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Motivation

• Relational Calculus and Relational Algebra were considered to be “the” database

languages for a long time

• Codd: A query language is “complete,” if it yields Relational Calculus

• However, Relational Calculus misses an important feature: recursion

• Example: A metro database with relation links:line, station, nextstation

What stations are reachable from station “Odeon”?

Can we go from Odeon to Tuileries?

etc.

• It can be proved: such queries cannot be expressed in Relational Calculus

• This motivated a logic-programming extension to conjunctive queries: datalog
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Exam
ple:M

etro
D
atabase

Instance

links
line

station
nextstation

4
S
t.G
erm

ain
O
deon

4
O
deon

S
t.M
ichel

4
S
t.M

ichel
C
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C
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1
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R
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1
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C
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program
forfirstquery:

r
e
a
c
h
(X

,
X
)
←

l
i
n
k
s
(L

,
X
,
Y
)

r
e
a
c
h
(X

,
X
)
←

l
i
n
k
s
(L

,
Y
,
X
)

r
e
a
c
h
(X

,
Y
)
←

l
i
n
k
s
(L

,
X
,
Z
),
r
e
a
c
h
(Z

,
Y
)

a
n
s
w
e
r
(X

)
←

r
e
a
c
h
(‘O

d
e
o
n
‘,
X
)

N
ote:recursive

definition

Intuitively,ifthe
partrightof“←

”is
true,the

rule
“fires”and

the
atom

leftof“←
”is

concluded.
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The
D
atalog

Language

•
datalog

is
akin

to
Logic

P
rogram

m
ing

•
The

basic
language

(considered
next)has

m
any

extensions

•
There

existseveralapproaches
to
defining

the
sem

antics:

M
odel-theoretic

approach:

V
iew

rules
as
logicalsentences,w

hich
state

the
query

result

O
perational(fixpoint)approach:

O
btain

query
resultby

applying
an
inference

procedure,

untila
fixpointis

reached

Proof-theoretic
approach:

O
btain

proofs
offacts

in
the

query
result,follow

ing
a
proofcalculus

(based
on
resolution)

D
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D
atalog

vs.Logic
Program

m
ing

A
lthough

D
atalog

is
akin

to
Logic

P
rogram

m
ing,there

are
im
portantdifferences:

•
There

are
no

functions
sym

bols
in
datalog.C

onsequently,no
potentially

infinite
data

structures,such
as
lists,are

supported

•
D
atalog

has
a
purely

declarative
sem

antics.In
a
datalog

program
,

–
the

orderofclauses
is
irrelevant

–
the

orderofatom
s
in
a
rule

body
is
irrelevant

•
D
atalog

program
s
adhere

to
the

active
dom

ain
sem

antics

(like
S
afe

R
elationalC

alculus,R
elationalA

lgebra)

•
D
atalog

distinguishes
betw

een

–
database

relations
(“extensionaldatabase”,edb)and

–
derived

relations
(“intensionaldatabase”,idb)

D
atalog

C
om
putationalLogic

5

Syntax
of“plain

datalog”,or“datalog”

D
efinition.A

datalog
rule

r
is
an
expression

ofthe
form

R
0 (�x

0 )
←

R
1 (�x

1 ),...,R
n
(�x

n
)

(1)

•
w
here

n
≥

0,

R
0 ,...

,R
n
are

relations
nam

es,and

�x
0 ,...,�x

n
are

vectors
ofvariables

and
constants

(from
d
o
m
)

•
every

variable
in

�x
0
occurs

in
�x

1 ,...,�x
n
(“safety”)

R
em
arks.

•
The

head
ofr,denoted

H
(r),is

R
0 (�x

0 )

•
The

body
ofr,denoted

B
(r),is

{
R

1 (�x
1 ),...

,R
n
(�x

n
)
}

•
The

rule
sym

bol“←
”is

often
also

w
ritten

as
“:
-
”

D
efinition.A

datalog
program

is
a
finite

setofdatalog
rules.

D
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D
atalog

Program
s

LetP
be
a
datalog

program
.

•
A
n
extensionalrelation

ofP
is
a
relation

occurring
only

in
rule

bodies
ofP

•
A
n
intensionalrelation

ofP
is
a
relation

occurring
in
the

head
ofsom

e
rule

in
P

•
The

extensionalschem
a
ofP

,edb(P
),consists

ofallextensionalrelations
ofP

•
The

intensionalschem
a
ofP

,idb(P
),consists

ofallintensionalrelations
ofP

•
The

schem
a
ofP

,sch(P
),is

the
union

ofedb(P
)and

idb(P
).

R
em
arks.

