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1. Recursive Markov Chains (RMCs)

2. RMCs for Probabilistic XML

2

[Benedikt&al’10]

[Etessami&Yannakakis’05,   Etessami’06,   Etessami&Yannakakis’09]

/40



• Another name: Recursive State Machines

• Natural abstract model of procedural programs with 
potential recursion

• Used in verification and program analysis

Recursive Graphs
2

What is a Recursive Graph?

g
f

g

a b

f

Question: Is it possible to reach b from a?

This can be computed efficiently: in worst-case cubic time, and in linear time
if either the number of entries or exits of each “component” is bounded by a
constant.
(More generally, we can check ω-regular properties of recursive graphs with the
same model complexity.)
[Alur-E.-Yannakakis’01],[Benedikt-Godefroid-Reps’01], ......

Kousha Etessami RMDPs & RSSGs
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• Is it possible to reach b from a?

• Can be checked in 

• cubic time in general 

• linear time when either #entries or #exits 
is bounded in each component

Recursive Graphs
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Yes, but not always.

How to measure the 
frequency?
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Recursive Markov Chains

• Natural when we introduce randomness 
into Recursive Graphs

• Generalizes finite Markov Chains 
used in verification and model checking 

[Kwiatkowska’03]
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[Etessami&Yannakakis’09]
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What is a Recursive Markov Chain?

1 1

1/3

2/3

f

f f

a b

Question: What is the probability of eventually reaching b from a?
Is there an efficient algorithm for computing such probabilities?

For finite MCs, there’s a standard algorithm: solve a linear system of equations
associated with the finite MC.

More general model checking question: what is the probability that a run of
the RMC satisfies a given ω-regular property (given by a Büchi automaton)?

Kousha Etessami RMDPs & RSSGs
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• Recursive graphs

• With probabilities on edges

• For every node,
the probabilities of outgoing edges sum up to 1

6

Recursive Markov Chains
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• What is the probability of eventually reaching 
b from a? 

• Can be computed using non-linear equations:

• upper path: 2/3⋅x⋅1⋅x⋅1 

• lower path: 1/3 

Recursive Markov Chains

3

What is a Recursive Markov Chain?

1 1

1/3

2/3

f

f f

a b

Question: What is the probability of eventually reaching b from a?
Is there an efficient algorithm for computing such probabilities?

For finite MCs, there’s a standard algorithm: solve a linear system of equations
associated with the finite MC.

More general model checking question: what is the probability that a run of
the RMC satisfies a given ω-regular property (given by a Büchi automaton)?
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x = 2/3⋅x  + 1/32

    x - probability of 
     going through f 
 termination probability

x = 1/2 or x = 1

Theorem [Etessami&Yannakakis’09] : 
Least solution is the right answer

⇒
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Computing Termination 
Probabilities

• Sum probabilities across different paths 

• Probability of a path = 
product of probabilities of transitions in the path 
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Pr∗(a, b) =
�

(aa1...anb)-path from a to b

Pr(aa1 . . . anb)

Pr(aa1 . . . anb) = Pr(aa1)× · · ·× Pr(anb)
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• Properties of termination probabilities
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• Can infinite loops prevent from termination?

• upper path: 1/2⋅x⋅1⋅x⋅1 

• lower path: 1/2 

Almost Sure Termination
3

What is a Recursive Markov Chain?
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x = 1/2⋅x  + 1/22

   In some cases we  
almost surely 
reach the exit

x = 1 or x = 1

5

some illustrative examples, part 2:
value dependence

1 11/2

1/2

f

f f

a b

Equation: x = (1/2)x2 + 1/2.
Two (degenrate) solutions: x = 1 and x = 1. LFP: x∗ = 1.

So, we can have structurally identical RMCs, where the termination probability is
1 in one of them (i.e., almost sure termination) but not in the other.
This can’t happen with finite Markov Chains.

Kousha Etessami RMDPs & RSSGs
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⇒
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• Are probabilities always rational?

