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Abstract

The idea of using ontologies as a conceptual view over data repositories is becoming more and more
popular. In practice, ontologies mediate between the repositories and a user [Len02], which allows
the user to query the repositories by posing queries to the ontologies. Since data in the repositories
is typically of a very large volume (much larger than the ontology itself), query answering should be
efficient on the data. At present the standard ontology language is OWL!, but none of its variants
(OWL Full/DL/Lite) satisfies this efficiency requirement. In order to solve this problem, a new
ontology language, called DL-Lite [CDGL'05b], was proposed; the language is a fragment of OWL
Lite and allows for efficient query answering. In fact, DL-Lite is a family of various Description
Logics [CGL106], where DL-Liter and DL-Liteg are the ones best studied to date.

We investigate two aspects of DL-Liter: properties of models of DL-Lite x knowledge bases (KBs)
and a calculus for the logic. As it is shown in [CGLT06], in general DL-Liter KBs have neither
finite nor least (wrt inclusion) models. We construct examples to illustrate these phenomenons. We
introduce the notion of a universal model for a KB (which is based on the notion of a universal
solution proposed in [FKMPO05]) and show that any satisfiable DL-Lite r KB has a universal model.
We also show that a chase of a knowledge base is a universal model.

Answering queries over a KB requires in principle to evaluate the query over all models of the KB.
We show that for answering conjunctive queries (CQs) over a DL-Liter KB it suffices to evaluate
it only over a universal model of the KB, and consequently, over a chase of the KB2. In general the
chases of a KB may be infinite. We identify (using results from [FKMPO5]) a class of KBs for which
all chases are finite and, moreover, CQs can be answered in polynomial time.

However, it turns out that, also for KBs that have an infinite chase, it is possible to answer CQs
in finite time. Calvanese at al. do this in [CDGL"05b] by presenting a query rewriting algorithm
(with LOGSPACE data complexity) that takes as input a KB and a CQ and rewrite the query to a
union of CQs which is then evaluated over the data stored in the KB in order to return all answers.
We do this by defining a calculus that takes as input a KB and a CQ and allows one to derive all
answers. We also show how the algorithm presented by Calvanese at al. in [CDGLT05b] can be
obtained by imposing a specific control strategy on the calculus.

Finally, we present a way proposed in [CGLT06] to reduce several other reasoning tasks for DLs
to answering CQs, so that it shows the calculus and the algorithm can be applied to a wide range

of inferences.

Thttp://www.w3.org/ TR /owl-features
2The fact that evaluation of CQs over a DL-Liter KB can be reduced to their evaluation over a chase of the KB
was presented first in [CGL*06].
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Chapter 1

Introduction

1.1 Information Integration

Information integration has attracted a lot of attention in recent years. The key problem in this field
is to access, relate and combine data from multiple sources. This problem is the basis of distributed
databases, cooperative information systems, and data warehousing, which are important areas in
the software development industry [Wie96, KL95, ZGMHW95, Hul97].

There are two main stages in the evolution of researches in information integration. The first
one is known as schema integration and the second one as data integration. Schema integration
was investigated in the 1980s in the context of database design. The goal was to design, for a given
collection of independent database schemas, a global schema that reflects all the given ones [BLN86].
Data integration concerns a more general problem, which involves not only schemas but also the
actual data in the integration process. In this context the goal is, for a given collection of data

sources (schemas plus actual data),

1. to provide an integrated and reconciled view (called global view in the following) of the actual

data from the sources, taking into account the autonomy of the sources [Ul197],

2. to use the global view in order to manipulate the data in the data sources, i.e. to query or/and

update the data.

Systems that perform data manipulation using this kind of approach are called information inte-
gration systems. A general architecture of such systems is given in Figure 1.1. Data integration
that involves the (integrated and reconciled) views for answering queries, but not for updating the
sources is known as read-only integration. In this work we deal with read-only integration only.
There are two orthogonal ways to classify approaches to data integration. The first classification
exploits the fact that the global view can be materialized or not. This corresponds to so-called
materialized and virtual integrations, respectively. The second classification exploits the fact that
the integration can have a single global view, which describes the whole data in the sources at once,
or many small views, where each of them is adopted to a specific query. This corresponds to so-
called declarative and procedural integrations, respectively. In the next two sections we discuss the

classifications in more detail.
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Figure 1.1: General architecture of information integration systems.

1.1.1 Virtual vs. Materialized Data Integration

In virtual integration the view of the data in the sources is not materialized, i.e., the view is a col-
lection of descriptions written in some language that represents relationships between data elements
in different sources. This view can involve an external vocabulary for describing the data elements
and the relationship between them. The data integration systems that exploit this kind of vies act
as an interface between the user and the data sources [SL90, HBP94]. It is used in multidatabases,
distributed databases, and more generally open systems. Query answering for virtual integration is
generally costly, because it requires accessing the sources.

In materialized integration the global view is a replication of the data from the sources [GM95,
Inm96]. In this case the data integration system maintains the replication and provide a querying
interface for the user. It is used, for example, both in information system re-engineering and data
warehousing. Query answering for materialized integration is generally more efficient, because it does
not require accessing the sources, whereas maintaining the materialized views is costly, especially
when the views must be up-to-date with respect to the updates at the sources (view refreshment).

In this work we deal with virtual data integration only.

1.1.2 Procedural vs. Declarative Data Integration

In procedural data integration, the views are created in an ad-hoc manner wrt a set of predefined
querying needs. In this case the basic approach to design data integration system is to provide
suitable software modules for the systems, which access the sources in order to fulfill the predefined

querying needs. There are several data integration (both virtual and materialized) projects, such as
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TSIMMIS [CGMH194, Ul97], Squirrel [ZHK96, HZ96], and WHIPS [HGMW 95, WGL*96], that
follow the procedural idea. They do not require an explicit notion of integrated data schema, and

rely on two kinds of software components:

e wrappers that encapsulate sources, converting the underlying data objects to a common data

model and
o mediators [Wie92] that

— obtain information from one or more wrappers or other mediators,

— refine this information by integrating and resolving conflicts among the pieces of infor-

mation from the different sources and

— provide the resulting information either to the user or to other mediators.

The basic idea is to have one mediator for every query pattern required by the user, and generally
there is no constraint on the consistency of the results of different mediators.

In the declarative approach to data integration, the global view is a unified representation of the
data in all the sources, moreover, it is a model of the domain of the data described in a suitable

language. In this case data integration systems perform query answering in the following way:

e first, they consult the unified representation regarding relationships between the terms (e.g.
names of the tables, attributes, etc.) used by the user in the query and the ones used in the

sources,

e second, they create a so-called query plan that reflects an optimal, from the point of view of

the system, way to access the data and to combine the retrieved result,

e third, they access the data sources using suitable mechanisms.

Note that the unified representation is a model of the domain of the data stored in the sources,
but not of the sources themselves. For instance, in the data integration of several sources with
information about car sellers, the representation is a model of the car selling domain, ad this model
not necessary depends on the particular data stored in the sources. This independence provides a
crucial advantage of the declarative approach over the procedural one: although building a unified
representation may be costly, the representation or the domain model is a reusable component of
the data integration systems.

The declarative approach is used in Carnot [CHS91, HJK*93], SIMS [ACHK93, AKS96], Infor-
mation Manifold [LSK95, KL.SS95, LRO96], and DWQ [JLVV99, CDGL"98a, CDGL™98b].

In this work we deal with declarative virtual data integration only. In the next two sections
of this chapter we first consider a general approach to use ontology languages for modelling data
and ontologies as a unified representation formalism; second, we consider a specific data integration
framework, where an ontology language called DL-Liter (see details in Section 1.2) is used for the

modelling and discuss complexity of query answering and other reasoning tasks for this framework.
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Figure 1.2: General architecture of information integration systems that use ontologies as a view
over the data in the sources.

1.2 Ontologies

Ontology languages are formal languages that were specifically designed to describe data in un-
ambiguous and machine processable way. A feature of ontology languages is that they represent the
data in terms of classes ( also called entities or concepts) and relationships between them. Since
ontology languages use classes and relations to represent data, they allow one not only to describe
particular elements of the domain of interest, but also to specify a conceptualization, i.e. an abstract
view, of the domain [Gru93]. A conceptualization of the domain written in an ontology language is
called domain ontology or simply ontology. For instance, ER diagrams in databases and information
systems, or UML class diagrams in Software Engineering can be considered as ontologies. Ontologies
can be also used in data integration as unified representations of the domain, and ontology languages
can be used to write these representations. A general architecture of a data integration system where
ontologies are used as unified representations is given in Figure 1.2.

Let us consider an evolution of ontologies as modelling tools in Computer Science.

1.2.1 Usage of Ontologies for Modelling

A real interest in ontology languages and ontologies in Computer Science started to emerge in the
1980s [dBO03] in the areas of Knowledge Engineering (KE) and Knowledge Representation (KR).
In these areas researches used the term knowledge representation languages instead of ontology
languages. In the 1980s several knowledge representation systems such as KL-ONE [BS85] and
CLASSIC [BBMR&9] were developed, where subsets of first-order logic that later become known as
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Description Logics (DL) [BCM T 03] were used as ontology languages. Later on in the 1990s systems
were developed such as LOOM!, Ontolingua [Gru92] which used different DLs as ontology languages.
Ontolingua allowed one to develop, manage and exchange ontologies. This system was also able to
inter-operate with different ontology languages from different systems like KIF, KL-ONE, LOOM
and CLASSIC, using the KIF language as an interchange language.

Almost in parallel with KE and KR, at the beginning of the 1990s, the term ontologies was first
introduced in Computer Science by researchers in Artificial Intelligence and ontologies became a
popular research topic. There were several well-known ontology based systems developed in this
period, for instance, the WordNet ontology [Fel98], which models the English language. It contains
a (natural language) description of English words and specifies three types of relationships between
words, namely synonym and hyper-/hypo-nym (more/less general terms) relationships. The scope
of WordNet is very broad but the level of detail is very low. Since the descriptions of the words
are in natural language only, they are hardly machine-processable. Another example of an early
ontology is CYC [Len95]. Again it is a very broad scope ontology, which attempts to capture all
common-sense knowledge of human beings (i.e., it contains terms like space, time) by describing it
with high level of details. CYC contains many formal relationships between different terms and is
machine-processable.

Later, in the 1990s, there were first attempts to apply ontologies to the World Wide Web. For
instance, in the SHOE project [HHOO0] ontologies were used to annotate web pages (through their
embedding in HTML documents) in order to to facilitate the process of information retrieval. In
the Ontobroker project [FDES98] and its successor On2broker [FADT00], that were carried out in
the late 1990s, ontologies were used not only to annotate web pages but also to formulate queries
and derive answers.

