , we must set that (a, b) /∈⊆ QI. But if (a, b) /∈⊆ QI ′′, then we
have a contradiction, since I ′′ is not a model if F .

Cases 5-6 are similar to the cases 3-4.
Therefore we have that there is no interpretation I ′′ such that I ′′ ∈Mod(T ∪ F)

and I 	 I ′′ ⊂ I 	 I ′ that yields I ′ ∈ UT (I,F).

Now, we consider completeness of the algorithm.

Lemma 3.13 (Completeness). Let K = 〈T ,A〉 be a DL-LiteAS knowledge base,
F a finite set of ground DL-LiteAS membership assertions such that Mod(T ∪
F) 6= ∅, and K′ the DL-LiteAS knowledge base such that K′ = 〈T ,A′〉, where
A′ = ComputeUpdateAS(T ,A,F). Then, for every model I ∈ Mod(K), we have
that:

UT (I,F) ⊆Mod(K′).

Proof. The proof is absolutely analogous to the one of the lemma 3.13; the changes
we need will be in the procedure of building Ĭ:

STEP 1 We set Ĭ = I ′′.

STEP 2 We modify Ĭ as follows:

1. If f ′ = R(a), then we set a ∈ RĬ , where R is either C or F .

2. If f ′ = R(z), where z is a variable, then we find a constant b ∈ RI , and
we set b ∈ RĬ , where R is either C or F .

3. If f ′ = S(a, b), then we set (a, b) ∈ SĬ , a ∈ ∃SĬ , b ∈ ∃S−Ĭ , where S
is either R or VC . In the latter case, ∃S designates δ(UC), ∃S− means
ρ(UC).

4. If f ′ = VR(a, b, v), then we set (a, b, v) ∈ V ĬR , (a, b) ∈ δ(VR)Ĭ , v ∈
ρ(VR)Ĭ , a ∈ ∃δ(VR)Ĭ , b ∈ ∃δ(VR)−Ĭ .
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STEP 3 We apply recursively the following rules in order to make Ĭ satisfy T .

1. If a ∈ BĬ , B v C ∈ T , and a /∈ CI′′ , then we set a ∈ C Ĭ .

2. If a ∈ ∃QĬ and there exists no individual b ∈ ∆ such that (a, b) ∈ QI′′ ,
then for each (a, b′) ∈ QI , set (a, b′) ∈ QĬ .

3. If a ∈ ∃Q−Ĭ and there exists no individual b ∈ ∆ such that (b, a) ∈ QI′′ ,
then for each (b′, a) ∈ QI , set (b′, a) ∈ QĬ .

4. If (a, b) ∈ QĬ , Q v R ∈ T , and (a, b) /∈ RĬ , then we set (a, b) ∈ RĬ .

It is obvious that the interpretation Ĭ is a model of T (it is provided by STEP
3). Also Ĭ satisfies F ′ by construction (STEP 2). Moreover, Ĭ satisfies all other
membership assertions in A′ (since nothing was deleted). The latter affirmation
yields that Ĭ is a model of K′.

Finally, let us show that I 	 Ĭ ⊂ I 	 I ′′. We know that membership assertion
F ′ logically implied by K, so I and Ĭ agree on interpretating this part, but not
I ′′. The same situation with setting in STEP 3. The rest is interpreted by both
I ′′ and Ĭ in the same way. Thus, we have that I 	Ĭ ⊂ I 	I ′′. Contradiction with
minimality of I ′′ (see Definition 3.3).

Thereby, I ′′ ∈Mod(K′).

Since the property of expressibility of the algorithm ComputeUpdateAS can
be proved in the same way as one of ComputeUpdateRS , we can formulate the
following correctness theorem, namely:

Theorem 3.14. Let K = 〈T ,A〉 be a DL-LiteAS knowledge base, F a finite set of
ground DL-LiteAS membership assertions. Then, the algorithm ComputeUpdateAS
returns ERROR if Mod(T ) ∩Mod(F) = ∅, or returns A′, otherwise, such that
K ◦T F ≡Mod(K′), where K′ = 〈T ,A′〉.

Proof. The theorem is implied by lemmas 3.10, 3.11, 3.12, and 3.13.

Finally, let us turn to the computational complexity of the algorithm.

Theorem 3.15. Let K = 〈T ,A〉 be a DL-LiteAS knowledge base, F a finite set of
ground DL-LiteAS membership assertions such that Mod(T ∪ F) 6= ∅, and A′ =
ComputeUpdateAS(T ,A,F). Then:

• the size of A′ is polynomially bounded by the size of T ∪ A ∪ F ;

• computing A′ can be done in polynomial time in the size of T ∪ A ∪ F .

Proof. The proof is similar to the proof of analogous theorem for ComputeUpdateRS .
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ALGORITHM ComputeErasureAS(T ,A,F)
INPUT: finite set of ground membership assertions F such that ¬F satisfiable
with DL-LiteAS KB 〈T ,A〉
OUTPUT: an ABox A′, or ERROR
[1] if 〈T ,¬F〉 is not satisfiable then return ERROR
[2] else {
[3] A′′ = ComputeUpdateAS(T ,A,F)
[4] A′ := A ∩A′′
[5] }

Fig. 3.8: ComputeErasureAS

3.2.2 Erasure in DL-LiteAS

The algorithm ComputeErasureAS takes as an input a satisfiable DL-LiteAS K =
〈T ,A〉 and returns a DL-LiteAS ABox A′, such that Mod(〈T ,A′〉) = K •T F . The
idea of the algorithm is the same as in the case of erasure of DL-LiteRS KB.

Both completeness and soundness of the algorithm can be proved as it is done
in the theorem 3.9.

Lemma 3.16 (Soundness and completeness). Let K = 〈T ,A〉 be a DL-LiteRS
knowledge base, F a finite set of ground DL-LiteRS membership assertions such
that Mod(T ∪ ¬F) 6= ∅, and K′ the DL-LiteRS knowledge base such that K′ =
〈T ,A′〉, where A′ = ComputeErasureRS(T ,A,F). Then:

Mod(K′) = K •T F .

The rest of algorithm properties (such as termination, satisfiability, etc.) comes
from the analogous properties of ComputeUpdateAS .

Theorem 3.17. Let K = 〈T ,A〉 be a DL-LiteAS knowledge base, F a finite set of
ground DL-LiteAS membership assertions. Then, the algorithm ComputeErasureAS
returns ERROR if Mod(T ) ∩Mod(¬F) = ∅, or returns a DL-LiteAS ABox A′,
otherwise, such that K •T F ≡Mod(K′), where K′ = 〈T ,A′〉.

3.3 Instance-level update and erasure in DL-LiteA

Unfortunately, as it known from the results in the literature [LLMW06], the result
of an update is not generally expressible in the same language as the original KB.
What we can do in such a case is to use approximate update. Thus, in this section
we consider the notion of approximate update and erasure for DL-LiteA.

3.3.1 Update in DL-LiteA

From the example 3.1 we see that DL-LiteA is inexpressible. That is why we intro-
duce the notion of approximation in Description Logics [DGLPR07, DGLPR09].
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ALGORITHM ComputeUpdateappA (T ,A,F)
INPUT: finite set of ground membership assertions F , satisfiable with DL-LiteFS
KB 〈T ,A〉
OUTPUT: an ABox Aapp, or ERROR
[1] if 〈T ,F〉 is not satisfiable then return ERROR
[2] else
[3] Aapp := ComputeUpdateAS(T ,A,F);
[4] for each f ∈ Aapp do
[5] if f is not DL-LiteA membership assertion then Aapp := Aapp\{f};
[6] return Aapp;

Fig. 3.9: ComputeUpdateapp
A

The notion of approximation is based on fixing a priori both the language L
and the TBox T .

Definition 3.8 (Sound (L, T )-approximation). Let T be a TBox in a DL L,
and M a set of models such that M ⊆ Mod(T ). We say that a DL KB K is a
sound (L, T )-approximation of M in L if

1. K is in L;

2. K is of the form 〈T ,A〉;

3. M⊆Mod(K).

In other words, M is a subset of models of T expressed in L and its sound
(L, T )-approximation is KB K with the same TBox T , K still expressed in L and
the set of its models includesM. It is obvious that there are a lot of sound (L, T )-
approximations of M. Intuitively, some of them a better in the sense of closeness
to M, that leads us to the following definition.

Definition 3.9 (Maximal (L, T )-approximation). Let T be a TBox in a DL
L, and M a set of models such that M⊆ Mod(T ). We say that a DL KB K is a
maximal (L, T )-approximation of M in L if

1. K is a sound (L, T )-approximation of M;

2. there exists no K′ such that K′ is a sound (L, T )-approximation of M and
Mod(K′) ⊂Mod(K).

In other words, maximal (L, T )-approximation of M is a sound (L, T )-appro-
ximation K of M such that its semantics so close to M as possible.

In [DGLPR07] it was shown that when a maximal (L, T )-approximation ex-
ists, it is unique up to logical equivalence. Unfortunately, there are DLs L, KBs
K = 〈T ,A〉, and set of membership assertions F such that maximal (L, T )-
approximations of K ◦T F do not exist [DGLPR09].
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So, given a notion of maximal (L, T )-approximation, we can turn to an approx-
imate update in DL-LiteA. Our goal is to find an (L, T )-update of a DL-LiteA
KB.