• Not:

• not solvable by radicals

• For finite Markov chains 
reachability prob.s are rational 

Irrational Termination Prob.s

x = 1/6⋅x  + 1/25

   In some cases prob.s 
       are irrational

x ~ 0.50550123⇒
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some illustrative examples, part 3:
irrational probabilities

1/3 1/2

1/6
a b

1

f

fffff

Equation x = (1/6)x5 + 1/2. Thus, (1/6)x5 − x + 1/2 = 0.

This is an irreducible univariate polynomial with “Galois group” S5. Thus the
probability is irrational, and not “solvable by radicals”. (approx.: 0.50550123 . . .)

For finite Markov chains, such probabilities are “concise” rationals.

Kousha Etessami RMDPs & RSSGs
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• Probability of reaching a specific exit of a component

• Generalization of  termination probability

• Ai - given component

12

Reachability Probability

7

some illustrative examples, part 4:
very small, and very large, probabilities

1
1 1/2

1/2
11

1

eni

ex′′
i

ex′
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Ai

ex′
0

ex′′
0

A0

en0bi
1:Ai−1 bi

2:Ai−1

Fact: x∗
(An,en,ex′

n) = 1
22n and x∗

(An,en,ex′′
n) = 1 − 1

22n .

Kousha Etessami RMDPs & RSSGs

• eni - starting point

• ex’i - ending point

PrAi(eni, ex�
i)
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• If prob.s are rational, is is always easy to compute?

• For finite Markov chains 
reachability prob.s are PTIME 

Double EXP Computation

   In some cases prob.s 
   are hard to compute

7
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Reachability Probabilities
Can be 

• less than one

• almost sure

• irrational 

• double-exponentially small or big

Computation of reach. prob. is not a trivial problem

14 /40



• Deciding and approximating 
termination probabilities
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Problems for
Termination Probabilities
• Qualitative decision problem:

decide which of the 3 options holds

 

• Quantitative

• decision problem 

• approximation problem

Pr(A terminates) ≥ p

Pr(A terminates) = 1
Pr(A terminates) = 0
Pr(A terminates) ∈ (0, 1)

•   

•   

•   

Pr(A terminates)
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• Lower bound: reduction from SQRT-SUM problem

-  For a class of two exits RMCs and for every ε>0
   SQRT-SUM is PTIME reducible to deciding whether 

-  For a class of one exit RMCs and p ≥ 0
   SQRT-SUM is PTIME reducible to deciding 

Pr(A terminates) ≥ p

Deciding
Termination Probabilities

17

[Etessami&Yannakakis’09]

SQRT-SUM: For    and                   in    , decidek d1, · · · , dn

�

i

�
di ≥ kN

Pr(A terminates) ≤ ε Pr(A terminates) = 1or

• Upper bound: Termination probability can be decided in PSPACE

Complexity o SQRT-SUM: 
long standing open problem

Qualitative

Quantitative
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Hardness of  
Approximations

18

• Theorem:

Decomposed version of multivariate Newton’s Method
converges monotonically to termination probabilities

[Etessami,Yannakakis’09]

Pr(A terminates) ≤ ε Pr(A terminates) = 1or

⇒

• For 2-exit RMCs convergence is slow 
due to reduction of SQRT-SUM to decision whether 

    approximation with any nontrivial constant error is
    as hard as deciding SQRT-SUM 

/40
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RMCs as Prob. DTDs

20

Example: prob. DTDs via rec. Markov chains [BKOS09]

<!ELEMENT directory (person*)>
<!ELEMENT person (name,phone*)>

• •
• • •

D : directory

P

1

0.8

1

0.2

• • • • • •
•

P : person

N T1 1 0.5

1

0.5

• •

N : name

1 • •

T : phone

1

On such simple RMCs representing trees, MSO queries are tractable!