•
S
om
etim

es,extensionaland
intensionalrelations

are
explicitly

specified.Itis

possible
then

forintensionalrelations
to
occuronly

in
rule

bodies
(butsuch

relations
are

ofno
use

then).

•
In
a
Logic

P
rogram

m
ing

view
,the

term
“predicate”is

used
as
synonym

for

“relation”or“relation
nam

e.”
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The
M
etro

Exam
ple

/1

D
atalog

program
P
on
m
etro

database
schem

e

M
=
{
l
i
n
k
s

:
l
i
n
e
,
s
t
a
t
i
o
n
,
n
e
x
t
s
t
a
t
i
o
n
}:

r
e
a
c
h
(X

,
X
)
←

l
i
n
k
s
(L

,
X
,
Y
)

r
e
a
c
h
(X

,
X
)
←

l
i
n
k
s
(L

,
Y
,
X
)

r
e
a
c
h
(X

,
Y
)
←

l
i
n
k
s
(L

,
X
,
Z
),
r
e
a
c
h
(Z

,
Y
)

a
n
s
w
e
r
(X

)
←

r
e
a
c
h
(
′O
d
e
o
n
′,
X
)

H
ere,

e
d
b(P

)
=
{
l
i
n
k
s
}

(=
M

),

id
b(P

)
=
{
r
e
a
c
h
,
a
n
s
w
e
r
}
,

s
ch

(P
)

=
{
l
i
n
k
s
,
r
e
a
c
h
,
a
n
s
w
e
r
}

D
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D
atalog

Syntax
(cntd)

•
The

setofconstants
occurring

in
a
datalog

program
P
is
denoted

as
a
d
o
m

(P
)

•
G
iven

a
database

instance
I,w

e
define

the
active

dom
ain

ofP
w
ith
respectto

I

as

a
d
o
m

(P
,
I)

:=
a
d
o
m

(P
)
∪

a
d
o
m

(
I),

thatis,as
the

setofconstants
occurring

in
P
and

I

D
efinition.Letν

:
v
a
r(r)
∪

d
o
m
→

d
o
m
be
a
valuation

fora
rule

r
ofform

(1).

Then
the

instantiation
ofr

w
ith

ν
,denoted

ν
(r),is

the
rule

R
0 (ν

(�x
0 ))
←

R
1 (ν

(�x
1 )),...

,R
n
(ν

(�x
n
))

w
hich

results
from

replacing
each

variable
x
w
ith

ν
(x

).
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The
M
etro

Exam
ple

/2

•
Forthe

datalog
program

P
above,w

e
have

thata
d
o
m

(P
)
=
{
O
deon

}

•
W
e
considerthe

database
instance

I:

links
line

station
nextstation

4
S
t.G
erm

ain
O
deon

4
O
deon

S
t.M
ichel

4
S
t.M

ichel
C
hatelet

1
C
hatelet

Louvres
1

Louvres
Palais-R

oyal
1

Palais-R
oyal

Tuileries
1

Tuileries
C
oncorde

Then
a
d
o
m

(
I)

=
{4,

1,
S
t.G
erm

ain,
O
deon,

S
t.M
ichel,

C
hatelet,

Louvres,

Palais-R
oyal,Tuileries,C

oncorde}

•
Also

a
d
o
m

(P
,
I)

=
a
d
o
m

(
I).

D
atalog
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The
M
etro

Exam
ple

/3

•
The

rule

r
e
a
c
h
(S
t
.G
e
r
m
a
i
n
,
O
d
e
o
n
)
←

l
i
n
k
s
(L
o
u
v
r
e
s
,
S
t
.G
e
r
m
a
i
n
,
C
o
n
c
o
r
d
e
),

r
e
a
c
h
(C
o
n
c
o
r
d
e
,
O
d
e
o
n
)

is
an
instance

ofthe
rule

r
e
a
c
h
(X

,
Y
)
←

l
i
n
k
s
(L

,
X
,
Z
),
r
e
a
c
h
(Z

,
Y
)

ofP
:

take
ν
(X

)
=
S
t.G
erm

ain,ν
(L

)
=
Louvres,ν

(Y
)
=
O
deon,ν

(Z
)
=
C
oncorde
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D
atalog:M

odel-Theoretic
Sem

antics

G
eneralIdea:

•
W
e
view

a
program

as
a
setoffirst-ordersentences

•
G
iven

an
instance

I
ofe

d
b(P

),the
resultofP

is
a
database

instance
of

s
ch

(P
)
thatextends

I
and

satisfies
the

sentences
(or,is

a
m
odelofthe

sentences)

•
There

can
be
m
any

m
odels

•
The

intended
answ

eris
specified

by
particularm

odels

•
These

particularm
odels

are
selected

by
“external”conditions

D
atalog
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LogicalTheory
Σ

P

•
To
every

datalog
rule

r
ofthe

form
R

0 (�x
0 )
←

R
1 (�x

1 ),...
,R

n
(�x

n
),w

ith

variables
x

1 ,...,x
m
,w
e
associate

the
logicalsentence

σ
(r):

∀
x

1 ,···∀
x

m
(R

1 (�x
1 )
∧
···
∧

R
n
(�x

n
)
→

R
0 (�x

0 ))

•
To
a
program

P
,w
e
associate

the
setofsentences

Σ
P

=
{
σ
(r)
|
r
∈

P
}.