Definition 3.10 ((L, T )-update). Let K = 〈T ,A〉, Kapp = 〈T ,Aapp〉 be two
KBs in DL L, and F a finite set of membership assertions expressed in L such that
Mod(T ∪ F) 6= ∅. We say that Kapp is a (L, T )-update of K with F if Kapp is a
maximal (L, T )-approximation of K ◦T F .

As it was shown in [DGLPR09], if (L, T )-update of K with T exists, it is unique
up to logical equivalence. Moreover, it was also proved that (L, T )-update captures
exactly the logical implications of the membership assertions of the “exact” update
(i.e. Kapp |= α iff K |= α, where α is an ABox assertion in L).

Despite that there are cases when (L, T )-update does not exist, it can be built
for DL-LiteA , that will be demonstrated below. Let us take a look at the algorithm
ComputeUpdateappA .

The algorithm on fig. 3.9 takes a satisfiable DL-LiteA KB 〈T ,A〉 and returns
a DL-LiteA ABox Aapp: since each DL-LiteA KB is also a DL-LiteAS KB, we
can run ComputeUpdateAS(T ,A,F) that returns a DL-LiteAS (in general) ABox.
Then it deletes all the membership assertions from it that are not DL-LiteA mem-
bership assertions, obtaining an output ABox Aapp. Though this algorithm is not
intuitively obvious, it is correct and its correctness is based on the following lemma.

Lemma 3.18. Let K = 〈T ,A〉 be a satisfiable DL-LiteAS KB, and f a DL-LiteA
membership assertion. If K |= f , then there exists a DL-LiteA membership asser-
tion f ′ ∈ A such that 〈T , {f ′}〉 |= f .

Proof. To prove this theorem, we need to recall the notion of chase of a KB. Despite
that it was defined for DL-LiteF and DL-LiteR KBs, it can be easily extended for
the case of DL-LiteA KBs. Just note that domains and concept attributes are
essentially concepts and roles correspondingly, δ(UC) and ρ(UC) act as ∃Q. A role
attribute UR is like a role adjusted for that δ(UR) is a role, not a concept.

In [CDGL+07] it has been shown that chase(K) identifies a canonical model of
K and that for every membership assertion f , K |= f iff f ∈ chase(K).

So, suppose that K |= f . By the property mentioned above, f ∈ chase(K).
Here we have to possibilities:

1. f ∈ A and the theorem is proved;

2. f /∈ A; by the inductive definition of chase(K), it follows that there is a
sequence of membership assertions f1, f2, . . . , fn such that f1 ∈ A, fn = f ,
and for each i = 1, . . . , n− 1 fi+1 is obtained from fi by applying one of the
chase rules. Thus, taking f ′ = f1, the theorem is proved.

Now, we are ready to prove correctness of ComputeUpdateappA .
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Theorem 3.19. Let K = 〈T ,A〉 be a satisfiable DL-LiteA knowledge base, F a fi-
nite set of ground DL-LiteA membership assertions. Then, the algorithm Compute
UpdateappA returns ERROR if Mod(T )∩Mod(F) = ∅, or returns DL-LiteA ABox
Aapp, otherwise, such that Kapp is a (DL-LiteA, T )-update of K with F , where
Kapp = 〈T ,Aapp〉.

Proof. Satisfiability of Kapp and termination of ComputeUpdateappA come directly
from analogous properties of ComputeUpdateAS .

We split the proof into two parts. In the first one we prove that Kapp is a sound
(DL-LiteA, T )-approximation of K ◦T F . In the second part we show maximality
of approximation.

• Let A′ = ComputeUpdateAS(T ,A,F). By construction, Aapp ⊆ A′ that
yieldsMod(A′) ⊆Mod(Aapp), and, therefore, Mod(〈T ,A′〉) ⊆Mod(〈T ,Aapp〉).
By theorem 3.14, we have that Mod(〈T ,A′〉) = K ◦T F ⊆ Mod(〈T ,Aapp〉).
Thus, by definition, Kapp is a sound (DL-LiteA, T )-approximation of K ◦T F .

• Let us assume that there is a KB K′′ = 〈T ,A′′〉 that is a sound (DL-
LiteA, T )-approximation of K ◦T F , and Mod(K′′) ⊂ Mod(Kapp). Then,
Mod(K′′ ∪ Kapp) = Mod(K′′) ∩Mod(Kapp) = Mod(K′′), that implies that
Kapp ⊂ K′′, and there exists a DL-LiteA membership assertion f ∈ A′′ such
that K ◦T F |= f and Kapp 6|= f . By theorem 3.14, we have that 〈T ,A′〉 |= f ,
and by lemma 3.18 there must exist a DL-LiteA membership assertion f ′ ∈ A′
such that 〈T , f ′〉 |= f . By construction, f ′ ∈ Aapp, and we get a contradiction
since Kapp |= f . Thus, Kapp is a (DL-LiteA, T )-update of K with F .

Since ComputeUpdateAS runs in polynomial time, it follows immediately that
ComputeUpdateappA runs in polynomial time as well.

Theorem 3.20. Let K = 〈T ,A〉 be a DL-LiteA knowledge base, F a finite set of
ground DL-LiteAS membership assertions such that Mod(T ∪F) 6= ∅, and Aapp =
ComputeUpdateappA (T ,A,F). Then:

• the size of Aapp is polynomially bounded by the size of T ∪ A ∪ F ;

• computing Aapp can be done in polynomial time in the size of T ∪ A ∪ F .

3.3.2 Erasure in DL-LiteA

In the same way as we have done it in the case of update, we now introduce the
notion of maximal approximation of instance-level erasure in a DL L.

Definition 3.11 ((L, T )-erasure). Let K = 〈T ,A〉, Kapp = 〈T ,Aapp〉 be two
KBs in DL L, and F a finite set of membership assertions expressed in L such that
Mod(T ∪ F) 6= ∅. We say that Kapp is a (L, T )-erasure of K with F if Kapp is a
maximal (L, T )-approximation of K •T F .
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ALGORITHM ComputeErasureappA (T ,A,F)
INPUT: finite set of ground membership assertions F , satisfiable with DL-LiteFS
KB 〈T ,A〉
OUTPUT: an ABox Aapp, or ERROR
[1] if 〈T ,¬F〉 is not satisfiable then return ERROR
[2] else
[3] Aapp := ComputeErasureAS(T ,A,F);
[4] for each f ∈ Aapp do
[5] if f is not DL-LiteA membership assertion then Aapp := Aapp\{f};
[6] return Aapp;

Fig. 3.10: ComputeErasureapp
A

This algorithm works as ComputeUpdateappA does: it takes original ABox A,
computes ComputeErasureAS , and deletes from it all the membership assertions
which are not DL-LiteA ones.

The correctness of the algorithm can be proved in a similar way with Compute
UpdateappA .

Theorem 3.21. Let K = 〈T ,A〉 be a satisfiable DL-LiteA knowledge base, F a fi-
nite set of ground DL-LiteA membership assertions. Then, the algorithm Compute
ErasureappA returns ERROR if Mod(T )∩Mod(F) = ∅, or returns DL-LiteA ABox
Aapp, otherwise, such that Kapp is a (DL-LiteA, T )-erasure of K with F , where
Kapp = 〈T ,Aapp〉.

Proof. Satisfiability of Kapp and termination of ComputeErasureappA come directly
from analogous properties of ComputeErasureAS .

The fact that Kapp is a maximal (DL-LiteA, T )-erasure of K with F can be
proved in the same way as it has done for ComputeUpdateappA in theorem 3.19.

Finally, computational complexity result has no difference with one of Compute
UpdateappA .

Theorem 3.22. Let K = 〈T ,A〉 be a DL-LiteA knowledge base, F a finite set
of ground DL-LiteAS membership assertions such that Mod(T ∪ F) 6= ∅, and
Aapp = ComputeErasureappA (T ,A,F). Then:

• the size of Aapp is polynomially bounded by the size of T ∪ A ∪ F ;

• computing Aapp can be done in polynomial time in the size of T ∪ A ∪ F .
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Typically, intension-level does not change so often as instance-level, but it can be
necessary if the structure of domain of interest has changed. For example, if in
an enterprise has been restructured such that some department has got another
superdepartment and cannot participate in projects of the old one, it must be
reflected in the corresponding ontology by changing its intensional level. So, now
we want to consider what happens if the set of protected formulas [Win88b] is
not equal to a TBox, but included in it. Let us observe different updates and
possible problems that can arise. But firstly, note that inserting assertion must be
consistent with a set of protected formulas.

First of all, let DL-LiteFR be a combination of DL-LiteF and DL-LiteR such
that if Q v R appears in a TBox T , then (funct R) is not in T .

So, Let K = 〈T ,A〉 be a DL-LiteFR KB, Tpr ⊂ T a set of protected formulas.
Then, we can extend the notion of update to the considered case.

Definition 4.1 (Model update). Let T be a TBox in a DL L, Tpr a set of
protected assertions, I a model of T , and F a finite set of assertions in L such
that Mod(Tpr ∪ F) 6= ∅. The update of I with F , denoted UTpr (I,F), is defined
as follows:

UTpr (I,F) = {I ′ | I ′ ∈Mod(Tpr ∪ F) and
there exists no I ′′ ∈Mod(Tpr ∪ F) s.t. I 	 I ′′ ⊂ I 	 I ′}.