P. Senellart (Télécom ParisTech) Probabilistic XML 2009/01/13 34 / 37
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• Document d:     <directory>
                        </directory>

Pr(d) = 1⋅0.2

Pr = 1⋅0.2

Pr = 1⋅0.8
Pr = 1
Pr = 1
Pr = 1⋅0.5
Pr = 1
Pr = 1⋅0.5
Pr = 1⋅0.2

Pr(d) = 0.2⋅0.8⋅0.5⋅0.2

• <directory>
   <person>
      <name>
      </name>
      <phone>
      </phone>
   </person>
</directory>
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• Extension of RMCs by adding labels 
on RMC components

• Main component     : root of the tree

• Probabilistic run through 
= probabilistic generation of 
  a (string that encodes a) tree

• Prob run through a box labeled L
= probabilistic generation of 
   a subtree rooted at L 

RMCs as Prob. DTDs
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• Entering a component labeled L
= generating an opening tag <L>

• Exiting a component labeled L
= generating a closing tag </L>

• RMC A corresponds to 
a probabilistic space (px-space) 
of documents 

RMCs as Prob. DTDs

22
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�A� = {(srt1, p1), . . . , (srtn, pn)}
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Properties of PX-Spaces 
Generated by RMCs

1. Unbounded depth of generated trees

• recursive call of boxes

• recursive call ≈ nesting in XML

2. Unbounded width of generated trees

• looping within boxes

• looping ≈ siblings in XML

23
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What is a Recursive Markov Chain?

1 1

1/3

2/3

f

f f

a b

Question: What is the probability of eventually reaching b from a?
Is there an efficient algorithm for computing such probabilities?

For finite MCs, there’s a standard algorithm: solve a linear system of equations
associated with the finite MC.

More general model checking question: what is the probability that a run of
the RMC satisfies a given ω-regular property (given by a Büchi automaton)?

Kousha Etessami RMDPs & RSSGs
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Properties of PX-Spaces 
Generated by RMCs

3. Reaching the main exit ≈ generation of a tree

Reachability probability ≈ probability of a tree

4. Irrational probabilities of generated trees

5. Probabilities of generated trees 
double exponentially close to 0 or 1 

24

⇒

Is reachability interesting for XML?    NO
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• Checking MSO properties for RMCs
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MSO for XML: Example
• ∃n, m, k. Child(n, m) ∧ Labela(n) ∧ Labelb(m) ∧ (m < k)

- a/b[following-sibling(✳)]
- no label predicate for a node k 
       ~ wildcard for k

• ∃n, m.  Labela(n) ∧ Labelb(m) ∧ 
              (  Child(n, m)  
           ∨ (∃S. ¬ S(n) ∧ ¬ S(m)

- a//b
- transitive closure of Child relations

26

       ∧ ∀x. S(x) → 
   Child(n, x) 
∨ Child(x, m) 
∨ ∃k. (Child(x, k) ∨ Child(k, x)) ∧ S(k)  ))

S

      x [!]

      x [!]

     n [a]

...

      x [!]

      x [!]

...

     m [b]

...

/40



∃n, m.  Labela(n) ∧ Labelb(m) ∧ (  Child(n, m) 
∨ ( ∃S. ¬ S(n) ∧ ¬ S(m)

         ∧

1.  a//b and 

2.  labels follow the pattern:
                  S0 → a (c d)* b

∀x. S(x) → (Child(n,x) → Labelc(x)) ∧
                (Labelc(x) → ∃y.S(y)∧Child(x,y)∧Labeld(y) )
                (Labeld(x)∧∃y.S(y)∧Child(x,y) → Labelc(y) )

27

MSO for XML: Example

∧ ∀x. S(x) → 
   Child(n, x) 
∨ Child(x, m) 
∨ ∃k. (Child(x, k) ∨ Child(k, x)) ∧ S(k) ))

     k1 [c]

      k2 [d]

     n [a]

     k3 [c]

      k4 [d]

     m [b]

S

/40



• Variables:  node IDs, unary predicates 

• Unary predicates for labels:   Label  (n),    Label  (n), ...