Starting from the beginning of the 2000s the idea of the so-called Semantic Web [BLHLOI]
appeared. The Semantic Web is an attempt to improve the World Wide Web from the current
one, where the information is mostly presented in natural language and therefore can be understood
by humans but not by machines, to a Web of a new generation, where the information will be
presented in a machine readable and understandable form. An important European research project
on Knowledge Management using the Semantic Web technology was the On-To-Knowledge project?,
which ran from 2000 until 2002. The focus of the project was knowledge management in large
and distributed organizations using Semantic Web technology, and mainly ontologies. One of the
outcomes of the project is the OIL? (Ontology Inference Layer) [HFBT00] ontology language. OIL
appeared in 2001 and became a basis for the DAML+OIL [Hor02] ontology language, which in
turn became a basis for the ontology language OWL (Web Ontology Language) [BvHHT04]. OWL
has three types, namely OWL Full, OWL-DL and OWL-Lite, which were developed by the Web
Ontology workgroup at W3C (World Wide Web Consortium) and standardized by W3C. Nowadays,
OWL has a broad support in both industry and academics and it is considered as the ontology
language for the Semantic Web.

In the next section we first consider limitations in using of DL-based ontology languages in data

integration and then discuss the DL-Liter ontology language, which was developed to overcome

Thttp://www.isi.edu/isd/LOOM/LOOM-HOME.html
2http:/ /www.ontoknowledge.org/
3http://www.ontoknowledge.org/oil /
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these limitations.

1.3 DL Based Ontology Languages for Data Integration

The usage of ontology languages for data integration to specify a unified representation or a concep-
tual view over a given collection of sources always faces the problem of finding the right trade-off
between expressive power of the language and computational complexity of different reasoning tasks
for integration. If one considers ontology languages that are based on DLs, then the reasoning tasks
include query answering, instance checking, subsumption, etc.

Let us now discuss this trade-off for ontology languages expressed in arbitrary DLs and then for
ontology languages expressed in the so-called DL-Lite family of DLs, which will be introduced in
detail later.

Research carried out in the past on investigating the trade-off between expressivity and complex-
ity [BCM™03] shows that many DLs with efficient, P TIME, reasoning algorithms lack the modelling
power to capture basic ontology languages, while most DLs with sufficient modelling power suffer
from intractability, i.e. EXPTIME complexity of reasoning [BCM 103, BB03].

In the context of data integration even POLTIME complexity of reasoning turns out to be too high.
It is the case because in several important applications, where the use of ontologies as conceptual
views is advocated nowadays, the overall size of data sources is huge (e.g., from millions to trillions
of instances). For instance, in the Semantic Web data sources are Web repositories and they may be
numerous or incorporate very large data sets. Hence, in this context, neither the data integration
systems which are equipped with expressive ontology languages and EXPTIME (in the size of the data
sources) reasoners (e.g Fact?, Racer®), nor the ones, which are equipped with not very expressive
ontology languages but relatively fast reasoners, are suitable for data integration needs. In order to

solve this problem a new family of DLs, called the DL-Lite family was proposed.

1.3.1 DL-Lite Family

The DL-Lite family [CDGLT05b, CGL106] is a family of DLs, in fact a fragment of OWL Lite, specif-
ically tailored to capture basic ontology languages, while keeping many reasoning tasks tractable.
In particular, the family has LOGSPACE (in the size of the data sources) complexity of all basic
reasoning task for DLs and the same complexity of answering unions of conjunctive queries. There
are three DL logics in the DL-Lite family. The basic one, so-called DL-Litecq.e, was introduced first
in [CDGL™T05b]. The language of the logic allows one to express (cyclic) IS-A assertions on concepts,
disjointness between concepts, role-typing, participation constraints, i.e., assertions stating that all
instances of a concept participate to a specified role, and non-participation constraints. The other
two logics are extensions of the basic one. The first extension is called DL-Liter and it extends DL-
Litecore with functionality restrictions on roles. The second one is called DL-Liter and it extends

DL-Litecore with IS-A and disjointness assertions between roles. Both extensions are expressible

4http://www.cs.man.ac.uk/ horrocks/FaCT/
Shttp://www.sts.tu-harburg.de/~r.f.moeller /racer/
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enough to capture a variety of representation languages widely used in Computer Science. For in-
stance, DL-Liter is a strict superset of RDFS®, and DL-Liter captures the fundamental constructs
of the Entity-Relationship [AHV95] conceptual data model, and basic of UML class diagrams” used

in object-oriented formalisms.

1.3.2 Reasoning in DL-Liter

As we already discussed above, the most important reasoning task in data integration is query
answering. In a data integration setting where the global ontology is specified in DL-Liter and the
data sources are stored as relational databases it has been shown that the query answering can be

performed as a two step process [CDGLT05c¢]:

1. first step: to reformulate the query posed to the data integration system using the ontology

only; the reformulation returns a union of conjunctive queries;

2. second step: to evaluate the union of conjunctive queries over the sources by an SQL engine.

Since the evaluation in the second step can be done using SQL engines, it exploits advantages of well
established query optimization strategies. The complexity of the evaluation measured in the size of
the data sources is LOGSPACE, because the first step does not depend on the data in the sources,
and the second one is the evaluation of an SQL query over a databases, which is LOGSPACE in the
size of the data [AHV95], and, consequently, the whole query answering process is in LOGSPACE in
the size of the data.

As for the other reasoning tasks for DLs, it is shown in [CDGL%05a] that they can be reduced
to conjunctive query answering and, consequently, performed in LOGSPACE in the size of the data.

The idea of taking advantage of well-established query optimization strategies supported by
current industrial strength relational technology was one of the motivations behind several research
works done on CLASSIC in the 1980s [BBMR®9]. Based on this idea a reasoning system for DL-
Litez, called QuOnto [ACDG™05] has been developed.

1.3.3 Maximality of DL-Liter and DL-Liteg

As it is shown in [CDGL'05a] the logics of the DL-Lite family are essentially the maximal DLs
for which conjunctive query answering can be computed in LOGSPACE, by allowing one to delegate
query evaluation to an SQL engine. It is shown that even slight extensions of the DL-Liter and DL-
Liter languages increase the complexity of query answering (in the size of the data) to NLOGSPACE
-hard and CONP-hard, thus losing the possibility of reformulating queries in SQL. Actually for the
extended languages where query answering is PTIME, it could still be feasible in practice, but the
database technologies needed (Datalog engines) are not as well developed as standard SQL-based
DBMSs.

Shttp://www.w3.org/TR/rdf-schema/
"http://www.omg.org/uml/
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1.4 Contribution of Thesis

Conjunctive queries constitutes a large fragment of SQL, but there are more complex queries which
are commonly used in practice and still expressible in SQL [AHV95], e.g. conjunctive queries with
negation, comparisons and even aggregated queries. An important further investigation of DL-
Liter is to understand whether it is possible to use wider fragments of SQL for query answering
still keeping delegation of the query evaluation to SQL-based DBMSs. This task requires for better
understanding of the theoretical properties of DL-Lite 7 logic and this work is aimed to provide such
an understanding.

We investigate two aspects of DL-Liter: properties of models of DL-Liter knowledge bases
(KBs) and a calculus for the logic. As shown in [CGL™06], in general DL-Liter KBs have neither
finite nor least (wrt inclusion) models. We construct examples to illustrate these phenomena. We
introduce the notion of a universal model for a KB (which is based on the notion of a universal
solution proposed in [FKMPO05]) show that every satisfiable DL-Litez KB has a universal model.
We also show that a chase of a knowledge base is a universal model.

Query answering over a KB, using an arbitrary query language, requires in principle to evaluate
the query over all models of the KB. We show that for answering conjunctive queries (CQs) over
a DL-Liter KB it suffices to evaluate it only over a universal model of the KB, and consequently,
over a chase of the KB®. In general the chases of a KB may be infinite. We identify (using results
from [FKMPO05]) a class of KBs for which all chases are finite and, moreover, CQs can be answered
in polynomial time.

However, it turns out that, also for KBs that have an infinite chase, it is possible to answer CQs
in finite time. Calvanese at al. do this in [CDGLT05b] by presenting a query rewriting algorithm
(with LOGSPACE data complexity) that takes as input a KB and a CQ and rewrite the query to a
union of CQs which is then evaluated over the data (ABox in terms of DLs) stored in the KB in
order to return all answers. We do this by defining a calculus that takes as input a KB and a CQ
and allows one to derive all answers. We show how the algorithm presented by Calvanese at al. in
[CDGL™05b] can be obtained by imposing a specific control strategy on the calculus. Finally, we
present a way proposed in [CGLT06] to reduce several other reasoning tasks for DLs to answering

CQs, which shows the calculus and the algorithm can be applied to a wide range of inferences.

1.5 Organization of Thesis

The material of this thesis is organized in four chapters. Chapter 2 covers syntax, semantics and
reasoning tasks for DL-Lite . In Chapter 2 we also define query answering and data complexity for
query answering.

Chapter 3 covers model-theoretical properties of DL-Liter KBs: we show lack of finite models
(Section 3.1) and least models (Section 3.2) for arbitrarily DL-Liter KBs. In Section 3.3.1 we
introduce so-called universal models for KBs over arbitrary DLs. In section 3.3.2 we present a
chase for DL-Liter KBs and then in Section 3.3.4, using the chase and homomorphisms between

interpretations, we prove a Separation Theorem, which shows that it is possible to separate evaluation

8The fact that evaluation of CQs over a DL-Liter KB can be reduced to their evaluation over a chase of the KB
was first presented in [CGL*06].
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Figure 1.3: The UML class diagram represents the ontology for filmed scenes for realizing a movie.

of CQs over DL-Liter KBs in two steps as it was discuss above. In fact, the theorem was proved
first in [CGLT06], here we re-prove it using another technique. In the last section of Chapter 3,
we show that any satisfiable KB satisfies universal model property and that any chase of a KB is a
universal model.

Chapter 4 introduces CQs and then two orthogonal approaches for answering CQs posed over
DL-Liter KBs: a model theoretical (in Section 4.2) and a proof theoretical one (in Section 4.3).
We introduce (in Section 4.2.1) the class of so-called weakly-acyclic DL-Liter KBs, for which the
model theoretical approach is applicable and show complexity of reasoning for these KBs. In order
to apply the approach one need to embed DL-Lites in the so-called Extended Horn Logic (which is
introduced in Section 4.3.1) and then apply a calculus (which is introduced in Section 4.3.3) to the
result of the embedding. The imbedding itself is introduced in Section 4.3.2. In Sections 4.3.4 and
4.3.5, we show respectively that the calculus is sound and complete wrt to answering CQs, i.e., for
a given KB and a CQ the calculus allows one to derive all answers for the query over the KB. In
Section 4.3.6 we present a way to implement the calculus.