Definition 4.2 (Update). Let K = 〈T ,A〉 be a KB expressed in DL L, and F a
finite set of assertions expressed in L such that Mod(Tpr ∪ F) 6= ∅. The update of
K with F , denoted K ◦Tpr

F , is defined as follows:

K ◦Tpr F =
⋃

I∈Mod(K)

UTpr (I,F).

Then, let us examine different cases of an insertion f .

1. f = B1 v B2. Such an assertion cannot contradict ABox assertions, so if we
have that for every interpretation I of K, BI1 6⊆ BI2 , that means that the assertion
B1 v ¬B2 is in cln(T ). The latter statement is implied by a theorem in [CDGL+07]
which says that if a TBox includes only positive inclusion assertions (PIs), that a
KB 〈T ,A〉 is always satisfiable. Thus, if T ′ = T ∪ {f} is inconsistent, then we
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know that a KB 〈T ′P ,A〉, where T ′P is a set of all PIs (f ∈ T ′P ), is satisfiable and
inconsistency is caused by f and some negative inclusion assertion (NI).

An intuitive solution is make B1 v ¬B2 not belonging to cl(T ) any longer.

Example 4.1. Let us consider the following DL-Lite KB:
TBox ABox
A1 v A2 A1(a)
A2 v ¬A3

,

and Tpr = ∅1. The canonical interpretation I of the KB is:
AI1 = {a}
AI2 = {a}
AI3 = ∅

Let an inserted assertion f be equal A1 v A3. An update UTpr (I, {f}) includes
only one model:

AI1 = {a}
AI2 = {a}
AI3 = {a}

It is obvious that f does not contradict with A1 v A2 and A2 v ¬A3 separately,
but three of them make inconsistency. What is a TBox assertion that must be
deleted? It is obvious that it is the latter one. So, the resulting KB is:

TBox ABox
A1 v A2 A1(a)
A1 v A3

M

2. f = A1 v ¬A2. In this case we may have a contradiction with both TBox
and ABox (or more precisely a contradiction involving ABox). Let us consider the
following example.

Example 4.2. Having the resulting KB from the example 4.1 Its canonical inter-
pretation is

AI1 = {a}
AI2 = {a}
AI3 = {a}

Let insertion f = A1 v ¬A3. We have two interpretations in the update:
I II
AI1 = ∅ AI1 = {a}
AI2 = {a} AI2 = {a}
AI3 = {a} AI3 = ∅

It obvious, that there exists no DL-LiteFR KB K′ that describes this pair of
models, since it is required that K′ |= (A1(a) ∨A3(a)) ∧ ¬(A1(a) ∧A3(a)).

M

1 Further we will mean that Tpr = ∅ if it is not specified.
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Now let us glance at the instance-level conflict.

Example 4.3. So, let us consider the following DL-Lite KB:
TBox ABox Interpretation

A1(a) AI1 = {a}
A2(a) AI2 = {a}

The insertion of an assertion f = A1 v ¬A2 gives us two resulting models:
I II
AI1 = {a} AI1 = ∅
AI2 = ∅ AI2 = {a}

From the fact that K1 |= (A1(a) ∨ A2(a)) ∧ ¬(A1(a) ∧ A2(a)), where K1 is a
resulting KB, we can gather that K1 cannot be expressed in DL-LiteFR.

M

3. f = Q1 v Q2. This case has not many differences with the first one.

Example 4.4. Given a DL-Lite KB and its interpretation
TBox ABox Interpretation

Q1 v ¬Q2 Q1(a, b) QI1 = {(a, b)}

Updating the model with f = Q1 v Q2, we obtain
TBox ABox Interpretation

Q1 v Q2 Q1(a, b) QI1 = {(a, b)}
QI2 = {(a, b)}

M

But in contrast to the case when f = B1 v B2, a new problem may arise. Recall
that we have the restriction that if a role Q appears at the right side of some role
inclusion assertion Q′ v Q, a functional assertion (funct Q) is not allowed.

Example 4.5. Let K = 〈T ,A〉 be a DL-LiteFR knowledge base:
T A Canonical interpretation I

(funct Q) Q1(a, b) QI1 = {(a, b)}
Q2(a, c) QI2 = {(a, c)}

Let f be Q1 v Q2. Then the update consist of the only model
QI1 = {(a, b)}
QI2 = {(a, b), (a, c)}

What is the KB K′ that describes the set of updating models? At first sight, it
must be

T ′ A′
Q1 v Q2 Q1(a, b)

Q2(a, c)

Well, it is obvious that Mod(K′) includes the obtained model. But the problem
is that the model I ′
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QI
′

1 = {(a, b)}
QI
′

2 = {(a, b), (a, c), (a, d)}
also belongs to Mod(K′) and there is no model Ĭ in Mod(K) such that I ′ ∈
UTpr (Ĭ, {f}), since (a, d) /∈ QĬ2 because of functionality of Q2 and its appearance
in I ′ contradicts the minimality change principle. It is cannot be either that
(d, b) ∈ QĬ1 and insertion of f gives us (a, d) ∈ QI′2 because (a, d) must be in QI

′

1

by the same minimality principle.
The only legal KB K′ here is

T ′ A′
Q1 v Q2 Q1(a, b)

(funct Q2) Q2(a, c)
,

but using both role functionality and role inclusion assertions gives the following
complexity [ACKZ09]:

Checking satisfiability of the ontology:
ExpTime-complete in the size of the ontology (combined complexity)
PTime-complete in the size of the ABox (data complexity)

TBox reasoning:
ExpTime-complete in the size of the TBox

Query answering:
NP-complete in the size of the query and the ontology (comb. com.)
ExpTime-complete in the size of the ontology
PTime-complete in the size of the ABox (data complexity)

M

4. f = Q1 v ¬Q2. This case is similar to the second one.

5. f = (funct Q). Here we have the similar conflict as we did in the case 3:
syntactical restriction on DL-LiteFR TBox.

Example 4.6. Given a DL-LiteFR KB
TBox ABox Canonical interpretation I

Q1 v Q2 Q1(a, b) QI1 = {(a, b)}
Q2(a, c) QI2 = {(a, b), (a, c)}

and an insertion f = (funct Q). Then UTpr (I, {f}) consist of two models
I II
QI1 = {(a, b)} QI1 = {(a, b)}
QI2 = {(a, b)} QI2 = {(a, c)}

.

And again, the fact that K′ |= (Q2(a, b) ∨Q2(a, c)) ∧ ¬(Q2(a, b) ∧Q2(a, c)) is not
expressible in DL-LiteFR.

M

Having Q(a, b) and Q(a, c) in an ABox, an insertion f = (funct Q) brings
about the same problem as in the example above.
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4.1 Updating TBox: Problems and Their Solutions

In this section we consider the mentioned problems in more details and offer ways
to solve them.

4.1.1 Updating TBoxes with PIs

Suppose we have a DL-LiteFR knowledge base K = 〈T ,A〉 and a positive inclusion
assertion f = B1 v B2 such that Mod({f}) ∩Mod(Tpr) 6= ∅. Our goal is to build
such a KB K′ = 〈T ′,A′〉 that Mod(K′) = K ◦Tpr F .

Example 4.7. Consider the following KB K and its model:
TBox ABox

Chordates v Animals Mammals(wolf)
Chordates(crocodile)

,

and its model:
I
MammalsI = {wolf}
ChordatesI = {crocodile}
AnimalsI = {crocodile}

Let us assume that we want to update K with f = Mammals v Chordates.
An update UTpr (I, {f}) of I includes I ′:

MammalsI
′

= {wolf}
ChordatesI

′
= {crocodile, wolf}

AnimalsI
′

= {crocodile}
,

that intuitively wrong, since wolf must be also an animal.

M

Of course, AnimalsI
′

will include wolf if we put Chordates v Animals in Tpr.
But if it is not done or there are some reasons not to do it, we anyway would like
TBox assertions to hold in an update if they do not contradict f .

Thus, the definition of update given that worked at the instance-level is no
longer adequate. Let us try to obtain a new definition. But firstly

Definition 4.3 (Model update). Let T be a TBox in a DL L, Tpr a set of
protected assertions, I a model of T , and F a finite set of assertions in L such
that Mod(T ∪ F) 6= ∅. The update of I with F , denoted UTpr (I,F), is defined as
follows:

UTpr (I,F) = {I ′ | I ′ ∈Mod(Tm ∪ F) }

and I ′ satisfies the conditions that follow:

1. for every membership assertion f implied by K, if f does not contradict F ,
then I ′ ∈Mod({f} ∪ Tm ∪ F);

2. there exists no I ′′ ∈Mod(Tm∪F) such that I ′′ satisfies clause 1 and I	I ′′ ⊂
I 	 I ′;
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where Tm is a maximal subset of cl(T ) such that Mod(Tm ∪ F) 6= ∅.

Introducing Tm in the last definition allow us to delete that assertions that
contradict f and to keep the rest.

As it has been mentioned in the example 4.1, f = B1 v B2 is inconsistent
with a TBox T iff there is an assertion f ′ ∈ cln(T ) such that f ′ is equal to either
B1 v ¬B2 or B2 v ¬B1. By construction of a DL-Lite TBox it is obvious that
B1 is disjoint with B2 iff either disjointness is already in the TBox, or there is a
concept B3 such that B3 and B2 are disjoint and B1 v B3 ∈ clt(T ) (or B1 and B3

are disjoint and B2 v B3 ∈ clt(T )), where clt(T ) is transitive closure of ‘v’ over T
defined in natural way. Thereby, when we delete this negative inclusion assertion,
we delete inconsistency.