• Navigation in XML docs

• vertical navigation:       Child(n, m)

• horizontal navigation:  

28

n < m 

a b

MSO Queries  for XML

Combined via Boolean operators and 
first and second-order quantifiers ∃n and ∃S
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Deciding MSO over XML

• For every MSO tree-property one can compute 
an equivalent tree automaton in PTIME

• Acceptance of a tree by a tree automaton 
decidable in Linear time

[Doner’70, ThatcherWright’68]

Theorem: 
MSO properties over trees are decidable 
in Liner time in data complexity

29 /40
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P = 0.3 P = 0.2 P = 0.5

yes

px-space of XML docs RMC

semantics
root

grant

FP6

name

Tones

KRDB

id
project prof

team team

name bonus

id

Diego 2

DBWeb
¬

root

team

id

prof

name bonus

4Bogdan

DBWeb

root

KRDB

id

team

no
P = 0.7P = 0.3

distribution for φdistribution for φ

φ

MSO Queries for RMCs
44

There is no optimal strategy.

R

L

1
ex1

ex2
1/2

1/2

en

A1

b : A1

The strategy LnR has payoff (1 − 1
2n), but no strategy achieves the value 1 of

the game. (Note that the S&M strategies both have payoff 0, so they are
terrible). The best we can do are ε-optimal strategies.

But we can still ask, and hope to answer, whether the value of the game is
above/below a given threshold.

Kousha Etessami RMDPs & RSSGs

φ φ
φ

yes no
P = 0.7P = 0.3

φ
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Verifying MSO for RMCs

• Theorem:  For RMCs verifying MSO properties

• Is in PSPACE 

• SQRT-SUM is PTIME reducible do deciding 

• Approximation of the probability is also hard

31

Pr(φ is true) ≥ p
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Tractable RMC Subclasses
• Intractability:  unrestricted components interact

• Hierarchical RMCs (HMC):  
A component can not (eventually) call itself  

• Tree-like Markov chains (TLMC):
Every component can be called in one place only

• Subclasses can be formalized using call hyper-graphs:
- nodes are components of A 
- there is an edge from A to B if A calls B

• HMC ~ acyclic call graph,   
TLMC ~ call graphs without sharing 

Goal is to achieve 
“tree shapeness” of RMCs
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7

some illustrative examples, part 4:
very small, and very large, probabilities

1
1 1/2

1/2
11

1

eni

ex′′
i

ex′
i

Ai

ex′
0

ex′′
0

A0

en0bi
1:Ai−1 bi

2:Ai−1

Fact: x∗
(An,en,ex′

n) = 1
22n and x∗

(An,en,ex′′
n) = 1 − 1

22n .

Kousha Etessami RMDPs & RSSGs

Ai

Ai-1

F⇒

⇒

Cycles  ~  not HMC
Sharing ~  not TLMC

There is an MSO query 
with irrational probability

No cycles  ~  HMC
Sharing  ~ not TLMC

There is an MSO query with 
double exp. small  prob.

RMC Subclasses.   
RMC: Call hyper-graph:

6

some illustrative examples, part 3:
irrational probabilities

1/3 1/2

1/6
a b

1

f

fffff

Equation x = (1/6)x5 + 1/2. Thus, (1/6)x5 − x + 1/2 = 0.

This is an irreducible univariate polynomial with “Galois group” S5. Thus the
probability is irrational, and not “solvable by radicals”. (approx.: 0.50550123 . . .)

For finite Markov chains, such probabilities are “concise” rationals.