Chapter 5 covers reductions from different reasoning tasks for DL-Liter to conjunctive query

answering over DL-Lite r KBs.

1.6 Example of Using Ontologies in Information Integration

Here we consider an example of constructing an ontology using several languages, namely, UML-class
diagrams, natural language and DL-Liter (formally the language will be introduced in Chapter 2).
The UML-class diagram is presented on Figure 1.3 and represents the ontology for filmed scenes
for realizing a movie. Let us make descriptions of some fragments of the diagram first in natural

language and then in DL-Liter .
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The class Scene is identified by a code (a string) and a text description. Scenes are filmed from
different positions (at least one), which are called setups and can be either internal or external. In
the diagram the class Scene is completely covered by the union of classes Internal and External, but
we can not express it in DL-Lite r, since completeness is not expressible in this language. Let us
write this part of the ontology in DL-Liter (see details of translation from UML to DL-Liter in
[CCDGLO01, BCDGO1]):

3IScene_code L Scene

IScene_code™ L String
func(Scene_code)

JScene_description L  Scene

dScene_description™ C  Text

func(Scene_description)

Internal T Scene

External T Scene

where Scene_code, Scene_description denote the attributes “code” and “description” of the class

Scene, respectively.

The func(stp-for_scn) relationship is expressed in DL-Liter as follows:
dstp_for_scn L Scene
dstp_for_scn™ L Setup
Scene L dstp_for_scn
Setup L dstp_for_scn™

func(stp_for_scn)

The others classes with their attributes and the relationships can be expressed in DL-Liter

similarly.



Chapter 2
DL-Lite r

In this chapter we introduce DL-Litex, a description logic (DL) from the DL-Lite family introduced
in [CGL106]. We start with the syntax of the language, then continue with its semantics and present

some reasoning tasks for the logic.

2.1 Syntax

The DL-Liter language, as any DL language, is to represent a domain of interest in terms of concepts
(denoting sets of objects) and roles (denoting binary relations between objects). Any well-formed
set of statements (formulae) written in DL-Litez is a description of a domain of interest. We start
with the syntax of DL-Liter and give some (semantical) intuitions behind it.

To define the DL-Lite s language we need to introduce several disjoint sets of symbols. Let AC' =
{A1, ..., Ajac|} be a finite set of atomic concepts, AR = {Ry, ..., R|ag)} be a finite set of atomic roles.
Let Const be a countable set of constants, and Var be a countable set of variables. We also need two
disjoint sets of constructors, namely {3, —, M, ~} and {C, func}. The former set of constructors
will be used to define concepts (terms) of the language and the latter one to define assertions

(formulae) of the language. We use ¥ to denote a functional free signature AC U AR U Const.

Definition 1. Using standard DL notation, we (inductively) define DL-Litez concepts as words
over the alphabet AC U ARU{3, =, M, ~} in the following way:

basic concept B — Al atomic concept
IR | existential quantification on a role
dR™ existential quantification on the role’s inverse
(general) concept C — B basic concept
(—B) | negation of a basic concept
(C1MCy) intersection of (general) concepts

where A € AC and R € AR.

Due to the fact that negation is allowed in front of basic concepts only, we will eliminate brackets

around negated concepts. We will also eliminate brackets around general concepts if it does not lead

11
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to ambiguity. We denote the set of all concepts over given sets of atomic concepts AC and atomic
roles AR as Con(AC, AR). We write Con if it is clear from the context over which sets of atomic
concepts and roles it is constructed.

Note, that in terms of FOL concepts can be considered as terms. The difference between terms
and concepts is that the former ones denote elements of the domain whereas the latter ones denote
sets of elements of the domain. In this sense concepts are close to unary predicate symbols. In
the same manner as FOL terms are used to construct formulae, DL-Liter concepts (together with
roles) are used to construct assertions. There are two types of assertions, so called intensional and
extensional ones. Assertions of the first type describe the intensional knowledge about a domain of
interest and those of the second type describe the intensional knowledge. We call them as usual TBox
assertions and ABozx assertions respectively. We formally define TBox assertions in the following

way.

Definition 2. TBoz assertions are defined as words over the alphabet ACUARU{3, -, M, “} U

{C, func}. Well formed assertions are words of the form:

BCC inclusion assertion

(func R), (func R™)  functionality assertions
where B,R,C are a basic concept, an atomic role and a concept respectively.

An inclusion assertion expresses the fact that a basic concept is subsumed by a general concept,
while a functionality assertion expresses the (global) functionality of a role, or of the inverse of a
role.

Note that negation can appear on the right hand side of inclusion assertions only. The meaning
of an inclusion B € —B’ is the concepts B and B’ are disjoint. Actually, the only reason why
we introduce negation in the DL-Liter language is to have the ability to express disjointness of
concepts. Moreover, disjointness is the only property expressible in DL-Lite by means of negation.

Let us now define ABox assertions of the DL-Liter language.

Definition 3. ABoz assertions are defined as words over the alphabet AC U AR U Const. Well

formed assertions are words of the form:

A(a), R(a,b) membership assertion
where A, R are an atomic concept and an atomic role respectively; a, b are constants.

These membership assertions state respectively that the object denoted by a is an instance of
the atomic concept A, and that the pair of objects denoted by (a,b) is an instance of the role R.

We denote a set of TBox assertions as 7 and a set of ABox assertions as A. A DL-Liter
knowledge base (KB) K is defined as as pair (7, A) of the TBox 7 and the ABox A.

We will not consider membership assertions involving general concepts in this work. However,
it can be shown that, with respect to the forms of reasoning considered in this work, presence of
a membership assertion C'(a) in a KB can be simulated by adding A C C to the KB’s TBox, and
A(a) to the KB’s ABox, where A is an atomic concept that does not appear in the original KB.
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Note that DL-Liter is a weaker version of OWL-Lite, the less expressive sublanguage of OWL!.
OWL Lite presents some constructs (e.g., cardinality restrictions on roles) that are non expressible
in DL-Liter.

2.2 Semantics

The semantics of DL-Lite x is given in terms of interpretations over a fixed infinite countable domain
A. We assume that the set Const is under the unique name assumption, i.e. different constants
denote different objects. Moreover for each object we can always find a constant denoting it. In
other words, we have bijection between the set of constants and the domain or (in terms of [LLO1])
we have standard names, and we will not distinguish between the alphabet of constants Const and

the domain A. Therefore, statements like ”a constant ¢ in A” should not lead to misunderstanding.

Recall that the signature ¥ = AC U AR U Const consists of sets of unary (AC), binary (AR)

predicate symbols and constants (Const).

Definition 4. An interpretation I = (A,-1) (over X) for the set of DL-Liter atomic concepts AC
and atomic roles AR is defined as a first order structure (over ) with A as a domain and an

interpretation function described as follows:

Al A
R ¢ AxA

N

To define semantics for the set of concepts Con we extend the interpretation function -/ following

Definition 1 of concepts as follows:

Extension of -/ Al A
(basic concepts) AR = {c|3.(c,d) € R}
(B3R! = {c]|3c.(¢,c) € R}

N

Extension of -/ Bl = BI
(general concepts) (-B)Y = A\ B!
(CGincy)! = ¢incd

We call the constant ¢’ that appears in the definition above as filler. As we already said before,
concepts are interpreted as sets of elements from the domain and roles as binary relations on the
domain elements. Since the binary operator IM is interpreted as intersection it is polyadic and all
brackets that occur in concepts can be eliminated. Let us now define truth valuation for DL-Liter

assertions.

Thttp://www.w3.org/TR/owl-features
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Definition 5. Let I be an interpretation (over ), then

I=BCC iff B! cc’

I|= (func R) iff for all constants ¢, ¢, ¢’ s.t (¢,¢’) € R and (¢,¢”) € R holds ¢/ = ¢
I'}= (func R™) iff for all constants ¢, ¢, ¢’ s.t (¢,¢) € R and (¢”,¢) € R holds ¢/ = ¢
IE A(a) iff ac A’

I = R(a,b) iff (a,b) € R

In Definition 5, one should read I |= ¢, where ¢ is an assertion, as “¢ is true in the interpretation
I”. If ¢ is true in the interpretation I, then we say that I is a model for ¢. We say that an assertion
is satisfiable if there is a model for it. We say that I is a model for a KB I if it is a model for
all its assertions. A knowledge base K is satisfiable if there exists a model for it. We say that two
assertions or two KBs are equivalent if they have the same set of models. For a given KB K we
denote the set of all models of K as Mod(K).

In terms of database theory (see, for instance, [AHV95]), a KB can be seen as an incomplete
BD, where the ABox is a given BD and the TBox is a set of dependencies. Any model of the KB is
a possible completion of the DB (ABox) wrt the dependencies (TBox).

Note that if a KB contains either TBox or ABox assertions only, then the KB is always satisfi-
able. A reason is that in the former case a trivial (empty) interpretation of all concepts occurring
in the KB over any domain is always a model for the KB. In the latter case a Herbrand base over

the symbols occurring in the KB is a model for the knowledge base.

Example 1 Let us consider two examples of unsatisfiable knowledge bases. The first KB K is the
following:

K= {A(a)a Al(a)7 ALC _‘AI}'

Obviously there is no model for ;. The reason is that on the one hand concepts A and A’ are
disjoint and on the other hand they contain the same element a. In this example the conflict between
concepts/assertions of the KB was given explicitly, that is, the disjointness of two concepts that have

a common element is given as an inclusion assertion in .

As one can see from the second KB:

Ky ={A(a), A'(a), AT A", A" C A"},

a conflict in the KB is implicit, that is, it is not explicitly stated but in fact can be easily checked

using query answering (see Section 5 for efficient satisfiability checking).

Let us consider inclusion assertions of a special kind. We call inclusion assertions of the form
B LC B or BLC —B’, where B and B’ are basic concepts, as positive (linear) or negative (linear)
assertions respectively. We say that a KB K is linearized if each its assertion is either a membership

assertion or a functionality assertion or a linear inclusion assertion. It is easy to check that any
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inclusion assertion is equivalent to an assertion of the form:
BC B MN..NB,N=B{M..N=B,.,

where B, all B; and B;. are basic concepts. This assertion viewed as a KB is obviously equivalent
to the following KB:
{BC By,..,BC B,, BC-B,,..,BC -B/ }.

Hence, each KB is equivalent to a linearized KB and later on without lose of generality we consider
only linearized KBs.