The example below demonstrated why we should delete a negative assertion
and not a positive one.

Let us assume a DL-Lite KB
TBox ABox I
A1 v A2 A1(a) AI1 = {a}
A2 v ¬A3 AI2 = {a}

AI3 = ∅

,

and let f = A1 v A3. It is easy to see that T ∪ {f} is inconsistent and we have
two possibilities for Tm ∪ {f}: either (i) A1 v A2, A1 v A3, or (ii) A2 v ¬A3

and A1 v A3.

An update UTm(i)(I, {f}) includes I ′, and an update UTm(ii)(I, {f}) includes
I ′′:
I ′ I ′′
AI1 = {a} AI1 = {a}
AI2 = {a} AI2 = ∅
AI3 = {a} AI3 = {a}

.

It is plain that I 	 I ′ ⊂ I 	 I ′′. That is why Tm(ii) is more preferable.

M

4.1.2 Updating TBoxes with NIs

Updating KBs with NI, we can have conflicts on both intensional and instance
levels. The first type of conflicts is essentially the same as in the case of PIs.

Example 4.8. Suppose we have the following KB

TBox ABox I
A1 v A2 A1(a) AI1 = {a}
A2 v A3 AI2 = {a}

AI3 = {a}

,
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and f = A1 v ¬A3. As in the example 4.1.1 we have two possibilities for
Tm ∪ {f}: (i) A1 v A2 and A1 v ¬A3, or (ii) A2 v A3 and A1 v ¬A3. And
here we should choose the first one by the same reason as in the example 4.1.1.

M

Thus, as we can see both that cases are essentially the same. Inserting B v B′,
we can build a chain

B v B1, B1 v B2, . . . , Bn−1 v Bn, Bn v ¬B′.

Inserting B v ¬B′, a chain looks like

B v B1, B1 v B2, . . . , Bn−1 v Bn, Bn v B′.

Note that the last assertions in both chains are in TBoxes. We should delete
a ‘top’ of a chain, i.e. Bn v ¬B′ or Bn v B′ correspondingly. Why ‘top’?
Suppose, that we have a ∈ BI , where I is a canonical model of the original
KB (that is a ∈ BĬ for every model Ĭ of the KB). That yields a ∈ BIi for
i = 1, . . . , n. Deleting Bk v Bk+1 instead of the ‘top’, we get thereby that
a /∈ BI

′

i for i = k + 1 . . . , n, where I ′ is a canonical model for the obtained
KB. Thus, we have I 	 I ′′ ⊂ I 	 I ′, where I ′′ is a canonical model of the KB
obtained with deleting the ‘top’.

Now, let us consider the conflict describing in the example 4.3. Recall that we
have A1(a), A2(a) in ABox and an insertion f = A1 v ¬A2. Obtained KB
K′ must imply (A1(a) ∨ A2(a)) ∧ ¬(A1(a) ∧ A2(a)). Obviously, it cannot be
expressed in DL-LiteFR. We consider several possibilities to deal with this.

Prioritization. In [Win90] it was introduced the notion of prioritization of
predicates, that is easily encoded heuristic that helps us cope with the problem
of proliferation of models. If in standard definition one of the points that
I ′ ∈ UT (I, F ) is unexisting of I ′′ such that I	I ′′ ⊂ I	I ′, under prioritization
I ′′ must agree with I ′ on predicates with high priority2.

We cannot apply this method directly to our problem, but we can use the
hierarchical approach. Let us suppose that we have an order on the set of
concept and role names. Then, having conflict like in in the example 4.3, we
keep unchanged that predicate that is higher in the hierarchy.

Example 4.9. Consider again the example 4.3. Let the order be A1 > A2.
Then, the resulting model is
AI1 = {a}
AI2 = ∅.

M

2 I′ and I′′ agree on a predicate A if AI
′

= AI
′′

.
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Boolean ABox. Another possibility is extend our language to one that is closed
under updating. For example, the set of models like in the example 4.3, can
be described by DL with boolean ABox: (A1 ∨ A2) ∧ ¬(A1 ∧ A2)(a). But the
problem here is that a boolean KB is equivalent to a standard KB with the union
t [ABHM03], that e.g. gives us complexity NP-complete of concept satisfiability
[DLNN97]. Updating boolean ABoxes is considered in [LLMW06, DLB+09].

4.1.3 Updating TBoxes with functional assertions

Recall the example 4.5. According to it, we cannot delete functional assertions
from a TBox if it violates syntax restrictions we have. From the other hand,
keeping such an assertion in a TBox, we can obtain a KB with the complexity
properties that are mentioned in the example. That is why we should avoid
updates in such a cases if we are going to face this kind of violation. So:

An update of a KB K = 〈T ,A〉 with an inclusion assertion Q v R

is forbidden if (funct R) ∈ T . (4.1)

and

An update of a KB K = 〈T ,A〉 with an functional assertion (funct R)

is forbidden if Q v R ∈ T for some Q. (4.2)

The other problem described in the example 4.6 can be solved with the same
methods from the section 4.1.2: either prioritization or using boolean ABox.

4.2 TBox Update in DL-LiteFR

In this section we consider the process of TBox update for DL-LiteFR. It is
obvious that in general an update of DL-LiteFR KB is not expressible in DL-
LiteFR. So, this section is split into two parts: in the first one the algorithm
is described, which takes as input a DL-LiteFR KB K = 〈T ,A〉, and returns
as output a DL-LiteFRS KB K′ = 〈T ′,A′〉, such that K ◦(Tpr·P) F = Mod(K′).
The algorithm in the second part takes K′ as input and returns Kapp, where
Kapp is a maximal (DL-LiteFR, T ′)-approximation of K ◦(Tpr·P) F .

4.2.1 TBox Update: from DL-LiteFR to DL-LiteFRS

In this section we suggest the algorithm to update a DL-LiteFRS knowledge
base with a set of TBox assertions. First, we take the assertions 4.1 and 4.2
made in the section 4.1.3 about syntax conflict. Concerning ABox conflict, we
will use prioritization.

First of all, let us define the notion of prioritization.
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ALGORITHM ComputeTBoxUpdateFRS(T ,A,F ,P)
INPUT: finite set of inclusion assertions F , satisfiable with DL-LiteFR KB 〈T ,A〉
OUTPUT: a TBox T ′ and an ABox A′ made wrt prioritization P, or ERROR
[1] if 〈Tpr,F〉 is not satisfiable then return ERROR
[2] else {
[3] F := cl(F)
[4] T − := ∅
[5] A− := ∅
[6] for each F ∈ F do
[7] if F is B1 v B2 then {
[8] if T ,A |= B1 v ¬B2 then T − := T − ∪ {B1 v ¬B2}
[9] if T ,A |= B2 v ¬B1 then T − := T − ∪ {B2 v ¬B1}
[10] for each B′ v ¬B1 ∈ cl(T ) and for each B1 v ¬B′′ ∈ cl(T ) do {
[11] if T ,A |= B2 v B′ then T − := T − ∪ {B′ v ¬B1}
[12] if T ,A |= B2 v B′′ then T − := T − ∪ {B1 v ¬B′′}
[13] }
[14] for each B′ v ¬B2 ∈ cl(T ) and for each B2 v ¬B′′ ∈ cl(T ) do {
[15] if T ,A |= B1 v B′ then T − := T − ∪ {B′ v ¬B2}
[16] if T ,A |= B1 v B′′ then T − := T − ∪ {B2 v ¬B′′}
[17] }
[18] }
[19] if F is B1 v ¬B2 then {
[20] if T ,A |= B1 v B2 then T − := T − ∪ {B1 v B2}
[21] if T ,A |= B2 v B1 then T − := T − ∪ {B2 v B1}
[22] for each B′ v B1 ∈ cl(T ) and for each B1 v B′′ ∈ cl(T ) do {
[23] if T ,A |= B2 v B′ then T − := T − ∪ {B′ v B1}
[24] if T ,A |= B2 v B′′ then T − := T − ∪ {B1 v B′′}
[25] }
[26] for each B′ v B2 ∈ cl(T ) and for each B2 v B′′ ∈ cl(T ) do {
[27] if T ,A |= B1 v B′ then T − := T − ∪ {B′ v B2}
[28] if T ,A |= B1 v B′′ then T − := T − ∪ {B2 v B′′}
[29] }
[30] for each B′ v max(B1, B2) ∈ cl(T ) do {
[31] for each B′(a) ∈ A and for each max(B1, B2)(a) ∈ A do
[32] for each fB ∈ Saturate(min(B1, B2)(a), T )
[33] if T ,A |= fB then A− := A− ∪ {fB}
[34] }