D
efinition.LetP

be
a
datalog

program
and

I
an
instance

ofe
d
b(P

).Then,

•
A
m
odelofP

is
an
instance

ofs
ch

(P
)
thatsatisfies

Σ
P

•
W
e
com

pare
m
odels

w
rtsetinclusion

“⊆
”(in

the
Logic

P
rogram

m
ing

perspective)

•
The

sem
antics

ofP
on
input

I,denoted
P

(
I),is

the
leastm

odelofP

containing
I,ifitexists.

D
atalog
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Exam
ple

Forprogram
P
and

instance
I
ofthe

M
etro

E
xam

ple,the
leastm

odelis:

links
line

station
nextstation

4
St.G

erm
ain

O
deon

4
O
deon

S
t.M
ichel

4
St.M

ichel
C
hatelet

1
C
hatelet

Louvres
1

Louvres
Palais-R

oyal
1

Palais-R
oyal

Tuileries
1

Tuileries
C
oncorde

reach
St.G

erm
ain

St.G
erm

ain
O
deon

O
deon

·
·
·

C
oncorde

C
oncorde

S
t.G
erm

ain
O
deon

St.G
erm

ain
St.M

ichel
S
t.G
erm

ain
C
hatelet

S
t.G
erm

ain
Louvres

·
·
·

answ
er

O
deon

St.M
ichel

C
hatelet
Louvres
Palais-R

oyal
Tuileries
C
oncorde

D
atalog
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Q
uestions

•
Is
the

sem
antics

P
(
I)
w
ell-defined

forevery
inputinstance

I?

•
H
ow

can
one

com
pute

P
(
I)?

O
bservation:Forany

I,there
is
a
m
odelofP

containing
I

•
Let

B
(P

,
I)
be
the

instance
ofs

ch
(P

)
such

that

B
(P

,
I)(R

)
=

⎧⎨⎩
I(R

)
foreach

R
∈

e
d
b(P

)

a
d
o
m

(P
,
I)

a
r
ity

(R
)
foreach

R
∈

id
b(P

)

•
Then:

B
(P

,
I)
is
a
m
odelofP

containing
I

⇒
P

(
I)
is
a
subsetof

B
(P

,
I)

(ifitexists)

•
N
aive

algorithm
:explore

allsubsets
of

B
(P

,
I)

D
atalog
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Elem
entary

Properties
of

P
(
I)

LetP
be
a
datalog

program
,
I
an
instance

ofe
d
b(P

),and
M

(
I)
the

setofall

m
odels

of P
containing

I.

Theorem
.The

intersection
⋂

M
∈
M

(
I)

M
is
a
m
odelofP

.

C
orollary.

1.
P

(
I)

=
⋂

M
∈
M

(
I)

M

2.
a
d
o
m

(P
(
I))
⊆

a
d
o
m

(P
,
I),thatis,no

new
values

appear

3.
P

(
I)(R

)
=

I(R
),foreach

R
∈

e
d
b(P

).

C
onsequences:

•
P

(
I)
is
w
ell-defined

forevery
I

•
IfP

and
I
are

finite,the
P

(
I)
is
finite

atalog
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W
hy
C
hoose

the
LeastM

odel?

There
are

tw
o
reasons

to
choose

the
leastm

odelcontaining
I:

1.
The

C
losed

W
orld

A
ssum

ption:

•
Ifa

factR
(�c)

is
nottrue

in
allm

odels
ofa

database
I,then

inferthatR
(�c)

is

false

•
This

am
ounts

to
considering

I
as
com

plete

•
...w

hich
is
custom

ary
in
database

practice

2.
The

relationship
to
Logic

P
rogram

m
ing:

•
D
atalog

should
desirably

m
atch

Logic
P
rogram

m
ing

(seam
less

integration)

•
Logic

P
rogram

m
ing

builds
on
the

m
inim

alm
odelsem

antics

D
atalog
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R
elating

D
atalog

to
Logic

Program
m
ing

•
A
logic

program
m
akes

no
distinction

betw
een

e
d
b
and

id
b

•
A
datalog

program
P
and

an
instance

I
ofe

d
b(P

)
can

be
m
apped

to
the

logic

program

P
(P

,
I)