Note that functional and negative inclusion assertions correspond (see, for instance, [AHV95]) to
so-called equality- and inequality-generating-dependencies respectively. For the further convenience,
let us define for a given KB K the active domain of K, denoted as adom(K), to be the set of all
constants occurring in K. It is clear that the active domain of L does not depend on its TBox, for
there are no constants occurring in the TBox assertions. We define sch(K) as the set of all atomic

concepts and roles occurring in K.

2.3 Reasoning in DL-Liter

Syntax and semantics for DL logics allow us to describe knowledge about a domain of discourse for-
mally (due to the syntax) and unambiguously (due to the semantics). After the domain is described
one is interested in reasoning about the domain. In this section we present several reasoning tasks
for DL-Lite 7 KBs, namely, KB satisfiability, instance checking, subsumption checking, equivalence

checking and query answering.
KB satisfiability. For a given KB K check whether K is satisfiable.

Instance checking for a concept/role. For a given constant a/pair of constants a and b, concept
C/role R and a KB K, check whether I = C(a)/R(a,b) for every model I = K.

Subsumption checking. For given concepts C, D and a KB K, check whether I = C C D for
every model T E K.

Equivalence checking. For given concepts C, D and a KB K, check whether I = C C D and
I =D C C for every model I |= K.

In Chapter 5 we present efficient procedures for the reasoning tasks above.

2.3.1 Query Answering for DL-Liter

In this section we define further reasoning tasks for DL-Liter logic, namely query answering and
query containment.

—
b

We define a query g as a FOL formula ¢(Z; ), where & is the vector of all free variables of ¢
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and ¢ is the (disjoint from Z) vector of all bound variables of ¢. We call variables in ¥ distinguished
variables for the query ¢ and variables in ¢ non-distinguished variables for the query q. We denote

the union of variables from Z and ¢ as var(q). We use a denotation

(%) — o)
to express the fact that a query ¢ has distinguished variables Z and is defined as a formula ¢(Z;¥).
For our convenience, following logic programming notation, we call the formula ¢(Z;¢) as body of
the query ¢ and use the notation body(q) or body(Z;y) as an equivalent one to ¢(Z;¥). Using this
notation a query ¢ can be written as:
q(Z) — body(Z; 7).

We say that a query ¢ is over a KB K if body(q) satisfies the following conditions: there are no
functional symbols occurring there; all the predicate symbols occurring there are from sch(K); and
all constants occurring there are from adom(K).

Let us define query answering for a query over a model of a given KB.

Definition 6. Given a KB K, a model I of K, a query q(Z) «— ¢(&;y) over K, the answer set of ¢

over I is defined as the following set.
q(I,K) = {y(@) | I,v E (% %)}
where v: Var — A.

In Definition 6, the mapping ~ is defined on variables Var, but it can be naturally extended to
tuples of variables. One should view ~(Z) as application of the extended v. We say that the set
q(I,K) is the result of the answering of the query over a model I of a given KB K.

We defined how to answer a query over a single model of a KB. Let us now define how to answer
a query over the KB itself. It is not an obvious task, for there is an ambiguity arising from the
fact that, as one can see from the Sections 3.2, and 3.1, there may be many (not isomorphic and
possibly infinite) models I for a KB K and, as a result, different such models I may produce dif-
ferent answers ¢(I, K). This conceptual difficulty was first encountered in the context of incomplete
databases, where one has to find the “right” answers to a query posed against a set of “possible”
databases (see, for instance, [vdM98]). An incomplete database can be thought of as the set of
all databases that satisfy a certain specification, that is, all databases that are “possible” for the
given specification. In this sense, a KB K can be seen as a specification (that describes a set of
constrains/assertions) that is to be satisfied; at the same time the set of all models of IC can be seen
as an incomplete database. Now, suppose that a query is posed against an incomplete database.
There is general agreement that in this context, the “right” answers are the certain answers, that is,
the answers that occur in the intersection of all ¢(I)’s, as I varies over all “possible” databases. This
notion makes good sense for DL-Liter as well, where, as discussed above, the “possible” databases
are models of the KB. It also has the benefit that the query semantics is independent of the specific
model of the KB but depends only on the KB itself. We thus adopt the certain answers as the
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semantics of query answering for DL-Liter and investigate the complexity of computing the certain
answers for DL-Liter KBs. A related important question is whether the certain answers of a query
can be computed by query evaluation in a “good” model of the KB. Let us now formally define the

discussed reasoning task for DL-Liter, i.e. query answering for a query over a KB.

Query answering. For a given query ¢ and a KB K, return the set of certain answers ¢(K) defined
as follows:
q(K) = {¢| € adomK!?, and & € (I, K) for every model I }= K}.

We call the set ¢(K) the answer set for g over K. Note that if I is unsatisfiable, then ¢(K) is

equal to Al7l. The next reasoning task is query containment.

Query containment. For two given queries g1, g2 and a KB K, check whether
(1K) € q2(1,K)

holds for every model I = K.

Note that for a given query ¢(Z) «— ¢(Z; %) and a KB K, query answering is searching for all
)

tuples ¢ of constants from adom(K) such that the following entailment holds:
K ¢ y).

Let us now define complexity of query answering. We define it as the complexity of the following

decision problem:

For a given KB K, a query ¢ and a vector ¢ of constants from adom(K) decide whether
ceq(K)

The most relevant parameter to measure complexity is the size (number of membership assertions)
of the K’s ABox. Complexity measured using this parameter is called data complexity (it was first
introduced in [Var82]). Of course one can use the size of the KB K (the size of its ABox plus the
size of its TBox, i.e. the number of basic concepts occurring in its TBox) as a parameter to measure
complexity. This kind of complexity is called combined complexity. Data complexity is relevant
when the size of the KB’s ABox much bigger that the size of the KB’s TBox, which is actually the
case in most practical applications. Combined complexity is relevant when an ABox and a TBox
have comparable sizes.

Let us now consider a decision problem which is equivalent to the one introduced above:

Check that for a given KB K, a query ¢(Z) «+ ¢(&;§) and a vector ¢ of constants from
adom(K), the entailment K = ¢(&; %) holds.

To decide the entailment one needs to check that all models of K satisfy ¢(¢;%). As one can see from
Sections 3.2, and 3.1, there may be an infinite number of (possibly infinite) models of K. Hence, it

is not clear at all whether query answering is decidable and if it does then what is the complexity
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of the decision procedure. It turns out that for particular classes of queries, namely, for conjunctive

queries the problem is LOGSPACE decidable in data complexity (see details Section 4.3.6).



Chapter 3

Model-Theoretical Properties of
DL-Liter Knowledge Bases

In this chapter we consider three properties of KBs, namely, finite model property, least model

property and universal model property.

3.1 Lack of Finite Model Property

We say that a set of assertions I' meets finite model property (FMP) if T' is satisfiable and there is a
finite model I for I'. Unfortunately, there are DL-Lite r knowledge bases that do not meet FMP. To
illustrate the phenomena let us consider axiomatization of forests of trees with infinite depth and
unbounded branching factor. We first present the axiomatization in a natural language and then

express it in DL-Liter. The axioms are the following:

1) Every root node has a child.

2) A root node does not have a parent.

(1)
(2)
(3) Every node that has a parent, has a child.
(4)

4) Every node has at most one parent.
These axioms can be translated in the following DL-Liter TBox 7

1) Root C AChild

(1)
(2) Root C —~3Child~
(3) IChild— C 3Child
(4) func (Child ™)

To obtain a single tree of an infinite depth with a root element a one need to add the following fact

to the above forests’ axioms:
(5) an element a is a root.

This fact corresponds to the ABox A:

19
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(5) Root(a)

It is easy to check that the KB K = (T, .A) is satisfiable and there is no finite model for K. Indeed,
assume that an interpretation I is a model for K. Due to the assertion (5), a is a Root element
in I. Due to (1), there is a child element, say n, of the element a and, due to (2), n is different
from a. Due to the assertion (3), there is a child of the element n in I, say m, such that, due to
(4), m is different from n. Applying assertions (3) and (4) to m and its descendants we obtain an
infinite chain of elements connected through the binary relation Child. This implies that I should
“contain” an infinite chain of descendants of the element a. Hence, I is infinite. Note, that if one

disallows functionality assertions in DL-Liter, it will lead to a DL language that meets FMP.

3.2 Lack of Least Model Property

We say that a set I' of assertions meets least model property (LMP) if T' is satisfiable and there is
a (least) model I for I', which is contained in any other model of I". Note, that a model I for I' is
contained in a model I’ for T if both models have the same signature and for any symbol P in the
signature the containment P! C P! " holds. The least model for I is in fact an intersection between
all I’s models, where the intersection of a set of models is defined as the maximal (wrt containment)
model that is contained in all the models from the set.

Unfortunately, the LMP does not hold for an arbitrary KB K. The following example gives

intuitions why this happens.

Example 2 Let us consider the following KB:
K ={A(a), A C 3R}.

Interpretations I; = (A,-11) where A = {a}, R* = {(a,b)} (b is an element from A) and
I = (A,2) where A2 = {a}, R™> = {{a,c)} (c is an element from A) are models for . However,
the intersection of them Iy NIy = (A, -11712) where ANz = o, RI\72 = () obviously is not a model

for IC. Therefore, there is no least model for the observed DB K.

Intuitively the reason why in the example the intersection of two models of K is not a model of
KC is that the existential quantification on the role R does not fix the exact filler of R. Hence one
can choose any element of the domain as a filler and obtain a model for . Similar problem appears
when one tries to find a least model for a disjunction of formulae.

An interesting observation is that if a KB consists of an ABox only, then the least model always
exists. The least model is simply a Herbrand model that coincides with the ABox viewing as a
collection of ground atoms.

Let us now look on the two models from the Example 2. more carefully. Are they really different
one from another? If we are able to distinguish elements from adom(K) only, then the models look
quite similar. If one define a mapping that is an identity on the constant a, maps the constants b, ¢
to the same constant d and if one extend the mapping from constants to models, then both models

will be mapped into the same one. In the Section 3.3 we define this mapping formally and define
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a universal model using the mapping. This will allow us to define a universal model property for
DL-Liter knowledge bases. In particular the models from the example are isomorphic and each of
them is universal for the KB K.

3.3 Universal Model Property

In this section we define universal models and investigate properties of such models. We also define
universal model property for KBs and show that any satisfiable DL-Liter KB meets this property.

In particular we show that a chase of a DL-Liter KB is a universal model of the KB.