Fig. 4.1: Algorithm ComputeTBoxUpdateFRS , part 1
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[35] if F is Q1 v Q2 then {
[36] if T ,A |= Q1 v ¬Q2 then T − := T − ∪ {Q1 v ¬Q2}
[37] if T ,A |= Q2 v ¬Q1 then T − := T − ∪ {Q2 v ¬Q1}
[38] for each Q′ v ¬Q1 ∈ cl(T ) and for each Q1 v ¬Q′′ ∈ cl(T ) do {
[39] if T ,A |= Q2 v Q′ then T − := T − ∪ {Q′ v ¬Q1}
[40] if T ,A |= Q2 v Q′′ then T − := T − ∪ {Q1 v ¬Q′′}
[41] }
[42] for each Q′ v ¬Q2 ∈ cl(T ) and for each Q2 v ¬Q′′ ∈ cl(T ) do {
[43] if T ,A |= Q1 v Q′ then T − := T − ∪ {Q′ v ¬Q2}
[44] if T ,A |= Q1 v Q′′ then T − := T − ∪ {Q2 v ¬Q′′}
[45] }
[46] }
[47] if F is Q1 v ¬Q2 then {
[48] if T ,A |= Q1 v Q2 then T − := T − ∪ {Q1 v Q2}
[49] if T ,A |= Q2 v Q1 then T − := T − ∪ {Q2 v Q1}
[50] for each Q′ v Q1 ∈ cl(T ) and for each Q1 v Q′′ ∈ cl(T ) do {
[51] if T ,A |= Q2 v Q′ then T − := T − ∪ {Q′ v Q1}
[52] if T ,A |= Q2 v Q′′ then T − := T − ∪ {Q1 v Q′′}
[53] }
[54] for each Q′ v Q2 ∈ cl(T ) and for each Q2 v Q′′ ∈ cl(T ) do {
[55] if T ,A |= Q1 v Q′ then T − := T − ∪ {Q′ v Q2}
[56] if T ,A |= Q1 v Q′′ then T − := T − ∪ {Q2 v Q′′}
[57] }
[58] for each Q′ v max(Q1, Q2) ∈ cl(T ) do
[59] for each Q′(a, b) ∈ A and for each max(Q1, Q2)(a, b) ∈ A do
[60] for each fQ ∈ Saturate(min(Q1, Q2)(a, b), T )
[61] if T ,A |= fQ then A− := A− ∪ {fQ}
[62] }
[63] if F is (funct Q) then {
[64] for each Q(a, b) ∈ A do
[65] for each QS(a, c) ∈ Saturate(Q(a, c), T ) do
[66] if T ,A |= QS(a, c) and min(b, c) = c then A− := A− ∪ {QS(a, c)}
[67] for each Q′(a, b) ∈ A such that Q′ v Q ∈ cl(T ) do
[68] for each QS(a, c) ∈ Saturate(Q(a, c), T ) do
[69] if T ,A |= QS(a, c) and min(b, c) = c then A− := A− ∪ {QS(a, c)}
[70] }
[71] T ′ := T ∪ F
[72] for each F ′ ∈ T − do {
[73] if F ′ is B1 v ¬B2 then {
[74] T ′ := T ′\{F ′}

Fig. 4.2: Algorithm ComputeTBoxUpdateFRS , part 2
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[75] for each B′ v B1 ∈ cl(T ) do
[76] if B′ v B1 /∈ T − then T ′ := T ′ ∪ {B′ v ¬B2}
[77] for each B′′ v B2 ∈ cl(T ) do
[78] if B′′ v B2 /∈ T − then T ′ := T ′ ∪ {B′′ v ¬B1}
[79] }
[80] if F ′ is B1 v B2 then
[81] T ′ := T ′\{F ′}
[82] if F ′ is Q1 v ¬Q2 then {
[83] T ′ := T ′\{F ′}
[84] for each Q′ v Q1 ∈ cl(T ) do
[85] if Q′ v Q1 /∈ T − then T ′ := T ′ ∪ {Q′ v ¬Q2}
[86] for each Q′ v Q2 ∈ cl(T ) do
[87] if Q′ v Q2 /∈ T − then T ′ := T ′ ∪ {Q′ v ¬Q1}
[88] }
[89] if F ′ is Q1 v Q2 then
[90] T ′ := T ′\{F ′}
[91] }
[92] A′ := A
[93] for each f ′ ∈ A− do {
[94] if f ′ = B(a) then {
[95] A′ := A′\B(a)
[96] for each B v B1 ∈ cl(T ) do
[97] if B1(a) /∈ A− then A′ := A′ ∪ {B1(a)}
[98] if f ′ = ∃Q(a) then
[99] for each ∃Q− v C1 ∈ cl(T ) do
[100] A′ := A′ ∪ {C1(z∃R(a))}, withz∃R(a) new variable
[101] }
[102] if f ′ = Q(a, b) then {
[103] A′ := A′\{Q(a, b),∃Q(a),∃Q−(b)}
[104] for each Q v Q1 in cl(T ) do
[105] if Q1(a, b) /∈ A− then A′ := A′ ∪ {Q1(a, b)};
[106] for each ∃Q v C2 in cl(T ) do
[107] if C2(a) /∈ A− then A′ := A′∪{C2(a)}
[108] for each ∃Q− v C3 in cl(T ) do
[109] if C3(b) /∈ A− then A′ := A′ ∪ {C3(b)}
[110] }
[111] }
[112] }

Fig. 4.3: Algorithm ComputeTBoxUpdateFRS , part 3
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Definition 4.4. Let us have a DL KB K = 〈T ,F〉, and let us assume that
there exist:

• a linear order on the set of all basic concepts occurring in K: B1 <C B2 <C
· · · <C Cn

3;

• a linear order on the set of all basic roles occurring in K: Q1 <R Q2 <R
· · · <R Qm;

• a linear order on the set of all constants occurring in K: a1 <I a2 <I
· · · <I ak.

Then the prioritization P is a pair 〈max,min〉 of function such that

max(X1, X2) =

 X1 if X2 <Y X1

X2 if X1 <Y X2

ERROR otherwise
;

min(X1, X2) =

 X2 if X2 <Y X1

X1 if X1 <Y X2

ERROR otherwise
,

where Y ∈ {C,R, I}.

Now, let us introduce the notion of model update under prioritization.

Definition 4.5 (Model update under prioritization). Let T be a TBox in
a DL L, Tpr a set of protected assertions, P a prioritization over K, I a model
of T , and F a finite set of assertions in L such that Mod(T ∪ F) 6= ∅. The
update of I with F , denoted UTpr (I,F), is defined as follows:

UTpr·P(I,F) = {I ′ | I ′ ∈Mod(Tm ∪ F)},

and I ′ satisfies the conditions that follow:

1. for every NI L v R ∈ cl(F),min(L,R)I
′ ∩max(L,R)I = ∅;

2. for every (funct Q) ∈ F , such that if for every a ∈ ∃QI , I |= Q(a, b1), . . . ,
Q(a, bn), then I ′ satisfies Q(a, b), where b = max(b1, . . . , bn)4 and does not
satisfy Q(a, b′) for every b′ 6= b;

3. for every membership assertion f implied by K, if f does not contradict
F with respect to clauses 1 and 2, then I ′ ∈Mod({f} ∪ Tm ∪ F);

4. there exists no I ′′ ∈ Mod(Tm ∪ F) such that I ′′ satisfies clauses 1-3 and
I 	 I ′′ ⊂ I 	 I ′;

where Tm is a maximal subset of cl(T ) such that Mod(Tm ∪ F) 6= ∅.
3 This set of all concepts includes also ∃Q and ∃Q− for any Q appearing in K.
4 The function max of arity two can be extended to n-ary case trivially.
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The condition min(B1, B2)I
′ ∩max(B1, B2)I = ∅ provides that in the case of

ABox conflicts (see example 4.2) it will be solved according to the prioritization.

Definition 4.6 (Update). Let K = 〈T ,A〉 be a KB expressed in DL L, subset
Tpr of T is a set of protected assertions, P is a prioritization over K, and F
a finite set of TBox assertions expressed in L such that Mod(Tpr ∪ F) 6= ∅.
The update of K with F with respect to P, denoted K ◦(Tpr·P) F , is defined as
follows:

K ◦T F =
⋃

I∈Mod(K)

UTpr·P(I,F).

The algorithm on the Fig. 4.1-4.3 takes as input a DL-LiteFR knowledge base
K = 〈T ,A〉 and a set of finite DL-LiteFS TBox assertions F , and returns as
output an DL-LiteFRS TBox T ′ and ABox A′ such that Mod(K′) = K ◦T F ,
where K′ = 〈T ′,A′〉. Or more precisely:

1. First, it checks whether Tpr and F are satisfiable (line 1), and if they are, it
adds to F all those assertions that logically implied by F , i.e. it computes
cl(F).