Kousha Etessami RMDPs & RSSGs
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RMC Subclasses.   
Example: prob. DTDs via rec. Markov chains [BKOS09]
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<!ELEMENT directory (person*)>
<!ELEMENT person (name,phone*)>

• •
• • •

D : directory
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P

N T

D

RMC:

• HMC ~ acyclic call graph,   
TLMC ~ call graphs without sharing 

⇒

No cycles    ~  HMC
No Sharing  ~  TLMC

Every MSO query can 
be evaluated in PTIME 

Call hyper-graph:
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Tractability of MSO

• Theorem: 
HMC is ra-tractable for MSO (in data complexity)

• ra-tractability:  

• tractability in case of fixed-cost rational arithmetic 

• all arithmetic operations over rationals take unit 
time, no matter how large the numbers
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Tractability of MSO 
• Theorem: 

TLMC is tractable for MSO (in data complexity)

• How it works:  Given TLMC  A and MSO φ

• TLMC A ⇒ probabilistic push-down automat. (PPDA) B

• MSO φ  ⇒ MSO φ’ over the stack alphabet of B

• MSO φ’  ⇒ tree automaton B’ (det. streaming tree aut.)

• Construct B×B’ - PPDA corresponding to a TLMC

•                       =  
36

PTIME

Pr(A |= φ) Pr(B ×B� terminates)
Computable 

in PTIME

Linear
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Putting All Together 
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Figure 2: Space of models considered in this paper. Considered dimensions (left), 1-exit models (middle),

multi-exit models (right). Tractability of MSO queries: MODEL: tractable, MODEL: ra-tractable, MODEL:

SQRT-SUM is reducible to query evaluation for some fixed MSO query.

Tree-like Markov chains. How can we move from tractabil-
ity in a unit-cost arithmetic model to full tractability? For
our representation systems, this move corresponds to a tran-
sition to exponentially less succinct systems. This is the
case of HMC, which is ra-tractable, and a fully tractable yet
less succinct subclass of it called TLMC. In short, the latter
can be obtained from the former by forbidding call sharing.
Recall that the call graphs of hierarchical Markov chains are
acyclic. Call sharing means that several boxes can call (i.e.,
be mapped to) the same component.

Definition 7. A hierarchical Markov chain A is tree-like

if no two boxes are mapped to the same component.
It follows from the definition that there is no recursion.

This defines a shallow and wide probabilistic model, TLMC,
that is a restriction of HMC. The RMC depicted in Fig-
ure 1 is a tree-like RMC. Note also that the translation of
PrXML

mux,det into RMC used in the proof of Proposition 5
(see the appendix) produces a tree-like Markov chain, whose
components are moreover acyclic. An example of RMC that
is not tree-like is given in Theorem 3.2, part (4) of [11] (see
also Figure 5 in the appendix).

The global Markov chain defined by a tree-like Markov
chain A is finite, and its size is linear in the size of A. A con-
sequence of this is that all reachability probabilities have
polynomial size and can be computed in polynomial time as
for standard Markov chains. The same automata-based algo-
rithm as in the proof of Theorem 6 reduces calculating the
probability of MSO queries over TLMC to calculating reach-
ability probabilities; by combining these two insights, we get
an algorithm for efficiently calculating query probabilities:

Theorem 8. TLMC is tractable for MSO.

Unordered models. The existing literature on probabilistic
XML models usually assumes unordered documents. We can
see RMC, and all other models presented in this paper, as
unordered models. Specifically, let A ∈ RMC and L(A) be
the set of generated strings; the unordered interpretation
of A is the set of unordered documents d (with probability
Pr(d)) for which there exists α ∈ L(A) a possible encoding of
d under any ordering (Pr(d) is then the sum of probabilities
of all such α’s). We note that the data complexity results
obtained in the ordered setting extend to the unordered one:

Proposition 9. Let S be any ordered probabilistic XML

representation system, and q any MSO query that does not

make use of the order predicate ≺. The complexity of the

quantitative evaluation problem for q and S ∈ S is the same

as the complexity of the quantitative evaluation problem for

q and the unordered interpretation of S.

5. BETWEEN P-DOCUMENTS AND RMCS

In the previous section we have shown the existence of
tractable restrictions of RMCs. We now explore the space of
models in between PrXML and RMC. RMC models extend
PrXML in expressiveness in several dimensions. Clearly RMC

is wide while PrXML is narrow, it is deep while PrXML is
shallow. In addition, it allows state to be passed upward from
child to parent, while in PrXML the processing is completely
top-down (this is analogous to the distinction in attribute
grammars between inherited attributes and synthesized at-
tributes). Finally, in RMCs a component may be called from
multiple places, while in PrXML the topology is a tree: a
node has a single parent.