=
P
∪

I

(w
here

I
is
view

ed
as
a
setofatom

s
in
the

Logic
P
rogram

m
ing

perspective)

•
C
orrespondingly,w

e
define

the
logicaltheory

Σ
P

,I
=

Σ
P
∪

I

•
The

sem
antics

ofthe
logic

program
P

=
P

(P
,
I)
is
defined

in
term

s
of

H
erbrand

interpretations
ofthe

language
induced

by
P
:

–
The

dom
ain

ofdiscourse
is
form

ed
by
the

constants
occurring

in
P

–
E
ach

constantoccurring
in
P
is
interpreted

by
itself

D
atalog
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H
erbrand

Interpretations
ofLogic

Program
s

G
iven

a
rule

r,w
e
denote

by
C
onst(r)

the
setofallconstants

in
r

D
efinition.Fora

(function-free)logic
program

P
,w
e
define

•
the

H
erbrand

universe
ofP

,by

H
U

(P
)

=
⋃r
∈
P

C
onst(r)

•
the

H
erbrand

base
ofP

,by

H
B

(P
)

=
{
R

(c
1 ,...,c

n
)
|
R
is
a
relation

in
P

,

c
1 ,...,c

n
∈

H
U

(P
),
and

a
r(R

)
=

n
}

atalog
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Exam
ple

P
=
{

a
r
c
(a

,
b
).

a
r
c
(b

,
c
).

r
e
a
c
h
a
b
l
e
(a

).

r
e
a
c
h
a
b
l
e
(Y

)
←

a
r
c
(X

,
Y
),
r
e
a
c
h
a
b
l
e
(X

).
}

H
U

(P
)

=
{
a
,
b
,
c
}

H
B

(P
)

=
{
a
r
c
(a

,
a
),

a
r
c
(a

,
b
),

a
r
c
(a

,
c
),

a
r
c
(b

,
a
),

a
r
c
(b

,
b
),

a
r
c
(b

,
c
),

a
r
c
(c

,
a
),

a
r
c
(c

,
b
),

a
r
c
(c

,
c
),

r
e
a
c
h
a
b
l
e
(a

),
r
e
a
c
h
a
b
l
e
(b

),
r
e
a
c
h
a
b
l
e
(c

)}

D
atalog
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G
rounding

•
A
rule

r
′is

a
ground

instance
ofa

rule
r
w
ith
respectto

H
U

(P
),ifr

′
=

ν
(r)

fora
valuation

ν
such

thatν
(x

)
∈

H
U

(P
)
foreach

x
∈

v
a
r(r).

•
The

grounding
ofa

rule
r
w
ith
respectto

H
U

(P
),denoted

G
round

P
(r),is

the

setofallground
instances

ofr
w
rt
H

U
(P

)

•
The

grounding
ofa

logic
program

P
is

G
round(P

)
=

⋃r
∈
P

G
round

P
(r)

D
atalog
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Exam
ple

G
round(P

)
=
{
a
r
c
(a

,
b
).

a
r
c
(b

,
c
).

r
e
a
c
h
a
b
l
e
(a

).

r
e
a
c
h
a
b
l
e
(a

)
←

a
r
c
(a

,
a
),
r
e
a
c
h
a
b
l
e
(a

).

r
e
a
c
h
a
b
l
e
(b

)
←

a
r
c
(a

,
b
),
r
e
a
c
h
a
b
l
e
(a

).

r
e
a
c
h
a
b
l
e
(c

)
←

a
r
c
(a

,
c
),
r
e
a
c
h
a
b
l
e
(a

).

r
e
a
c
h
a
b
l
e
(a

)
←

a
r
c
(b

,
a
),
r
e
a
c
h
a
b
l
e
(b

).

r
e
a
c
h
a
b
l
e
(b

)
←

a
r
c
(b

,
b
),
r
e
a
c
h
a
b
l
e
(b

).

r
e
a
c
h
a
b
l
e
(c

)
←

a
r
c
(b

,
c
),
r
e
a
c
h
a
b
l
e
(b

).

r
e
a
c
h
a
b
l
e
(a

)
←

a
r
c
(c

,
a
),
r
e
a
c
h
a
b
l
e
(c

).

r
e
a
c
h
a
b
l
e
(b

)
←

a
r
c
(c

,
b
),
r
e
a
c
h
a
b
l
e
(c

).

r
e
a
c
h
a
b
l
e
(c

)
←

a
r
c
(c

,
c
),
r
e
a
c
h
a
b
l
e
(c

).
}
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atalog
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H
erbrand