3.3.1 Universal Models

Let K = (7, A) be a knowledge base. We define a set In(K) of labelled nulls for K as the set of all
constants that do not occur in K (actually, in A because constants never occur in TBoxes). The
word “nulls”; as in the case of databases (compare to null values in [AHV95], page 488), reflects the
fact that the constants in In(C) are “unknown” for the KB KC, that is, they are not explicitly listed
in the ABox. The word “labelled” reflects the fact that we are able to distinguish one null from
another. Obviously the sets adom(K) and In(K) are disjoint and their union covers the set Const.
For a given interpretation I, we denote as In(K,I) a subset of In(K) such that any ground atomic
fact P(€) over ¥ that contains a constat from In(/C,I) is false in I. The set In(KC,I) essentially
contains labelled nulls for K which are not presented in I viewed as a collection of facts. We call
In(kC, I) as a set of fresh labelled nulls for T

Definition 7. Let K1 and Ko be two knowledge bases such that adom (K1) C adom(Ks); I and Iy
be models of the KBs respectively.

1. A homomorphism h : Iy — I5 is a mapping from Const to Const such that: (i) h(c) = ¢, for
every ¢ € adom(KCy); (i) for an atomic concept A in sch(K1) and a constant ¢ if I = A(c),
then Iy |= A(h(c)) (¥) for an atomic role R in sch(K1) and a pair of constants (c1,cq2) if
Iy = R(ey,¢2), then Iy = R(h(eq,c2)) (where, h(cy,ca) = (h(c1), h(c2))).

2. I is homomorphically equivalent to I if there is a homomorphism h : I — I and a homo-

morphism h' : Iy — 1.

In the definition above we put the restriction adom (K1) C adom(Ks), because, following the
definition of homomorphism between two tableaux [AHV95], we want constants from adom (K1) not
to be mapped to constants from adom(/Cz) but not to labelled nulls from In(Ksq, I2).

Let us now define a universal model, which is a crucial notion for this work.

Definition 8. (Universal model). Let K be a knowledge base. A universal model for K is such a
model UI = K that for every model I |= K, there exists a homomorphism h : UI — 1.

Example 3. Consider the Example 2 again. The models I; and I are homomorphically
equivalent. A homomorphism from I to I is h = {a — a,b+— c}. A homomorphism from I to I
is ' = {a — a,c+— b}. Consider a model I3 for K, such that A’* = {a,c} and R® = {(a,b), (c,c')}.

There is an obvious homomorphism from I to I3 which is the identity function. A homomorphism
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from Is to I is h = {a — a,b— b,c — a,c — b}. So, the models I; and I3 are homomorphically
equivalent as well. It is easy to show that I; is a universal model. There reason is that any other
model of K, say I’, should obviously assign A(a) to true and should also assign R(a,x) to true, for
some x € In(K). Hence, a mapping that maps a to itself and b to z is an homomorphism from I
to I'. Using the fact that Iy and I3 are homomorphically equivalent to I; we obtain that models
Iy, I and I3 are universal. Actually, the fact that Iy and Iy are universal is quite intuitive, both
models “contains” not more and not less information than it is actually in the KB. The fact that I3
is a universal model is not that intuitive. To separate intuitive universal models from non intuitive
ones, we will introduce (see Section ??) a notion of least universal model, which generalize a notion
of least modal.

Now let us consider a model for K which is not a universal one. Let I, be a model for K, such
that A% = {a,c} and R® = {(a,c)}. There is no way to construct a homomorphism from I, to
I, because any homomorphism should map ¢ to a (due to the (i) property of Definition 7 of the
homomorphism), hence a pair (a,c) will be mapped to (a,a), but this pair does not belong to RIt,
that is in contradiction with the (ii) property of Definition 7. Hence, I4 can not be homomorphically

mapped to one of the models of K and, consequently, it is not a universal model.

Definition 9. We say that a KB in some DL language meets a universal model property if there

is a universal model for the KB.
The next result shows good properties of universal models.
Proposition 1. Let 7 be a TBox.

1. If Ais an ABox and UI; and Ul are two universal models for (T, A), then Ul and Ul are

homomorphically equivalent.

2. Let Ay and As be two ABozes; Ul a universal model for (T,A1); Uly a universal model
for (T, As). An inclusion Mod((T,A1)) € Mod({T,As)) holds if and only if there is a
homomorphism h : Ul — UI. Consequently, Mod({T,A1)) = Mod({T, As)) if and only if

their universal models Ul and Uls are homomorphically equivalent.

Proof. The first part of the proposition holds by definition of the universal models. The “only
if” part of the second part holds because if the inclusion Mod((7,A;)) € Mod({T,.A3)) holds,
then Ul is a model for (7, As). Consequently, by definition of the universal model, there is a
homomorphism from Ul, to UI;. To proof the “if” part assume that there is a homomorphism
h such that h : Ul — UI;. Assume also that I is a model for (7,.4;). We are to show that I
is a model for (7, As). Because I is a model for (7, .A;), the interpretation I satisfies 7. Hence,
we remain to show that I = As. Because I is a model for (7,.A4;), there is a homomorphism
' : Ul — I. Due to the fact that a composition of two homomorphisms is a homomorphism, a
mapping A’ o h is a homomorphism from Ul to I. Hence, for every atomic fact P(a@) from As, we
have that Ul = P(@) and consequently I = P(h' o h(a@)). Note that P(h’ o h(@)) = P(@), because
all constants occurring in @ are from adom((7, Az)). Hence, I |= P(@) for any P(&) in Ay and this
implies I |= (7, As). O
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The first part of Proposition 1 states that universal models are unique up to homomorphic
equivalence. The second part implies that if for a given TBox 7, U[ is a universal model for two
KBs (7, A;) and (7, Asz), then Mod({T,A1)) = Mod({T,A3)). Thus, in a certain sense, each
universal model precisely embodies the space of all models (completions) of a given ABox which are
valid wrt to a given TBox.

In the second part of Proposition 1 we consider two KBs with the same TBoxes. If we relax
this condition and consider two KBs (7;,.4;) and (73,.A3) such that 73 # 75, then an existence
of a homomorphism h : Ul; — UI; between universal models of these KBs is not enough to
conclude that Mod((T1,A1)) C Mod({72,A2)). To illustrate this phenomena, let us consider a
counterexample. Let T3 =0, A1 = {A(a)} and T = {A; C Az}, Ay = {A(a)}. Let I be I({A(a)}).
The interpretation I coincides with I(A;) and I(Az) and obviously is a universal model for both
KBs. Consider an interpretation Iy = I({A(a), A1(a)}). It is easy to see that I is a model for the
first KB but not for the second one. Hence, Mod((71, A1)) € Mod((T3, As)) despite the fact that

there is a homomorphism between universal solutions.

3.3.2 Chase: Canonical Generation of Universal Model

Checking the conditions for a given model to be a universal one (see Definition 8) requires implicitly
the ability to check the (infinite) space of all (probably infinite) models. Thus, it is not clear, at
first hand, to what extent the notion of universal model is a computable one. This section addresses
the question of how to check the existence of a universal model and how to compute one (if one
exists). In particular, we show that the classical chase can be adopted for DL-Liter setting and
that every chase, if a given KB is satisfiable, constructs a universal model for the KB. We show
that satisfiability can be checked in LOGSPACE in data complexity (in the size of the KB ABox). In
general, for arbitrary DL-Liter KB, there may not exist a finite chase. Hence, in Section 77 we refer
to the the class of weakly acyclic positive inclusion assertions, for which, under certain conditions on
negative inclusion assertions, the chase is guaranteed to terminate in polynomial time. The class of
weakly acyclic positive inclusion assertions is adopted from the [FKMPO05], where the assertions are
introduces under the name weekly acyclic tuple-generating-dependencies. For such class of assertions
a universal model (if it exists) can be produced in polynomial time.

Intuitively, for a satisfiable KB we apply the following procedure to produce a universal model:
start with a minimal model for the ABox of the KB; then chase the model by applying positive
inclusion assertions in the TBox of the KB in some arbitrary order and for as long as they are
applicable. This process may terminate (this corresponds to a case when a finite universal model for
the KB exists) or it may never terminate (this corresponds to a case when no finite chase exists).
In any way the procedure generates a universal model.

Let us first define which FOL formulae correspond to DL-Lite  assertions. Any positive inclusion

assertion by the definition of its semantics is logically equivalent to a FOL formula of the form:
VE (PL(Z) — 3§ P (2, 9))

where Py (%) and Po(%,¥) are atoms, such that the only variables that can occur in them are listed

in the vectors & and Z, ¥, respectively; P; and Py are in AC U AR; and & contains all free variables
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occurring in Py (Z) and 37 Py (&, §). We say that the shortest implication of this form that is logically
equivalent to a given positive inclusion assertion corresponds to the assertion. Note that formulae
of the form VZ (P (Z) — 3y P»(Z, 7)) subsume formulae of the form VZ (37’ P (Z, %) — 37 P2(Z, 7)),
where Py (%), Pj(#,2") and Py(Z, ) are atoms, because the later implication is logically equivalent
to the formula VZVZ (P{(Z,Z') — 3§ P2(Z,9)). Analogously we define corresponding formulae for
negative inclusion and functional assertions. In the following table we present assertions and corre-

sponding formulae.

Assertion Formula
(1) BCH Vz (B(z) — B'(z))
(2) BLC-B z,y (B(z) N B'(y) =z #y)

(2) BLC-PB Vz (-B(z) V ~B'(z))
(3) (func R)  Vz,y,z (R(z,y) AN R(z,2) = y = z)
(4)  (func R™) Va,y,z(R(y,z) AN R(z,2) =y =2)

where B and B’ are basic concepts, that is, they are of the form A, or AR, or AR~. If B = A, then
B(z) = A(x). If B =3R (B = 3R™), then B(z) = 3y R(z,y) (B(z) = 3y R(y,x)). In the cases
(2) and (2’) we present two different possible formulae (i.e. with and without using inequality) that
correspond to negative inclusion assertions. As an example consider an inclusion assertion 3R C A.
The corresponding formula to it is Va,y (R(z,y) — A(x)).

Similar to homomorphisms between interpretations, we define a homomorphism from a conjunc-

tion of atomic formulae to an interpretation in the following way.

Definition 10. Let ¢ = Py(Z1) A ... A P, (&) be a conjunction of atomic formulae, P; € AC' U AR.
Let I be an interpretation. A homomorphism h from ¢ to I is a mapping from the variables ¥
to Const such that h(P;(z},...,x} ) = Pi(h(a}), ..., h(z},)) is true in I for each conjunct i, where

(%, ...,:cﬁli) = ;.

We next define chase steps. The chase we define is a simplification of the notation proposed in
[FKMPO5], which is in turn a variation of the classical notion of the chase proposed in [BV84], where
that Fagin at al. chase with instances rather than symbolic tableaux. Our simplification is that we
eliminate a part of chase step corresponds to the case of so called equality-generating-dependencies.
Simplification is possible because positive inclusion assertions are not key-conflicting, speaking in
terms of [CCDGLO02]. We will discuss this phenomena in details later on, after the proof of the

Separation Theorem (see 77).