Shallowness corresponds syntactically to being hierarchi-
cal. For an RMC to be narrow, it has to be acyclic, i.e.,
every component is an acyclic graph. An RMC is 1-exit if
each of its components has one exit node, and multi-exit
otherwise. The ability to pass information up corresponds to
being multi-exit. Finally, the restriction on the topology cor-
responds to being tree-like, as defined in the previous section.
We can thus talk about Tree-like Markov Chains (abbrevi-
ated TLMC), Tree-like Acyclic Markov Chains (abbreviated
TLAMC), etc. These dimensions, as well as models making
them up, are shown in Figure 2. We use the following naming
convention: If a model is acyclic or hierarchical, its name
is preceded by A or H respectively. The abbreviation SCFG

stands for Stochastic Context-Free Grammars. All these
models are analyzed in more detail later in this section. The
empty corners of the cubes, labeled [none], are unavoidable:
Deep models without sharing cannot be obtained as RMC
restrictions, and because RMC components can be labeled
with ε, deep models can also generate wide documents.

The arrows in Figure 2 indicate that the pointing model is
a restriction of the pointed one. The figure also gives insights
into the trade-off between succinctness and tractability:

(i) Tractability degrades to ra-tractability by adding shar-
ing. As seen further, this amounts to a gain in succinct-
ness by being able to represent worlds with probabilities
doubly exponentially small.

(ii) Neither the width nor the number of exits influences
tractability.

(iii) Going from shallow to deep affects tractability.
We now investigate in detail the relationship of these

classes with each other, and with existing PrXML models.

1-exit vs. Multi-exit Models. One question is whether
multi-exit models can be more expressive than 1-exit ones.
As we state next, this is not the case for many of our models.

• Expressiveness: ability to generate 
docs of any width ~ wide
docs of any depth ~ deep
docs with double EXP many leaves  ~ sharing

• Tractability for MSO: 
double underline  ~  tractable
singe underline     ~  ra-tractable 
no underlining      ~  SQRT-SUM hard 
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multi-exit models (right). Tractability of MSO queries: MODEL: tractable, MODEL: ra-tractable, MODEL:

SQRT-SUM is reducible to query evaluation for some fixed MSO query.

Tree-like Markov chains. How can we move from tractabil-
ity in a unit-cost arithmetic model to full tractability? For
our representation systems, this move corresponds to a tran-
sition to exponentially less succinct systems. This is the
case of HMC, which is ra-tractable, and a fully tractable yet
less succinct subclass of it called TLMC. In short, the latter
can be obtained from the former by forbidding call sharing.
Recall that the call graphs of hierarchical Markov chains are
acyclic. Call sharing means that several boxes can call (i.e.,
be mapped to) the same component.

Definition 7. A hierarchical Markov chain A is tree-like

if no two boxes are mapped to the same component.
It follows from the definition that there is no recursion.

This defines a shallow and wide probabilistic model, TLMC,
that is a restriction of HMC. The RMC depicted in Fig-
ure 1 is a tree-like RMC. Note also that the translation of
PrXML

mux,det into RMC used in the proof of Proposition 5
(see the appendix) produces a tree-like Markov chain, whose
components are moreover acyclic. An example of RMC that
is not tree-like is given in Theorem 3.2, part (4) of [11] (see
also Figure 5 in the appendix).

The global Markov chain defined by a tree-like Markov
chain A is finite, and its size is linear in the size of A. A con-
sequence of this is that all reachability probabilities have
polynomial size and can be computed in polynomial time as
for standard Markov chains. The same automata-based algo-
rithm as in the proof of Theorem 6 reduces calculating the
probability of MSO queries over TLMC to calculating reach-
ability probabilities; by combining these two insights, we get
an algorithm for efficiently calculating query probabilities:

Theorem 8. TLMC is tractable for MSO.