M
odels

•
A
H
erbrand-interpretation

I
ofP

is
any

subsetI
⊆

H
B

(P
)

•
A
H
erbrand-m

odelofP
is
a
H
erbrand-interpretation

thatsatisfies
allsentences

in
Σ

P
,I

E
quivalently,

M
⊆

H
B

(P
)
is
a
H
erbrand

m
odelif

•
forallr

∈
G
round(P

)
such

thatB
(r)
⊆

M
w
e
have

thatH
(r)
⊆

M

D
atalog
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Exam
ple

The
H
erbrand

m
odels

ofprogram
P
above

are
exactly

the
follow

ing:

•
M

1
=
{

a
r
c
(a

,
b
),
a
r
c
(b

,
c
),

r
e
a
c
h
a
b
l
e
(a

),
r
e
a
c
h
a
b
l
e
(b

),
r
e
a
c
h
a
b
l
e
(c

)
}

•
M

2
=

H
B

(P
)

•
every

interpretation
M

such
thatM

1
⊆

M
⊆

M
2

and
no
others.

D
atalog



C
om
putationalLogic

24

Logic
Program

m
ing

Sem
antics

•
Proposition.

H
B

(P
)
is
alw
ays

a
m
odelofP

•
Theorem

.Forevery
logic

program
there

exists
a
leastH

erbrand
m
odel(w

rt“⊆
”).

Fora
program

P
,this

m
odelis

denoted
M
M

(P
)
(for“m

inim
alm

odel”).

The
m
odelM

M
(P

)
is
the

sem
antics

ofP
.

•
Theorem

(D
atalog

↔
Logic

Program
m
ing).LetP

be
a
datalog

program
and

I
be
an
instance

ofe
d
b(P

).Then,

P
(
I)

=
M
M

(P
(P

,
I))

atalog

C
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C
onsequences

R
esults

and
techniques

forLogic
P
rogram

m
ing

can
be
exploited

fordatalog.

Forexam
ple,

•
proofprocedures

forLogic
P
rogram

m
ing

(e.g.,S
LD

resolution)can
be
applied

to

datalog
(w
ith
som

e
caveats,regarding

forinstance
term

ination)

•
datalog

can
be
reduced

by
“grounding”to

propositionallogic
program

s

D
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FixpointSem
antics

A
notherview

:

“Ifallfacts
in

I
hold,w

hich
otherfacts

m
usthold

afterfiring
the

rules
in

P
?”

A
pproach:

•
D
efine

an
im
m
ediate

consequence
operator

T
P
(K
)on

db
instances

K
.

•
S
tartw

ith
K

=
I.

•
A
pply

T
P
to
obtain

a
new

instance:
K

n
e
w

:=
T

P
(
K

)
=

I
∪
new

facts.

•
Iterate

untilnothing
new

can
be
produced.

•
The

resultyields
the

sem
antics.
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Im
m
ediate

C
onsequence

O
perator

LetP
be
a
datalog

program
and

K
be
a
database

instance
ofs

ch
(P

).

A
fact

R
( �t)

is
an
im
m
ediate

consequence
for

K
and

P
,ifeither

•
R
∈

e
d
b(P

)
and

R
( �t)
∈

K
,or

•
there

exists
a
ground

instance
r
ofa

rule
in

P
such

that

H
(r)

=
R

( �t)
and

B
(r)
⊆

K
.

D
efinition.The

im
m
ediate

consequence
operator

ofa
datalog

program
P
is
the

m
apping

T
P

:
in

st(sc
h
(P

))
→

in
st(sc

h
(P

))

w
here

T
P
(
K

)
=
{

A
|
A
is
an
im
m
ediate

consequence
for

K
and

P
}.

D
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Exam
ple

C
onsider

P
=
{

r
e
a
c
h
a
b
l
e
(a

)

r
e
a
c
h
a
b
l
e
(Y

)
←

a
r
c
(X

,
Y
),
r
e
a
c
h
a
b
l
e
(X

)
}

w
here

e
d
b(P

)
=
{
a
r
c
}
and

id
b(P

)
=
{
r
e
a
c
h
a
b
l
e
}.