2. Second, it makes sets T − and A− of TBox and membership assertions
correspondingly which contradict F and are logically implied by K (lines
3-70).
In the case when F ∈ F is a positive inclusion assertion (line 7) B1 v B2,
NIs B1 v ¬B2 and B2 v ¬B1 contradict F directly, therefore, if they
are implied by K, we add them to T − (lines 8-9). Moreover, if some
superconcept B′ (or B′′) of B2 is disjoint with B1, it yields disjointness of
B2 and B1; that is why we add B′ v ¬B1 (or B1 v ¬B′′) to T −. Then,
we should do the same checking for superconcepts of B1 (lines 10-16).
Analogously, if F is a negative inclusion assertion B1 v ¬B2 (line 19), we
check if B1 v B2 and B1 v B2 are implied by K (lines 20-21), and we
make checking about superconcepts of B1 and B2 in the same way as for
inserting a PI (lines 22-28).
The difference between these two cases above (PIs and NIs) does not ac-
tually matter, since ¬C = ¬B if C = B, and ¬C = B if C = ¬B. But
we consider them separately because in the case of NI we may have addi-
tional conflict on the ABox level. Thus, we choose the “bigger” predicate
max(B1, B2) (line 30), and for each constant a such that max(B1, B2)(a)
is implied by K (line 31), we check whether K implies min(B1, B2)(a) as
well. If it does, we add the candidate min(B1, B2)(a) to be deleted to A−
(lines 32-33).
Further, we do the similar things for role inclusion assertion, positive
Q1 v Q2 (lines 35-44) and negative Q1 v ¬Q2 (lines 47-61). Note that
interactions between roles and concepts are reflected in cl(T ). For exam-
ple, having Q′ v Q′′ and ∃Q′′ v A′ in a TBox, the assertion ∃Q′ v A′ is
implied; by definition of cl(T ), the assertion belongs to it.
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The last type of TBox assertions is a functional one. Here we do not
change T −, but only A−, since we may have only problems at the ABox
level. Thereby, if (funct Q) ∈ F (line 63), we check for each Q(a, b) in
the ABox (line 64) whether functionality is violated. We examine every
role QS such that QS(a, c) ∈ A for some c and T , QS(a, c) |= Q(a, c) (line
65), and if c <I b, QS(a, c) is added to A− (line 66). Then we do the
similar thing for those Q(a′, b′) that are not in A but are implied by K
(lines 67-69). Note that if in line 66 b <I c, then we should add Q(a, b) to
A−, that is done at the lines 67-69.

3. Third, we make changes in the TBox as consistent with F (line 71-90). We
start with T ′ equal to T ∪ F (line 71), and then delete all the assertions
that contradict F and add those assertions that are implied by T and
do not contradict F . Particularly, if B1 v B2 ∈ T − then we exclude it
from T ′ and add B′ v ¬B2 if B′ v B1 and it is not in T − (lines 73-
76). Similarly, we do the same for all subconcepts of B2 (lines 77-78). In
analogous way, we do it for role PIs (lines 80-81), role NIs (line 82-87),
and role PIs (lines 89-90).
Note that for the case of excluding concept PI (and role PI as well) we
need not do the subconcept checking, since B1 v B2 (resp. Q1 v Q2) can
appear in T − if and only if they must be disjoint according to F . Thus,
if B′ v B1, the original KB K implies that B′ v B2, but since B1 and
B2 must be disjoint with respect to F , so all the subconcepts of B1 are
also disjoint with B2. Subconcept checking is required in the case of PIs
in T −, because they arise if we have B1 v B2 in F and B1 can be disjoint
with a subconcept of B2 and be another subconcept of B2.

4. Finally, we change the ABox. Starting with A′ equal A, we delete all
membership assertions that contradict F (NIs and functional assertions)
and put those assertions that are implied by deleted ones and do not
contradict F , i.e. do not belong to A−, in the similar way as we did for
DL-LiteRS instance level update (fig. 3.1) (lines 92-109).

Consider correctness of the algorithm. Start from satisfiability of K′.

Lemma 4.1 (Satisfiability). Let K = 〈T ,A〉 be a DL-LiteFR knowledge
base, P a prioritization over K, F a finite set of DL-LiteFR TBox assertions
such that Mod(Tpr ∪ F) 6= ∅, F satisfies the assertions 4.1 and 4.2, and K′
the DL-LiteFRS knowledge base such that K′ = 〈T ′,A′〉, where (T ′,A′) =
ComputeTBox UpdateFRS(T ,A,F ,P). Then, we have that K′ is always sat-
isfiable.

Proof. According to algorithm ComputeTBoxUpdateFRS , K′ is obtained by

1. Inserting into TBox:

• a finite set of TBox assertions F such that Mod(Tpr ∪ F) 6= ∅ (line
71).
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• a finite set of TBox assertions T ′′ that do not contradict F and are
logically implied by cl(Tm ∪ F); it is done in the lines 76, 78, 85, and
87.

2. Deleting from TBox: all those PIs and NIs were deleted that contradict F
(lines 8-16, 20-28, 36-44, and 48-56).

3. Inserting into ABox: a finite set A′′ of ABox assertions that are implied
by K and do not contradict F (lines 97, 105, 107, and 109).

4. Deleting from ABox: all those membership assertions that contradict F
with respect to P (lines 33, 61, 66, and 69).

Thus, we have that A′ = (A ∪ A′′)\A−, T ′ = (T ∪ F ∪ T ′′)\T −. Then,
by the data K is satisfiable (i.e. Mod(T ∪ A) 6= ∅) that leads to satisfia-
bility of K′: Mod(T ′ ∪ A′) = Mod([(T ∪ F ∪ T ′′)\T −] ∪ [(A ∪A′′)\A−]) =
Mod((T ∪ F ∪ T ′′ ∪A ∪A′′)\(T − ∪ A−)).

Consider the problem of algorithm termination.

Lemma 4.2 (Termination). Let K = 〈T ,A〉 be a DL-LiteFR knowledge base,
P a prioritization over K, F a finite set of DL-LiteFR TBox assertions such
that Mod(Tpr ∪ F) 6= ∅, F satisfies the assertions 4.1 and 4.2. Then the algo-
rithm ComputeTBoxUpdateFRS(T ,A,F ,P) terminates, returning ERROR if
Mod(Tpr ∪ F) = ∅, and a TBox T ′ and an ABox A′ such that 〈T ′,A′〉 is a
DL-LiteFRS knowledge base, otherwise.

Proof. The proof of the theorem follows from the observations below:

1. The algorithm calls Saturate a finite number of times. This algorithm
stops, since cl(T ) is finite for a finite T , returning a finite output.

2. The algorithm of checking whether K |= F for some F terminates; the
number of membership assertions to be checked is finite since they belong
to outputs of Saturate.

3. Deleting TBox assertions of T − and introducing new assertions (lines 72-
90) terminates since both cl(T ) and T − are finite. The latter set is finite
again because of finiteness of cl(T ).

4. Deleting membership assertions of A− and introducing new assertions
(lines 93-109) terminates since both A− and cl(T ) are finite.

〈T ′,A′〉 is obviously a DL-LiteFRS KB, since all inserted TBox assertions are
DL-LiteFR assertions, every inserted ABox assertion is a DL-LiteFRS assertion
by definition.

Now, let us consider soundness and completeness of the algorithm.
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Lemma 4.3 (Soundness). Let K = 〈T ,A〉 be a DL-LiteFR knowledge base,
P a prioritization over K, F a finite set of DL-LiteFR TBox assertions such
that Mod(Tpr ∪ F) 6= ∅, F satisfies the assertions 4.1 and 4.2, and K′ the
DL-LiteFRS knowledge base such that K′ = 〈T ′,A′〉. Then, for every model
I ′ ∈Mod(K′), we have that:

∃I ∈Mod(K) such that I ′ ∈ UTpr·P(I,F),

where (T ′,A′) = ComputeTBoxUpdateFRS(T ,A,F ,P).

Proof. The structure of proof is following: firstly, we show how to build for each
model I ′ of K′ a model I of K. Then, we show that I ∈ UTpr (I,F).

Let I ′ be a model of K′ and not be a model of K. This means that there
exist a subset A− of A and a subset T − of T \T pr such that for each f ∈ A−,
Mod({f}) ∩Mod(I ′) = ∅, and for each F ∈ T −, Mod({F}) ∩Mod(I ′) = ∅.
Let F− designates T − ∪ A−.

We build a model I step by step as it described below.

STEP 1. Set I0 := I ′.
STEP 2. Modify I0 as follows. For each f ∈ A− do:

1. if f is B(a), then set aI0 ∈ BI0 ;
2. if f is Q(a, b), then set (a, b)I0 ∈ QI0 , aI0 ∈ ∃QI0 , and bI0 ∈ ∃Q−I0 .

STEP 3. For each F ∈ T − do:

1. if F is B1 v B2, then for each c ∈ BI01 set c ∈ BI02 ;
2. if F is B1 v ¬B2, then for each c ∈ BI01 set c /∈ BI02 ;
3. if F is Q1 v Q2, then for each (c, d) ∈ QI01 set (c, d) ∈ QI02 , c ∈ ∃QI02 ,

and d ∈ ∃Q−I02 ;
4. if F is Q1 v ¬Q2, then for each (c, d) ∈ QI01 set (c, d) /∈ QI02 .

STEP 4. Set Ii := Ii−1 and i := 1.
Repeat the following rules:

1. if c ∈ BIi , B v C ∈ T , and c /∈ CIi−1 , then set a ∈ CIi ;
2. if c ∈ ∃QIi and there is no d ∈ ∆Ii−1 such that (c, d) ∈ QIi−1 ,

then add (c, d′) ∈ QIi and d′ ∈ ∃Q−Ii , where d′ ∈ ∆Ii is a new
element such that if (funct Q) ∈ T , then there exists no c′′ such that
(c′′, d′) ∈ QIi−1 ;

3. if (c, d) ∈ QIi , Q v R ∈ T , and (c, d) /∈ RIi−1 , then set (c, d) ∈ RIi .
4. if (c, d) ∈ QIi and c /∈ ∃QIi−1 (resp., d /∈ Q−Ii−1), then set c ∈ ∃QIi

(resp., d ∈ ∃Q−Ii);
5. if c ∈ ¬∃QIi , then for each (c, d) ∈ QIi−1 set (c, d) /∈ QIi , and if there

exists no c′ 6= c such that (c′, d) ∈ QIi−1 , then set d /∈ ∃Q−Ii .
6. i := i+ 1.
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Until Ii = Ii−1.