Unordered models. The existing literature on probabilistic
XML models usually assumes unordered documents. We can
see RMC, and all other models presented in this paper, as
unordered models. Specifically, let A ∈ RMC and L(A) be
the set of generated strings; the unordered interpretation
of A is the set of unordered documents d (with probability
Pr(d)) for which there exists α ∈ L(A) a possible encoding of
d under any ordering (Pr(d) is then the sum of probabilities
of all such α’s). We note that the data complexity results
obtained in the ordered setting extend to the unordered one:

Proposition 9. Let S be any ordered probabilistic XML

representation system, and q any MSO query that does not

make use of the order predicate ≺. The complexity of the

quantitative evaluation problem for q and S ∈ S is the same

as the complexity of the quantitative evaluation problem for

q and the unordered interpretation of S.

5. BETWEEN P-DOCUMENTS AND RMCS

In the previous section we have shown the existence of
tractable restrictions of RMCs. We now explore the space of
models in between PrXML and RMC. RMC models extend
PrXML in expressiveness in several dimensions. Clearly RMC

is wide while PrXML is narrow, it is deep while PrXML is
shallow. In addition, it allows state to be passed upward from
child to parent, while in PrXML the processing is completely
top-down (this is analogous to the distinction in attribute
grammars between inherited attributes and synthesized at-
tributes). Finally, in RMCs a component may be called from
multiple places, while in PrXML the topology is a tree: a
node has a single parent.

Shallowness corresponds syntactically to being hierarchi-
cal. For an RMC to be narrow, it has to be acyclic, i.e.,
every component is an acyclic graph. An RMC is 1-exit if
each of its components has one exit node, and multi-exit
otherwise. The ability to pass information up corresponds to
being multi-exit. Finally, the restriction on the topology cor-
responds to being tree-like, as defined in the previous section.
We can thus talk about Tree-like Markov Chains (abbrevi-
ated TLMC), Tree-like Acyclic Markov Chains (abbreviated
TLAMC), etc. These dimensions, as well as models making
them up, are shown in Figure 2. We use the following naming
convention: If a model is acyclic or hierarchical, its name
is preceded by A or H respectively. The abbreviation SCFG

stands for Stochastic Context-Free Grammars. All these
models are analyzed in more detail later in this section. The
empty corners of the cubes, labeled [none], are unavoidable:
Deep models without sharing cannot be obtained as RMC
restrictions, and because RMC components can be labeled
with ε, deep models can also generate wide documents.

The arrows in Figure 2 indicate that the pointing model is
a restriction of the pointed one. The figure also gives insights
into the trade-off between succinctness and tractability:

(i) Tractability degrades to ra-tractability by adding shar-
ing. As seen further, this amounts to a gain in succinct-
ness by being able to represent worlds with probabilities
doubly exponentially small.

(ii) Neither the width nor the number of exits influences
tractability.

(iii) Going from shallow to deep affects tractability.
We now investigate in detail the relationship of these

classes with each other, and with existing PrXML models.

1-exit vs. Multi-exit Models. One question is whether
multi-exit models can be more expressive than 1-exit ones.
As we state next, this is not the case for many of our models.
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Related Work

• All previous work on PXML is for
shallow and narrow models   

• Query answering for these models 

• Tree Patterns with Joins 

• MSO Queries

• Aggregate queries

• Related notion was studied in 
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[Kimelfeld&al’07] [Senellart&al’07]

[Kimelfeld&al’07] [Senellart&al’07]

[Cohen&al’10]

[Abiteboul&al’10]

[Cohen,Kimelfeld’10]
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Conclusion
• A very general RMC model for PXML is adopted.

It extends all the previous approaches by allowing  

• Deep models

• Wide model

• MSO query answering is studied for RMC

• “Intractability” is detected 

• Tractable (TLMC) and ra-tractable (HMC) 
classes are isolated 
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