I
=

K
1

=
{
a
r
c
(a

,
b
),

a
r
c
(b

,
c
)}

K
2

=
{
a
r
c
(a

,
b
),

a
r
c
(b

,
c
),

r
e
a
c
h
a
b
l
e
(a

)}

K
3

=
{
a
r
c
(a

,
b
),

a
r
c
(b

,
c
),
r
e
a
c
h
a
b
l
e
(a

),
r
e
a
c
h
a
b
l
e
(b

)
}

K
4

=
{
a
r
c
(a

,
b
),

a
r
c
(b

,
c
),
r
e
a
c
h
a
b
l
e
(a

),
r
e
a
c
h
a
b
l
e
(b

),
r
e
a
c
h
a
b
l
e
(c

)}
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Exam
ple

(cntd)

Then,

T
P

(
K

1 )
=
{
a
r
c
(a

,
b
),

a
r
c
(b

,
c
),
r
e
a
c
h
a
b
l
e
(a

)}
=

K
2

T
P

(
K

2 )
=
{
a
r
c
(a

,
b
),

a
r
c
(b

,
c
),
r
e
a
c
h
a
b
l
e
(a

),
r
e
a
c
h
a
b
l
e
(b

)}
=

K
3

T
P

(
K

3 )
=
{
a
r
c
(a

,
b
),

a
r
c
(b

,
c
),
r
e
a
c
h
a
b
l
e
(a

),
r
e
a
c
h
a
b
l
e
(b

),
r
e
a
c
h
a
b
l
e
(c

)
}

=
K

4

T
P

(
K

4 )
=
{
a
r
c
(a

,
b
),

a
r
c
(b

,
c
),
r
e
a
c
h
a
b
l
e
(a

),
r
e
a
c
h
a
b
l
e
(b

),
r
e
a
c
h
a
b
l
e
(c

)}
=

K
4

Thus,
K

4
is
a
fixpointof

T
P
.

D
efinition.

K
is
a
fixpointofoperator

T
P
if
T

P
(
K

)
=

K
.
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Properties

Proposition.Forevery
datalog

program
P
w
e
have:

1.
The

operator
T

P
is
m
onotonic,thatis,

K
⊆

K
′im

plies
T

P
(
K

)
⊆

T
P
(
K
′);

2.
Forany

K
∈

in
s
t(s

ch
(P

))
w
e
have:

K
is
a
m
odelofΣ

P
ifand

only
if
T

P
(
K

)
⊆

K
;

3.
If
T

P
(
K

)
=

K
(i.e.,

K
is
a
fixpoint),then

K
is
a
m
odelofΣ

P
.

N
ote:The

converse
of3.does

nothold
in
general.
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D
atalog

Sem
antics

via
LeastFixpoint

The
sem

antics
ofP

on
database

instance
I
ofe

d
b(P

)
is
a
specialfixpoint:

Theorem
.LetP

be
a
datalog

program
and

I
be
a
database

instance.Then

1.
T

P
has

a
least(w

rt“⊆
”)fixpointcontaining

I,denoted
lfp

(P
,
I).

2.
M
oreover,

lfp
(P

,
I)

=
M
M

(P
(P

,
I))

=
P

(
I).

A
dvantage:C

onstructive
definition

ofP
(
I)
by
fixpointiteration

ProofofC
laim

2,firstequality
(S
ketch):LetM

1
:=

lfp
(P

,
I)
and

M
2

:=
M
M

(P
(P

,
I)).

S
ince

M
1
is
a
fixpointof

T
P
,itis

a
m
odelofΣ

P
,and

since
itcontains

I
itis

a
m
odelof

P
(P

,
I).H

ence,M
2
⊆

M
1 .S

ince
M

2
is
a
m
odelofP

(P
,
I),itholds

that

T
P

(M
2 )
⊆

M
2 .N

ote
thatforevery

m
odelM

ofP
(P

,
I)
w
e
have,due

to
the

m
onotonicity

of
T

P
,that

T
P
(M

)
is
m
odel.H

ence,
T

P
(M

2 )
=

M
2 ,since

M
2
is
a

m
inim

alm
odel.This

im
plies

that M
2
is
a
fixpoint,hence

M
1
⊆

M
2 .
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FixpointIteration

Fora
datalog

program
P
and

database
instance

I,define
the

sequence
(
I
i )

i≥
0
by

I
0

=
I

I
i

=
T

P
(
I
i−

1 )
for

i
>

0
.

•
B
y
m
onotoncity

of
T

P
,w
e
have

I
0
⊆

I
1
⊆

I
2
⊆
···
⊆

I
i
⊆

I
i+

1
⊆
···

•
Forevery

i
≥

0,w
e
have

I
i
⊆

B
(P

,
I)

•
H
ence,forsom

e
integer

n
≤
|B

(P
,
I)|,w

e
have

I
n
+

1
=

I
n
(=:

T
ωP
(
I))

•
Itholds

that
T

ωP
(
I)

=
lfp

(P
,
I)

=
P

(
I).