We apply STEP 4 until In+1 = In, and then set I = In. It is obvious that I is
a model of K: (i) initially, I0 is a model of T \T − (by STEP 1, since I ′ is) and
it comes to be a model of T − after STEP 3; (ii) in the STEP 3 we make those
settings that are logically implied by T , so Ii is a model of T for each i; (iii)
also, I is a model of A, since I0 is a model of A\A− and turns to be a model
of A− after STEP 2. Note that I ′ is a model of F since F ⊆ T ′.
Now, let us suppose that I ′ /∈ UTpr·P(I,F). That means that there exists a
model I ′′ ∈ Mod(Tm ∪ F) such that I 	 I ′′ ⊂ I 	 I ′. The latter inclusion
means that one of the following cases occurs:

1. There is c such that c ∈ AI and c ∈ AI′′ , but c /∈ AI′ .
2. There is c such that c /∈ AI and c /∈ AI′′ , but c ∈ AI′ .
3. There is (c, d) such that (c, d) ∈ QI and (c, d) ∈ QI′′ , but (c, d) /∈ QI′ .
4. There is (c, d) such that (c, d) /∈ QI and (c, d) /∈ QI′′ , but (c, d) ∈ QI′ .

Let us consider these cases one by one.

1. In this case, we have following possibilities. First of them is: A(a) ∈ A−
and was removed by the algorithm ComputeTBoxUpdateFRS .

• It was added to A− at the line 33 (because of inserting some NI).
In this case, A(c) ∈ Saturate(B′(c), T ) and it contradicts an NI
B′ v ¬B′′ or B′′ v ¬B′, i.e., A(c) contradicts F (with respect to
the prioritization P). Since I ′′ is a model of F , so c ∈ AI

′′
yields

contradiction.

Second possibility is that c was set into A by the procedure of building I.

• Suppose it was done in STEP 2, item 1. That is c ∈ AI was set to
satisfy A−. That is if c ∈ AI′′ , then I ′′ is not a model of F . Thus,
we have a contradiction.

• Suppose it was done in STEP 3, item 1. That is there is an inclusion
assertion B′ v A contradicting F . The latter fact leads to that B′

and A must be disjoint in any model of update of I. Furthermore,
since c ∈ B′I , K |= B′(c)5 and K |= A(c), but K′ 6|= A(c), it means
that max(B′, A) = B′. Then, c ∈ min(B′, A)I ∩ max(B′, A)I

′′
con-

tradicts the notion of update according with the definition 4.5 and
I ′′ /∈ UTpr·P(I,F).

• Suppose it was done in STEP 4, item 1. This means that c ∈ BI and
B v A ∈ T . That is c ∈ BI was set to satisfy A− and c ∈ AI was
set to satisfy T . That is K |= B(c) and K |= A(c) because of B v A.

5 The case when K 6|= B′(c) but K′ |= B′(c) because of PI B′′ v B′ ∈ F can be solved in
similar way taking into account that B′′ and A must be disjoint in any model of update of I as
well.
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But B(c) was removed from A′ at the line 95, and the fact that A(c)
was not added to A′ at the line 97 means that A(c) contradicts F
with respect to P. Thus, c ∈ AI

′′
contradicts that I ′′ belongs to

UTpr·P(I,F).

2. This case can be reduced to the previous one by considering that c ∈ ¬AI ,
a ∈ ¬AI′′ , and a /∈ ¬AI′ .

3. This case also yields two main possibilities. The first one is that Q(c, d)
was removed by the algorithm.

• Similar to the concept case 1, Q(c, d) was added to A− at the line
61. In this case, Q(c, d) ∈ Saturate(Q′(c, d), T ) and it contradicts an
NI Q′ v ¬Q′′ or Q′′ v ¬Q′, i.e., Q(c, d) contradicts F (with respect
to the prioritization P). Since I ′′ is a model of F , so c ∈ AI′′ gives
contradiction.

• Q(c, d) logically implies someB(c) that comes from Saturate(B(c), T ),
and B(c) contradicts F with respect to P (lines 60-61)6. Here, (c, d) ∈
QI
′′

also contradicts that I ′′ is a model of F .
• Q(c, d) was put to A− either at the line 66 or at the line 69. Anyway,

it violets a functional assertion in F , and (c, d) ∈ AI′′ contradicts that
I ′′ is a model of F .

Another possibility is that (c, d) was set intoQ by the procedure of building
I.

• Suppose it was done in STEP 2, item 2. That is (c, d) ∈ QI was set
to satisfy A−. That is if (c, d) ∈ QI′′ , then I ′′ is not a model of F .
Thus, we have a contradiction.

• Suppose it was done in STEP 3, item 3. This case is analogous to
the similar case in the section 1 about concepts. Like there, we have
that there is an inclusion assertion Q′ v Q that contradicts F . This
leads that Q′ and Q must be disjoint in any model of update of I.
Then, K |= Q′(c, d) and K |= Q(c, d), but K′ 6|= Q(c, d), it means
that max(Q′, Q) = Q′. Thus, (c, d) ∈ min(Q′, Q)I ∩ max(Q′, Q)I

′′

contradicts the notion of update according with the definition 4.5 and
I ′′ /∈ UTpr·P(I,F).

• Suppose it was done in STEP 4, item 3. This means that (c, d) ∈ Q′I
and Q′ v Q ∈ T . That is (c, d) ∈ Q′I was set to satisfy A− and
(c, d) ∈ QI was set to satisfy T . That is K |= Q′(c, d) and K |= Q(c, d)
because of Q′ v Q. But Q′(c) was removed from A′ at the line 103,
and the fact that Q(c, d) was not added to A′ at the line 105 means
that Q(c, d) contradicts F with respect to P. Thus, (c, d) ∈ QI

′′

contradicts that I ′′ belongs to UTpr·P(I,F).
• Suppose it was done in STEP 4, item 2. That is c ∈ ∃QI and there

exists no d′ such that (c, d′) ∈ QI′ . That means that ∃Q(c) is logically
6 Recall that Q designates either P or P−.
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implied by some assertion from F−. Thus, if (c, d) ∈ QI
′′
, then it

contradicts that I ′′ is a model of UTpr·P(I,F).

4. Let us consider the latter case. Since the building I was begun from I ′,
so (c, d) /∈ QI was set in either:

• STEP 3, item 4. This means that (c, d) /∈ QI was set to satisfy some
NI Q′ v ¬Q ∈ T − that contradicts F . Thus, if (c, d) ∈ QI′′ , it cannot
be a model of UTpr·P(I,F). There is a contradiction.

• Or STEP 4, item 5. This means that firstly (c, d) belonged to QIi ,
but it was removed at the iteration j, where i < j, to satisfy T ,
so c ∈ ¬∃QI . That is c /∈ ∃QI0 appeared at the STEP 3 item 4
to satisfy a NI contradicting F . Since K |= ¬∃Q(c), so c ∈ ∃QI′ , or
(c, d) ∈ QI′ appeared because of algorithm. They cannot be set at the
line 97, neither at the line 103, since they add only those membership
assertions that implied by K. Thus, they appeared because of some PI
in F : (i) Q′ v Q ∈ F , and Q′(c, d) is implied by (T \T −,A\A−,F);
so, if (c, d) /∈ QI′′ , I ′′ is not a model of F . (ii) B v ∃Q ∈ F and B(c)
is implied by (T \T −,A\A−,F). Since both I ′ and I ′′ are models of
F , we have that c ∈ ∃QI′ and c ∈ ∃QI′′ , but according to assumption,
d /∈ ∃Q−I′′ . Thus, for some d′, (c, d′) ∈ QI′′ and (c, d′) /∈ QI′ . The
latter expression yields I 	 I ′′ 6⊂ I 	 I ′.

Therefore, we have that there is no interpretation I ′′ such that I ′′ ∈Mod(Tm∪
F) and I 	 I ′′ ⊂ I 	 I ′, that yields I ′ ∈ UTpr·P(I,F).

Lemma 4.4 (Completeness). Let K = 〈T ,A〉 be a DL-LiteFR knowledge
base, P a prioritization over K, F a finite set of DL-LiteFR TBox assertions
such that Mod(Tpr ∪F) 6= ∅, F satisfies the assertions 4.1 and 4.2, and K′ the
DL-LiteFRS knowledge base such that K′ = 〈T ′,A′〉. Then, for every model
I ∈Mod(K):

UTpr·P(I,F) ⊆Mod(K′),
where (T ′,A′) = ComputeTBoxUpdateFRS(T ,A,F ,P).

Proof. Suppose that there exists an interpretation I ′′ ∈ UTpr·P(I,F)\Mod(K′).
Therefore, I ′′ /∈Mod(T ′)∩Mod(A′). Then I ′′ does not satisfy some assertion
F occurring in K′.

Mod(T ′). Let us suppose, that F ∈ T ′\F . Note that T ′ includes the following
membership assertions: (i) assertions that are implied by K and do not con-
tradict F (contradicting ones were added to T − and removed); (ii) assertions
belonging to cl(F); (iii) assertions that are implied by F and the assertions
of type (i), in other words, belonging to cl(Tm ∪ F) (see definition 4.5). The
assertions of the latter type were added to T ′ in the lines 76, 78, 85, 87.

Thus, if I ′′ does not satisfy assertion of type (i), it is not a model of Tm. If I ′′
does not satisfy assertion of type (ii), it is not a model of F . Finally, if I ′′ does
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not satisfy assertion of type (iii), it is not a model of Tm ∪ F . All three cases
lead to I ′′ /∈ UTpr·P(I,F), yielding contradiction.