Definition 11. (Chase step) Let K be a KB and I be an interpretation. LetVZ (Py(Z) — 3y Pa(Z, ¥))
be a formula corresponding to a positive inclusion assertion e in K.

Let h be a homomorphism from Py (Z) to I such that there is no extension of h to a homomorphism
K from Py (Z) A Py(Z,9) to I. We say that e can be applied to I with the homomorphism h.

We extend h to h' by assigning for each variable in § a fresh labelled null for I (which is not in
In(kC,I)). We extend I to I' by assigning the image of P(Z,¥) under b’ to true. We say that I' is
the result of applying e to I with h over IC, and denote [ ehl I .

A chase step is exactly [ chk I’ as it is defined above. We will omit an indication of the



3.3. UNIVERSAL MODEL PROPERTY 25

KB over which a chase step is applied if the KB is clear from the context. Observe that the result
of application of an inclusion assertion to an interpretation with a homomorphism is defined non-
deterministically, in the sense, that we do not fix a labelled null to be chosen. Observe also that if
I is a model for a KB K, then non of the inclusion assertion of K (if there are) can be applied to I.

Consider an inclusion assertion ¢ = B = B’ and an interpretation I. The fact that e can be
applied to I with some homomorphism h (over some KB K) essentially means that there is a con-
stant @ € Const \ In(KC, I) such that I = B(a), but I ¥ B’(a). The result of applying e to I with
h is just an extension of I to I’ by assigning I’ = B’(a). Due to this fact we say that the result
applying e to I with h is a propagation of the constant a from B to B’ for the interpretation I.
We also say that the propagation extends I to I'. If B’ has the corresponding formula of the form
A(z), then the propagation of a is just an assignment of A(a) to true in I’. If B’ has the corre-
sponding formula of the form Jy R(z,y) or Jy R(y,x), then the propagation, i.e. the assignment
I' = B'(a), is the assignment I’ = 3y R(a,y) or I' = 3y R(y, a), respectively. Hence to satisfy
I' = B'(a) we should invent a constant (fresh labelled null) for the existentially quantified variable
y, say n, such that that I’ = R(a,n) or I' = R(n,a). The invented labelled null is essentially a

Skolem constant, namely n = f(a), where f is a function that reflects a dependency between a and n.

Example 4. Let us consider an example to illustrate the introduced notions. Let K be a KB
with the following TBox and ABox:

T ={3R" C 3R}; A= {R(a,b)}

Let e = 3R~ C JR. The formula corresponding to e is Va,y (R(z,y) — 3z R(y, z)). The formula
intuitively states that for any object of the domain if there is an incoming R-edge in it, then there
is an outcoming R-edge from it. Let an interpretation I be I = I({R(a,b)}). By the definition
of I, the entailment I = R(a,b) holds. Hence the inclusion assertion e can be applied to I with
a homomorphism h = {z — a,y — b}. Indeed, h maps R(z,y) to a true atom R(a,b) for I, and
there is obviously no extension of h that maps the conjunction R(z,y) A R(y, z) to I. A result of
the application of e to I with h (over K) is I’, such that I’ extends I by assigning R(b,c) to true,
where c is a fresh labelled null for 1.

Let us now consider the application of e to I with A in terms of propagation. To do this let B
and B’ denote the concepts IR~ and IR, respectively. In this denotation the assertion e is equal
to B C B’. By the definition of I, the entailments I = B(a) and I ¥ B’(a) hold. Consequently,

we can propagate a constant a from B to B’ for I. The propagation of a from B to B’ extends I to I’

Now we are ready to define the chase.

Definition 12. Let K be a KB. A chase sequence of I over K is a (finite or infinite) sequence of
chase steps I; Mli.l,_l for i =0,1,..., where e; is a positive inclusion assertion of IC, h; is a
homomorphism and I = I.

We say that the chase sequence starts with 1y. If the chase sequence is finite, that is, if i < k,
then we say that the sequence ends with the interpretation Iy and that Iy is obtained from I in k

steps by chasing I with IC. We also say that the chase sequence is of depth k.
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We call finite chase (of I with K) a finite chase sequence I; L}”;CIZ-H with 0 <7 < m and
Iy = I, for which there is no positive inclusion assertion e in X and homomorphism h, such that e
can be applied to I,,, with h. We denote I,,, as chase™ (I, ). We call infinite chase a chase sequence
which is not finite. Note that to ensure that all relevant positive inclusion assertions have a chance

to influence a chasing sequence, we focus on chasing sequences that satisfy the following conditions:
e No positive inclusion assertion is “missed” (i.e., each assertion that can be applied is applied).

e No positive inclusion assertion is “starved” (i.e., each assertion that is applicable infinitely

often is applied infinitely often).

We say that infinite chase is of infinite depth. We denote an infinite chase of I with K as

chase® (I,K). Alternatively, for an infinite chase sequence I; Lk f Iit1,where i > 0and Iy =1

we define an infinite chase as a minimal model for the set of facts:
{P(@) | Im L |= P(6)}.
This set of facts (by its definition) is the same as:
{P(@®) | InVm >n 1, E P(d)}.

If there is no need to underline (infinite) depth of the chase, then we use a term chase for finite
or infinite chase and denotation chase(I,K) for chase™(I,K) or chase>(I,K). For a given KB
K = (T, A) we distinguish a specific case of the chased interpretation I, namely, when I = I(A). If
there exists a finite chase of I(.A) with K of depth m, then we denote chase™ (I(A), K) as chase™(K),
otherwise we denote an infinite chase of I(.A) with IC as chase™ (K); if there is no need to underline
the (infinite) depth of the chase we denote chase™(K) or chase™(K) as chase(K).

3.3.3 Properties of Chase Sequences

Let us consider interesting properties of the chase sequences that are obtained, for a given KB
K = (T, A), by chasing I(.A) with the positive inclusion assertions of 7. The first lemma shows that
if all functional assertions of 7 are satisfied by I(A), then non of the chase sequences that starts

with I(A) ends with an interpretation that violates the functional assertions.

Lemma 1. Given a KB K = (T, A). If I(A) satisfies all functional assertions of T, then for any
chase sequence of I1(A) over K of depth m that ends with an interpretation I', it holds that I' satisfies
all functional assertions in KC, where the constant m satisfies the following conditions. If there exists

a finite chase(KC) of depth t, then m < t, otherwise m > 0.

Proof. Let K = (T, A) be a KB; I(A) satisfies all functional assertions of 7. Let I i>KL+1
be a chase sequence of I(A) (i.e. Iy = I(A)) over K of depth m, where m < t if there is a finite

m—1 Rm—1

K
chase(K) of depth ¢, and i > 0 otherwise. Let us denote Ini_l —— I, , the last chase step in the

chase sequence, as [ ehl I’ . The interpretation I’ in the chase step is the result of applying the

—

inclusion assertion e to I with the homomorphism h over K. Let VZ (P (%) — 3§ P'(Z,%)) be the
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formula corresponding to e. A homomorphism h maps # to @ in such a way that P(h(Z)) = P(a)
and I |= P(d@). An extension h’ of h is a homomorphism that maps  to b in such a way that
P'(h(Z,7)) = P'(@b) and I' = P'(@,b). We are to show that I’ does not violate non of the
functional assertions of K. We will prove it by induction on m, that is, on the depth of the chase
sequence. We will consider tree induction proofs, each for one possible form of the atom P’(a, E)

-

By the definition of the basic concepts the atom P’(d@, b) has one of the following forms:

where | € In(K,I) \ adom(K) and n is a fresh labelled null for I, that is, n € In(KC, I).
As it was discussed before, any functional assertion has a corresponding formula. We recall the

correspondence in the following table:

Assertion Formula
(@) (uncR) Va,y,z(R(z,y) A R(@,2) -y — 2)
(b)  (func R7) Vz,y,2 (R(y,z) A R(z,7) — y = 2)

The inductive proofs are the following.
(1) Assume that P’'(@,b) is of the form R(l,n).
Induction base. Let m = 1, hence, I,,,_1 = Iy = I(A) = I, a propagated constant
I € adom(K) and I,, = I; = I'. The interpretation I’, by the definition of the chase step,
is different from I(A) only in the interpretation of R(l,n).

(a). Assume that the functional assertion of the type (a) is violated by I’, that is, there
exists a fact R(l,n’), where n’ is a constant different from n, such that I’ = R(I,n’)
and I’ = R(l,n). By the definition of the chase step, I’ = R(I,n’) implies I &=
R(l,n), hence, n’ € adom(K). The fact I = R(I,n’) contradicts with applicability
of e to I with h. The reason is that from I | R(l,n’) we conclude existence of an
extension of h to b’ 2 {u + [,v — n'} that maps P(Z) A P'(Z,y) = P(Z) A R(u,v)
to I. Existence of h' contradicts with the definition of applicability of e to I with h.

Hence, the assertion of the type (a) is not violated in I’.

(b). Assume that the functional assertion of the type (b) is violated by I’, that is, there
exists a fact R(I’,n), where I’ is a constant different from , such that I’ = R(I’,n) and
I' = R(l,n). By the definition of the chase step, I’ = R(I',n) implies I = R(l',n).
Hence, n is a labelled null that is not fresh for I, that is n ¢ In(fC, I'). This contradicts
with the definition of the chase step. Hence, the assertion of the type (b) is not

violated in I'.

Induction step. Assume that for all m < k the current Lemma holds. Let m = k,
hence, I,,_1 = I;_1 = I and, by the assumption, I does not violate any of the functional
assertions of K. We are to show that I’ = I,, = I, does not violate the functional

assertions of K neither of the type (a) nor of the type (b).
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(a). To show that I’ does not violate functional assertions of the type (a) one can change
n' € adom(K) to n’ € adom(K) U In(IC,I) in the proof (a) of the base case and then
reuse use the proof.

(b). To show that I’ does not violate functional assertions of the type (b) one can simply

reuse the proof (b) of the base case.

We conclude that I’ does not violate any functional assertion neither of the type (a) nor
of the type (b).

—.

(2) Assume that P'(d,b) is of the form R(n,l). The proof that I’ satisfies all inclusion assertions
of K is similar to the case (1).

-

(3) Assume that P’(d@,b) is of the form A(l). The following inductive proof covers functional
assertions of both types (a) and (b) at once.

Induction base. Let m = 1, hence, I,y = Ip = I(A) =T and I,, = I = I'. The
interpretation I', by definition of the chase step, is different from I(.A) only in the inter-
pretation of A(l). Hence, if I’ violates a functional assertion of I of the type either (a)
or (b), then the assertion is already violated in I(A). This contradicts with the fact that

I(A) satisfies all functional assertions of K.