This
can

be
readily

im
plem

ented
by
an
algorithm

.
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Exam
ple

P
=
{

r
e
a
c
h
a
b
l
e
(a

)

r
e
a
c
h
a
b
l
e
(Y

)
←

a
r
c
(X

,
Y
),
r
e
a
c
h
a
b
l
e
(X

)
}

I
=
{
a
r
c
(a

,
b
),

a
r
c
(b

,
c
)}

Then,

I
0

=
{
a
r
c
(a

,
b
),

a
r
c
(b

,
c
)}

I
1

=
T

1P
(
I)

=
{
a
r
c
(a

,
b
),

a
r
c
(b

,
c
),
r
e
a
c
h
a
b
l
e
(a

)}

I
2

=
T

2P
(
I)

=
{
a
r
c
(a

,
b
),

a
r
c
(b

,
c
),
r
e
a
c
h
a
b
l
e
(a

),
r
e
a
c
h
a
b
l
e
(b

)}

I
3

=
T

3P
(
I)

=
{
a
r
c
(a

,
b
),

a
r
c
(b

,
c
),
r
e
a
c
h
a
b
l
e
(a

),
r
e
a
c
h
a
b
l
e
(b

),
r
e
a
c
h
a
b
l
e
(c

)}

I
4

=
T

4P
(
I)

=
{
a
r
c
(a

,
b
),

a
r
c
(b

,
c
),
r
e
a
c
h
a
b
l
e
(a

),
r
e
a
c
h
a
b
l
e
(b

),
r
e
a
c
h
a
b
l
e
(c

)}

=
T

3P
(
I)

Thus,
T

ωP
(
I)

=
lfp

(P
,
I)

=
I
4 .
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Proof-Theoretic
A
pproach

B
asic

idea:The
answ

erofa
datalog

program
P
on

I
is
given

by
the

setoffacts

w
hich

can
be
proved

from
P
and

I.

D
efinition.A

prooftree
fora

fact
A
from

I
and

P
is
a
labeled

finite
tree

T
such

that

•
each

vertex
ofT

is
labeled

by
a
fact

•
the

rootofT
is
labeled

by
A

•
each

leafofT
is
labeled

by
a
factin

I

•
ifa

non-leafofT
is
labeled

w
ith

A
1
and

its
children

are
labeled

w
ith

A
2 ,...,A

n ,then
there

exists
a
ground

instance
r
ofa

rule
in

P
such

that

H
(r)

=
A

1
and

B
(r)

=
{
A

2 ,...,A
n
}
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Exam
ple

(Sam
e
G
eneration)

P
=
{

r
1

:
s
g
c
(X

,
X
)
←

p
e
r
s
o
n
(X

)

r
2

:
s
g
c
(X

,
Y
)
←

p
a
r
(X

,
X
1
),
s
g
c
(X
1
,
Y
1
),
p
a
r
(Y

,
Y
1
)
}

w
here

e
d
b(P

)
=
{
p
e
r
s
o
n
,
p
a
r
}
and

id
b(P

)
=
{
s
g
c
}

C
onsider

I
as
follow

s:

I(p
e
r
s
o
n
)

=
{
〈a

n
n
〉,
〈be

r
tr

a
n
d
〉,
〈ch

a
r
le

s〉,〈d
o
r
o
th

y
〉,

〈e
v
e
ly

n
〉,〈f

r
e
d
〉,
〈g

e
o
r
g
e〉,
〈h

ila
r
y
〉}

I(p
a
r)

=
{
〈d

o
r
o
th

y
,g

e
o
r
g
e〉,
〈e

v
e
ly

n
,g

e
o
r
g
e〉,
〈be

r
tr

a
n
d
,d

o
r
o
th

y
〉,

〈a
n
n
,d

o
r
o
th

y
〉,
〈h

ila
r
y
,a

n
n
〉,
〈ch

a
r
le

s
,e

v
e
ly

n
〉}

.
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Exam
ple

(Sam
e
G
eneration)/2

P
rooftree

for
A

=
s
g
c
(a
n
n
,
c
h
a
r
l
e
s
)
from

I
and

P
:

r
2

:
p
a
r
(a
n
n
,
d
o
r
o
t
h
y
)

p
a
r
(c
h
a
r
l
e
s
,
e
v
e
l
y
n
)

s
g
c
(a
n
n
,
c
h
a
r
l
e
s
)

r
2

:
p
a
r
(d
o
r
o
t
h
y
,
g
e
o
r
g
e
)

r
1

:
p
e
r
s
o
n
(g
e
o
r
g
e
)

s
g
c
(g
e
o
r
g
e
,
g
e
o
r
g
e
)

p
a
r
(e
v
e
l
y
n
,
g
e
o
r
g
e
)

s
g
c
(d
o
r
o
t
h
y
,
e
v
e
l
y
n
)
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ProofTree
C
onstruction

D
ifferentw

ays
to
constructa

prooftree
for

A
from

P
and

I
exist

•
B
ottom

U
p
construction:

From
leaves

to
root

Intim
ately

related
to
fixpointapproach

–
D
efine

S
�

P
B
to
prove

factB
from

facts
S
if
B
∈

S
orby

a
rule

in
P

–
G
ive

S
=

I
forgranted

•
Top

D
ow
n
construction:

From
rootto

leaves

In
Logic

P
rogram

m
ing

view
,considerprogram

P
(P

,
I).