Mod(A′). As it has been shown, I ′′ ∈ Mod(T ′). Now, let us suppose that
I /∈Mod(A′), i.e. F ∈ A′. Note that every assertion in A′ either is in A, or is
not in A but implied by K (added to A′ at the line 97, or 100, or 105, or 107,
or 109). Moreover, by construction of A′, all its assertions do not contradict F
with respect to prioritization P. Hence, according to definition 4.5 clause 3, I ′′
satisfies F . Thus, we have a contradiction, and I ′′ ∈Mod(K′).

From lemmas 4.1, 4.2, 4.3, and 4.4 the following theorem is got directly.

Theorem 4.5. Let K = 〈T ,A〉 be a DL-LiteFR knowledge base, P a pri-
oritization over K, F a finite set of DL-LiteFR TBox assertions such that
Mod(Tpr ∪ F) 6= ∅, F satisfies the assertions 4.1 and 4.2. Then, the algo-
rithm ComputeTBox UpdateFRS(T ,A,F ,P) returns ERROR if Mod(Tpr) ∩
Mod(F) = ∅, or returns (T ′,A′), otherwise, such that K ◦Tpr·P F ≡Mod(K′),
where K′ = 〈T ′,A′〉.

Now we turn to computational complexity.

Theorem 4.6. Let K = 〈T ,A〉 be a DL-LiteFR knowledge base, P a pri-
oritization over K, F a finite set of DL-LiteFR TBox assertions such that
Mod(Tpr ∪ F) 6= ∅, F satisfies the assertions 4.1 and 4.2, and K′ the DL-
LiteFRS knowledge base such that K′ = 〈T ′,A′〉. Then:

• the size of T ′ is polynomially bounded by the size of T ∪ A ∪ F ;

• computing T ′ can be done in polynomial time in the size of T ∪ A ∪ F .

• the size of A′ is polynomially bounded by the size of T ∪ A ∪ F ;

• computing A′ can be done in polynomial time in the size of T ∪ A ∪ F ;

where (T ′,A′) = ComputeTBoxUpdateFRS(T ,A,F ,P)

Proof. The theorem is proved by the following observations:

1. The function Saturate runs in polynomial time in the size of T .

2. Saturate is called a finite number of times by ComputeTBoxUpdateFRS :
the number of calling at each of lines 32, 60, 65, and 68 no more then
cardinality of A.

3. For each f ∈ Saturate, the checking whether K |= f is LogSpace in A.

4. For each F ∈ cl(T ), the checking whether K |= F is LogSpace in A.

5. For each f ′ ∈ A− the cost of eliminating f ′ from A′ is polynomial in the
size of A.
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ALGORITHM ComputeTBoxUpdateappFR(T ,A,F ,P)
INPUT: finite set of TBox assertions F , DL-LiteFS KB 〈T ,A〉, a prioritization
P over K
OUTPUT: a TBox T app and an ABox Aapp, or ERROR
[1] if 〈Tpr,F〉 is not satisfiable then return ERROR
[2] else
[3] (T app,Aapp) := ComputeTBoxUpdateFRS(T ,A,F ,P);
[4] for each f ∈ Aapp do
[5] if f is not DL-LiteFR membership assertion then Aapp := Aapp\{f};
[6] return (T app,Aapp);

Fig. 4.4: ComputeTBoxUpdateapp
FR

6. For each F ′ ∈ T − the cost of eliminating f ′ from T ′ is polynomial in the
size of T .

4.2.2 TBox Approximate Update:
from DL-LiteFRS to DL-LiteFR

The final section is dedicated to the approximate update of DL-LiteFR KB.
First of all, note that the lemma 3.18 is still valid, since each DL-LiteFR KB is
a DL-LiteA KB.

So, we can prove correctness of ComputeTBoxUpdateappFR(T ,A,F ,P) algo-
rithm.

Theorem 4.7. Let K = 〈T ,A〉 be a satisfiable DL-LiteFR knowledge base, P
a prioritization over K, F a finite set of DL-LiteA TBox assertions. Then, the
algorithm ComputeTBoxUpdateappFR returns ERROR if Mod(Tpr)∩Mod(F) =
∅, or returns DL-LiteFR TBox T app and ABox Aapp, otherwise, such that Kapp
is a maximal (DL-LiteFR, T ′)-approximation of K ◦(Tpr·P) F , where Kapp =
〈T app,Aapp〉, T ′ is updated TBox.

Proof. The proof of this theorem is absolutely analogous to the proof of the the-
orem 3.19. Note that if in the case of instance update a TBox does not change
and it is the same in an original DL-LiteA KB, in its DL-LiteAS update, in its
approximate update, and as a set of protected formulas. But in this case we
should take into account that we compute approximation for DL-LiteFRS up-
date of an initial KB. Thus, if T concerns the result of ComputeTBoxUpdateFRS
algorithm, it should be T ′. The theorem which is referred in the proof is theo-
rem 4.5.
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5. CONCLUSION

In this work, we have studied the problem of updating knowledge bases de-
scribed in DL-Lite languages. We have considered updates for both the instance-
level and the intensional-level.

More specifically, in the first part, we have focused on updating ABoxes with
new membership assertions. Our update approach is based on the Possible
Model Approach proposed in [Win90], and then adapted to the DL case in
[Pog06]. In the thesis we extended the results of [Pog06] for DL-LiteF by
considering DL-LiteR and the more expressive logic DL-LiteA. Our main con-
tribution of the first part is showing that both languages have good closure
characteristic concerning updates. That is the fact that though the result of
an update is in general not expressible in the language of the original KB (DL-
LiteR or DL-LiteA), it is always expressible within DL-Lite itself. We have
defined a subfamily of the DL-Lite languages, DL-LiteS , which is a minimal
extension of the “classic” DL-Lite languages closed under update. This sub-
family allows for looser membership assertions in the ABox, notably, C(x) and
R(a, b), where C is a general concept, R is a general role, and x is a so-called
soft constant, which is in essence an existentially quantified variable.

Then, we have focused on updates for the logics DL-LiteAS and DL-LiteA. Our
main contribution in this part is that we introduced an algorithm that takes
a DL-LiteAS knowledge base K as input and returns a DL-LiteAS ABox that
corresponds to the update. Since every DL-LiteA KB is also a DL-LiteAS one,
we can apply the algorithm to such a KB and get its update which in general
in DL-LiteAS . Since it is natural to have updates expressed in the original
language, we have considered the notion of approximate update. That is, having
a DL-LiteA KB, we can get another one which is also described in DL-LiteA and
is as close to the update as possible, using a suitable notion of distance between
KBs. A corresponding approximation algorithm has been presented and this
is our second contribution of this part of the thesis. Our next contribution is
an algorithm to obtain erasure in DL-LiteAS . An important characteristic of
erasure is that deleting information from a KB we do not prohibit it, but we
make it uncertain, as opposed to updating with the negation of the fact that
just forbids it. Our algorithm can handle this notion of erasure. We notice that
the two latter algorithms are based on the one for updating DL-LiteA, hence,
they inherit its tractable computational properties: they can be run in time
polynomial in the size of the KB.
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In the last part, we have examined intensional level update. Since a DL-Lite
TBox usually implies more assertions than it contains explicitly, the definition
that has been adapted for the instance level case is no more applicable. TBox
update under the instance level definition contradicts intuition. Another prob-
lem that has arisen is that changes in the TBox have an effect on the extensional
level, and they may cause appearing disjunctive information in the KB. Since we
would like to stay within DL-Lite with its tractable computational properties,
and disjunctions increase complexity, we have proposed to solve this problem by
putting prioritization over KB predicates. The main contribution of this part of
the thesis is an algorithm that takes a DL-LiteFR knowledge base and returns
its TBox update, but expressed in DL-LiteFRS . To get back to DL-LiteFR,
we proposed an approximation of the update. The latter algorithm can run in
polynomial time in the size of the KB.

We see several interesting directions for continuing our research. The first one is
to implement the algorithms presented in this thesis. Related to this point, the
algorithms must be studied in the sense of optimization techniques to deal with
ontologies that include very large ABoxes. Particularly, it would be interesting
to avoid chasing of the ABox and TBox data with TBox ontologies at run time
of our update algorithms. Instead it is desirable to “push” updates and erasures
into ABoxes stored under relational DBMS by using techniques analogous to
query rewriting.

Second, a classical model-based approach has been adopted to update and era-
sure. Other approaches to update and erasure might be interesting, among
them, approaches based on belief revision.

Finally, prioritization proposed in Chapter 4 could be improved. In the current
algorithm, the order over predicates is up to the user. It would, for example,
be of interest to consider building an order on the fly according to the number
of TBox assertions a predicate takes part in.



BIBLIOGRAPHY

[ABHM03] Carlos Areces, Patrick Blackburn, Bernadette Martinez Hernan-
dez, and Maarten Marx. Handling boolean aboxes. In In Proc. of
the 2003 Description Logic Workshop (DL 2003) (2003), CEUR
(http://ceur-ws.org, 2003.

[ACKZ09] Alessandro Artale, Diego Calvanese, Roman Kontchakov, and
Michael Zakharyaschev. The DL-Lite family and relations. J.
of Artificial Intelligence Research, 36, 2009.
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