Induction step. Assume that for all m < k the lemma holds. Let m = k, hence, I,,,_1 =
I;,—1 = I and, by the assumption, I does not violate any of the functional assertions of K.
Assume I’ violates a functional assertion of the type either (a) or (b). The interpretation
I’ is different from I only in the interpretation of A(l). Hence, then the functional
assertion is already violated in I. We obtain a contradiction with the assumption of the

induction step.
O

Unfortunately, similar result does not hold for negative inclusion assertions, that is, for a given
KB K = (7,.A) it is not enough to check that all negative inclusion assertions of K are satisfied on
I(A) to be sure that non of the chase sequences that starts with I(A) ends with an interpretation

that violates the negative inclusion assertions. Consider an example that illustrates this phenomena.

Example 5. Consider the following KB:

T={ (1) ACB (i) BC B’
(ii) BEB” (iv)B'C-B" }
Observe that I(A) = I({A(a)}) does not violate B’ C —B”, the only negative inclusion assertion

of 7. Let us consider the following chase sequence of depth three. We start the sequens with

A= {A(a)}

Io = I({A(a)}). The result of the first chase step (with the assertion (i)) is a propagation of a from
A to B and an interpretation I1 = I({A(a), B(a)}). The result of the second chase step (with the
assertion (ii)) is a propagation of a from B to B’ and an interpretation Iy = I({A(a), B(a), B'(a)}).
The result of the third chase step (with the assertion (iii)) is a propagation of a from B to B” and
the interpretation Iy = I({A(a), B(a),B’(a), B"(a)}). We obtain that Iy = B'(a), Ir = B"(a),
consequently, Is # B’ C —B’. This means that we start with I(A), an interpretation that does not
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violate the negative inclusion assertion, and in three chase steps extend it to an interpretation that
does violate. At the asme time, if one look carefully on the TBox 7, one can see that 7 = A C A,
and the entailed negative inclusion assertion is not satisfied by I(A). Actually, it turns out (by
the following second lemma) that checking that the minimal model of the KB’s ABox satisfies all
negative inclusion assertions entailed by a KB, is a sufficient condition that guaranties that step-
wised extension of the minimal model by chasing it with the KB’s TBox preserves satisfiability of

all negative inclusion assertions of the KB (actually, even entailed by the KB).

Lemma 2. Given o« KB K = (T, A). If I(A) satisfies all negative inclusion assertions that are
entailed by T, then for any chase sequence of I(A) over K of depth m that ends with an interpretation
I, it holds that I' satisfies all negative inclusion assertions entailed by K, , where the constant m
satisfies the following conditions. If there exists a finite chase(K) of depth t, then m < t, otherwise
m > 0.

Proof. Let K = (T, A) be a KB; I(A) satisfies all negative inclusion assertions entailed by 7. Let
I; LN i+1 be a chase sequence of I(A) (i.e. Iy = I(A)) over K of depth m, where m < t if

v—1 hm—1

" K
there is a finite chase(K) of depth ¢, and i > 0 otherwise. Let us denote I,Z,l ——1I,,, , the last

chase step in the chase sequence, as [ ehk I’ . The interpretation I’ in the chase step is the result

of application of the inclusion assertion e = B C B to I with h over K. Let us denote as B(l) an
atomic fact which, by assigning it to true, extends the interpretation I to I’. As one can see from
the proof of Lemma 1, B(l) is of the form R(l,n), or R(n,l), or A(l), where | € In(KC,I) \ adom(K)
and n is a fresh labelled null for 7, that is, n € In(K,I). We do not explicitly mention the fresh
labelled null n in the denotation B(l) because the name of the null is irrelevant for the proof of the
current Lemma. We are to show that I’ does not violate non of the negative inclusion dependencies
entailed by L. We will prove it by induction on m, that is, on the depth of the chase sequence.

As it was discussed before, any negative inclusion assertion has a corresponding formula. We

recall the correspondence in the following table:

Assertion Formula
(a) BLC-B Va(-B(z)V-B(zx))
(by B'C-B Vz(-B'(zx)V-B(z))

Using this table we make an inductive proof of the lemma as follows:

Induction base. Let m =1, hence, I,,_1 = Iy = [(A) =1 and I, = I; = I'. By the condition
of the theorem I satisfies all negative inclusion assertions entailed by K. By the definition of
a chase step, I = B(I) and I’ = B(1)

(a). Assume that the negative inclusion assertion of the type (a) entailed by K, ie. K =
B C —B/, is violated by I’, that is, I' = B’(l) and I' = B(l). The interpretation I, by
definition of the chase step, is different from I only in the interpretation of B(l), hence,

I = B'(l). Using the definition of the assertions one can show a trivial entailment:

(BCB)A(BC-B') [ (BC -B), (3.1)
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where the conjunction of the FOL formulae (corresponding to the assertions occurring on
the left hand side of the entailment) entails the formula (corresponding to the assertion
on the right hand side). Using the entailment (3.1) and the facts that K entails both
formulae in the conjunction, i.e. K |= B C B and K E B C —B’, we obtain the following
entailment:

K= (BC-B)

From this entailment and the facts that I = B({) and I = B'(I) we conclude that I does
not satisfy all the negative inclusion assertions entailed by K. This contradict with the

fact that I does satisfy them. Hence, the assertion of the type (a) is not violated in I'.

(b). The proof of the fact that non of negative inclusion assertions of type (b) entailed by IC,
i.e. K |E B’ C =B, can be violated by I’ is similar to the one in the case (a). The only

difference is that one need to use an entailment:

instead of:

Induction step. Assume that for all m < k the lemma holds. Let m = k, hence, I,,_1 = I;_1 =
I and, by the assumption, I does not violate all the negative inclusion assertions entailed by
K. We are to show that I' = I, = I, does not violate them as well. One again need to
consider two types of negative inclusion assertions, namely (a) and (b). For each cases the

proof is exactly the same as in the corresponding (a) and (b) cases in the induction base.

3.3.4 Separation Theorem

In the previous section we investigated that, under certain conditions on the minimal model I(.A)
of the ABox of a KB IC = (7, A), chasing of I(A) with 7 does not lead to models that violate any
negative inclusion or functional assertion of . We recall that these conditions on I(A) are that
I(A) should satisfy all functional assertions of 7 and negative inclusion assertions entailed by K. In
this section we show that this conditions are necessary and sufficient to guaranty satisfiability of a

KB. First we show the necessity and then the sufficiency of the conditions.

Theorem 1. . Given a KB K = (T, A). If I(A) satisfies all functional assertions of T and all

negative inclusion assertions that are entailed by T, then K is satisfiable.

Proof. Let K = (T, A) and I(A) satisfies the conditions of the theorem. We will show that chase(K)
is a model of IC. There are two possibilities to be considered: first when chase(K) is finite and second
when chase(K) is infinite.

Assume chase(K) is finite of depth m and ends with I. Using Lemma 1 we obtain that I satisfies
all functional assertions of K. Using Lemma 2 we obtain that I satisfies all negative inclusion

assertions assertions of K (in fact I satisfies not only negative inclusions that are in K, but also
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negative inclusions entailed by K). It remains to show that K satisfies all positive inclusion assertions

—

of K. Let e be a positive inclusion assertion in K and VZ (P(¥) — 3§ P'(Z,y)) be the formula
corresponding to e. Assume I does not satisfy e, or, equivalently, I ¥ V& (P(Z) — 3y P'(Z,7)).
From this fact we conclude that for any homomorphism h = {Z — @}, such that I = P(d) there is
no extension of h to k', such that I = h/(P’(Z,¥)). Hence, e is applicable to I. The applicability
contradicts with the definition of the finite chase. More precisely, it contradicts with the fact that
the finite chase(K) ends with I. Hence, I is a model of K.

Assume chase(K) is infinite and I = chase® (K). Using Lemma 1 and Lemma 2 we obtain that
I satisfies all functional and negative inclusion assertions of I, respectively. It remains to show
that KC satisfies all positive inclusion assertions of K. Let e be a positive inclusion assertion in C
and VZ (P(Z) — 3§ P'(Z,¥)) be the formula corresponding to e. Assume I does not satisfy e, or,
equivalently, I ¥ VZ (P(Z) — 3§ P'(Z,¥)). From this fact we conclude that for any homomorphism
h = {# — a}, such that I = P(d), there is no extension of h to k', such that I | h/'(P'(Z,7)).
Hence, e is applicable to I. By the definition of the infinite chase, non of the positive inclusion
assertions is neither “missed” nor “starved”, hence, e was (again) applied at some step, say at the
step number n, during the construction of the infinite chase chase(K). By the definition of the chase

step, the result of the step n is an interpretation I,,, such that I, = h/(P’(Z,)), where h’ is an

extension of h. By the definition of the infinite chase:

[= I({P(@) | 3m L, & P@}).

Hence, from I, = B/ (P'(Z,4)) we conclude I | W (P'(Z,7)). It contradicts with the assumption
that I does not satisfy e. Hence, I is a model of K.
O

There is an important corollary from Theorem 1.

Corollary 1. Given a KB K = (T, A). If I(A) satisfies all functional assertions of T and all

negative inclusion assertions that are entailed by T, then chase(K) is a model of K.

The proof of the Corollary is exactly the one of Theorem 1. The result of Theorem 1 can be

easily extended in the following way.

Corollary 2. Given a KB K = (T, A). If an interpretation I satisfies A, all functional assertions

of T and all negative inclusion assertions that are entailed by T, then chase(I,K) is a model of K.
Proof. The proof is similar to the one for Theorem 1. O

Now we will show that satisfiability on a KB implies that the minimal model of it’s ABox satisfies
all functional assertions of the KB and negative inclusion assertions entailed by the KB. Thus, we

will show the conditions on the minimal model are sufficient to guaranty satisfiability of the KB.

Theorem 2. If a KB K = (T, A) is satisfiable, then I(A) satisfies all functional assertions of T

and all negative inclusion assertions that are entailed by 7T .

Proof. Let K = (T,.A) be a satisfiable KB and I be its model. Since I satisfies A we have that there
is a homomorphism h : I(A) — 1.
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We recall correspondence between functional, negative inclusion assertions and FOL formulae

in the following table:

Assertion Formula

(a) BLC-B Vo (-B(z) V ~B'(z))
(b)  (func R) Vz,y,z(R(z,y) NR(z,z) > y=2)
(¢) (func R™) Va,y,z(R(y,x) NR(z,2) — y=z)

We proof by contradiction that non of the assertions of the type (a)-(c) is violated by I(.A).

(a).