–
This

am
ounts

to
a
setoflogicalsentences

H
P

(P
,I)
ofthe

form

∀
x

1
···∀

x
m

(R
1 (�x

1 )
∨
¬

R
2 (�x

2 )
∨
¬

R
3 (�x

3 )
∨
···
∨
¬
R

n
(�x

n
))

–
Prove

A
=

R
( �t)

via
resolution

refutation,thatis,thatH
P

(P
,I)
∪
{¬

A
}
is

unsatisfiable.
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D
atalog

and
SLD

R
esolution

•
Logic

P
rogram

m
ing

uses
S
LD

resolution

•
S
LD
:S
election

R
ule

D
riven

LinearR
esolution

forD
efinite

C
lauses

•
Fordatalog

program
s
P
on

I,resp.P
(P

,
I),things

are
sim

plerthan
forgeneral

logic
program

s
(no

function
sym

bols,unification
is
easy)

•
A
lso

non-ground
atom

s
can

be
handled

(e.g.,
s
g
c
(a
n
n
,
X
))

Let S
L

D
(P

)
be
the

setofground
atom

s
provable

w
ith
S
LD

R
esolution

from
P
.

Theorem
.Forany

datalog
program

P
and

database
instance

I,

S
L

D
(P

(P
,
I))

=
P

(
I)

=
T
∞P

(P
,I)

=
lfp

(
T
P

(P
,I) )

=
M

M
(P

(P
,
I))
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SLD
R
esolution

–
Term

ination

•
N
otice:S

election
rule

fornextrule
/atom

to
be
considered

forresolution
m
ight

affectterm
ination

•
P
rolog’s

strategy
(leftm

ostatom
/firstrule)is

problem
atic

E
xam

ple:c
h
i
l
d
o
f
(k
a
r
l
,
f
r
a
n
z
).

c
h
i
l
d
o
f
(f
r
a
n
z
,
f
r
i
e
d
a
).

c
h
i
l
d
o
f
(f
r
i
e
d
a
,
p
i
a
).

d
e
s
c
e
n
d
e
n
t
o
f
(X

,
Y
)
←

c
h
i
l
d
o
f
(X

,
Y
).

d
e
s
c
e
n
d
e
n
t
o
f
(X

,
Y
)
←

c
h
i
l
d
o
f
(X

,
Z
),
d
e
s
c
e
n
d
e
n
t
o
f
(Z

,
Y
).

←
d
e
s
c
e
n
d
e
n
t
o
f
(k
a
r
l
,
X
).
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SLD
R
esolution

–
Term

ination
/2

c
h
i
l
d
o
f
(k
a
r
l
,
f
r
a
n
z
).

c
h
i
l
d
o
f
(f
r
a
n
z
,
f
r
i
e
d
a
).

c
h
i
l
d
o
f
(f
r
i
e
d
a
,
p
i
a
).

d
e
s
c
e
n
d
e
n
t
o
f
(X

,
Y
)
←

c
h
i
l
d
o
f
(X

,
Y
).

d
e
s
c
e
n
d
e
n
t
o
f
(X

,
Y
)
←

d
e
s
c
e
n
d
e
n
t

o
f(

X
,
Z
),

c
h
ild

o
f(

Z
,
Y

).

←
d
e
s
c
e
n
d
e
n
t
o
f
(k
a
r
l
,
X
).
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SLD
R
esolution

–
Term

ination
/3

c
h
i
l
d
o
f
(k
a
r
l
,
f
r
a
n
z
).

c
h
i
l
d
o
f
(f
r
a
n
z
,
f
r
i
e
d
a
).

c
h
i
l
d
o
f
(f
r
i
e
d
a
,
p
i
a
).

d
e
s
c
e
n
d
e
n
t
o
f
(X

,
Y
)
←

c
h
i
l
d
o
f
(X

,
Y
).

d
e
s
c
e
n
d
e
n
t
o
f
(X

,
Y
)
←

d
e
s
c
e
n
d
e
n
t
o
f
(X

,
Z
),

d
e
s
c
e
n
d
e
n
t
o
f
(Z

,
Y
).

←
d
e
s
c
e
n
d
e
n
t
o
f
(k
a
r
l
,
X
).
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