Let B C —B’ be a negative inclusion assertion entailed by K. Since I | K, we obtain
I = B C —B’. Assume the assertion is violated by I(A), i.e. I(A) ¥ Vx (=B(z) vV =B'(x)).
Thus, there is a constant a € adom(K), such that I(A) | B(a) and I(A) = B’(a). By the
definition of h, entailments I = B(h(a)) and I = B’(h(a)) hold. Since h is a homomorphism,
the equality h(a) = a holds. We conclude that I = B(a) and I |= B’(a) hold. This contradicts
with the fact that I = B C —B’.

. Let (func R) be a functional assertion, such that I = (func R), but I(A) ¥ (func R). From

the latter entailment we conclude that there exist two ground atoms R(a, b) and R(a, c), where
a,b,c € adom(K), such that I(A) = R(a,b) and I(A) = R(a,c). By the definition of h, en-
tailments I = R(h(a), h(b)) and I |= R(h(a), h(c)) hold. Since h(a) = a, h(b) = b and h(c) = ¢
hold, we conclude that entailments I = R(a,b) and I |= R(a,c) hold. This contradicts with
the fact that I = (func R).

. The proof of the case when a functional assertion of the type (func R™) is violated by I(A) is

similar to the case (b).

O

Theorems 1 and 2 gives us a very important property of DL-Liter KBs, namely, a so-called

Separation Property.

Theorem 3. (Separation Theorem)
A KB K = (T, A) is satisfiable if and only if I(A) satisfies all functional assertions of T and all

negative inclusion assertions that are entailed by T .

Theorem 3 and the property are called “separation” because, from the query answering point of

for view, dealing with a given KB K = (7, A) can be separated in two stages. First, one check that

I(A) satisfies negative inclusion assertions entailed by K and functional assertions of K. Second,

if I(A) does so, one can forget about both negative inclusion and functional assertion and use for

(conjunctive) query answering positive inclusion assertions only. We will discuss an impact of the

Separation Theorem on query answering in details in the Section 4.3.6.
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3.3.5 Chase is a Universal Model

Next theorem is the main result in the current section. The theorem relates two basic notions of the

section: universal model and chase.
Theorem 4. If a KB K is satisfiable, then chase(K) is a universal model for K.
To proof this theorem we will first show the following proposition.

Proposition 2. Let K = (T, A) be a knowledge base and I e—h’glg be a chase step, where Iy
and Is are models of A. Let I be an interpretation such that (a) I = K and (b) there exists a

homomorphism hy : Iy — I. Then there exists a homomorphism hg : Iy — 1.

Proof. Let VZ (P(Z) — 3y P'(#,¥)) be the corresponding to e formula. Let for each variable y in g
denote as ny, € In(K, I) a labelled null that replaces y after the application of an extension of h in
the chase step. A vector 77, denotes the image of the vector i under the extension of h. From two

facts:

(1) I, is different from I; in the interpretation of P’(h(Z),,) only and

(2) there is a homomorphism hy : I} — I,

we conclude that, in order to obtain a homomorphism hy : Is — I, we need to extend hy to ho by
defining it on constants in h(Z) (which are in Const\ In(KC, I1)) and @, (which are in In(/C, I1)) only.
By the definition of the chase step, the mapping h : P(Z) — I; is a homomorphism. Composition

of homomorphisms is a homomorphism, hence, the following composition:
hioh:P(¥) — 1
is a homomorphism. Since I |= K, there exists a homomorphism:
h': P(Z) A P(2,9) — 1,

such that A’ extends hy o h on the variables in ¢, i.e. h'(Z) = (hy o h)(Z).

Let us define a mapping hs from Const to Const as follows:

ha(c) = h1(c) where ¢ € Const\ In(K, 1),

ha(ny) = h'(y) where n, € in(K,I;) is a constant defined above.

Now we need to show that hy is a homomorphism from Is to I, i.e. that ho maps each ground
atom which is true in I3 to a corresponding (true) ground atom in I. For ground atoms which are
true in Iy and I; at once the corresponding atoms are true in I, because h; is a homomorphism.
We only need to show that the corresponding atom for P’(h(Z),,) is true in I, namely I |=
P'(ha(h(Z)), ha(7iy)). By the definition of hy and h’, we have ho(h(Z)) = hi(h(Z)) = B/(Z) and
ho(fiy) = h'(y). Hence, P'(ha(h(Z)), ha(iiy)) = P'(h'(Z), ' (¥)) and, by the definition of A’, the
entailment I = P'(h/'(Z), (7)) holds. We conclude that I = P'(ha(h(Z)), ha(7iy)) and he is a
homomorphism from I, to I.

O
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The proof of Theorem 4 is based on Proposition 2 and the fact that for any KB K = (7, A) the
identity mapping is a homomorphism from I(.A) to any model of K. The details of the proof are the

following.

Proof. (of Theorem 4)

Let K = (7, A) be a satisfiable KB. As it follows from the Corollaries ?? and 1, chase(K) is a
model for K. It remains to show, that chase(KC) can be homomorphically mapped in any model of
KC, say I'. We distinguish two cases, namely when chase is finite and when it is infinite. In both
cases we use the fact that the identity function on the constants from adom(K), is a homomorphism
id: I(A) — I’ from I(A) to I'.

Let chase(K) be a finite chase that ends with I. Then by applying Proposition 2 to each chase
step of the finite chase we conclude that there is a homomorphism h : I — I’.

Let chase(KC) be an infinite chase and I = chase™(K). We define a mapping h from Const to

Const as the following function:
(i) h(a) =id(a), where a € adom(K);

(ii) h(b) = hy(b), where o n is the depth of a finite initial fragment (chase subsequence)
of chase(K) (that starts with I(A) and ends with I, );
e bec Const\In(K,1I,);

e h, : I, — I' is a homomorphism.

We are to show that h is a homomorphism from I to I’. By the definition of the infinite chase,

= I{P@ | 3n I, & P@)}).

Thus, if there is a ground atom P(¢), such that I = P(¢), then there is a natural number n and
a finite initial fragment of chase(K) of depth n that ends with I,,, such that I,, = P(é) and, by
definition of In(KC, I,), all constants from ¢ are in Const \ In(K, I,). Hence, applying Proposition 2
to each chase step of the initial fragment, we conclude that there is a homomorphism h,, : I, — I’,
such that I’ = P(h,(€)). By definition of h we have h(¢) = h,(é), thus, I' = P(h(¢)). We conclude
that & is a homomorphism from I to I’.

O

Theorem 4 shows that any satisfiable DL-Liter KB meets a universal model property, that
is, it has a universal model. The next theorem shows that the universal model is unique (up to

isomorphism).
Theorem 5. For any satisfiable K chase(K) is unique up to homomorphism equivalence.

Proof. The statement of the theorem follows from the fact that any chase(K) is a universal model
(Theorem 4) and the fact that all universal models are homomorphically equivalent (Proposition
1). O

The uniqueness of chase shows that applications of positive inclusions assertions are confluent,

in the sense, that it does not matter from which assertion one starts chasing the minimal model of
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the KB’s ABox and in which order the assertions are applied, in any way, one will always ends with

the chase that is homomorphically equivalent to any other chase.



Chapter 4

Conjunctive Query Answering for
DL-Liter

In this chapter we focuss on a specific kind of query answering for DL-Liter logic, namely, on
conjunctive query (CQ) answering. We first define which queries are conjunctive, then we investigate
two orthogonal approaches to answer such queries. The first approach is to perform model checking
(model theoretical approach) and the second one is to perform theorem proving (proof theoretical
approach). For the model theoretical approach we isolate classes of KBs for which query answering
can be performed efficiently. For the proof thoretical approach we present a calculus for query
answering which is valid for any satisfiable KB and any CQ. We also present a control strategy for

the calculus which allows one to obtain a LOGSPACE algorithm for answering conjunctive queries

4.1 Conjunction Queries (CQs)

We define a (simple) conjunctive query q as a query of the following form:
q(Z) — G A1(z1) Ao A Ag (1) A Ry(ug, v1) A oo A Ry (U, Vi),

where k£ and m are natural numbers; T is a vector of distinguished variables for ¢; ¥ is a vector
of non-distinguished variables for ¢; elements u;, v;, z; are either constants from Cons or variables
occurring in & or %; B;s and R;s are atomic concepts and atomic roles respectively. If a variable
from the body of a query appears there at least twice or it is a distinguished one, then we call it not
unique variable, otherwise we call it unique.

We called CQs defined above simple because they allow further extensions by adding either
negation, or equality, or inequality, or arithmetical comparisons, or different combinations of these
elements in the bodies of the queries. As the matter of convenience we will use shorter notations for

CQs. For the CQ ¢ defined above the shorter notation is the following:
q(%) « 3y conj(F; ),

where conj(&; §) denotes the conjunction in the body of ¢ and “;” separates distinguished variables

36
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from non-distinguished ones. We call the number of atoms in the body of a CQ the length of the
CQ. We call a CQ g safe if any distinguished variable of ¢ occurs at least ones in its body. In the
following sections we consider safe simple CQs only.

In terms of Datalog (see, for instance, [AHV95]) a CQ ¢ of the length k is just a rule of the form:

q(f) — Dl(tl), ceey Dk(tk),

where each D; is an atom from the body of ¢ (different D;s correspond to different atoms in the
body); each ¢; is a free tuple, i.e. is a vector with components either from var(q) or from Const.
Note that in Datalog notation existential quantification is implicit.

We call query answering for CQs as conjunctive query answering. The answer set for ¢(Z) «—

Fgconj(Z; 4) over K is a set of tuples of constants:

q(K) ={c| K = Iy conj(c; )}

The definition tells us that, in order to say that ¢ is in the answer set for ¢, one need to perform one

of the following alternative operations:
e check that the formula 37 conj(c, ) is true in all models of K;
e present a proof of the entailment K = 35 conj (¢ ¢) in some calculus.
This two operations correspond to two alternative approaches to query answering, namely:
e model checking (of a formula over a possibly infinite number of possibly infinite models);
e theorem proving.

Model checking as a way to present query answering corresponds to a branch of logic called model
theory. Theorem proving in tern corresponds to proof theory. In the following sections we consider
both approaches separately. Firs we consider model theoretical approach and then we consider proof

theoretical one.

4.2 Model Theoretical Approach to Answering CQs

In this section we investigate tractable cases of model checking for conjunctive query answering. By
definition of query answering in order to say that ¢ is in the answer set for ¢(Z) «— Igconj(Z; ),
one need to check that the formula 35 conj(é, ¢) is true in (possibly infinite number of) all (possibly
infinite) models of K. The following theorem shows that it is enough to check it in a universal model

for K only.

Theorem 6. Let K be a satisfiable KB, an interpretation UI be its universal model and q(Z) —
Iyconj(Z;4) be a CQ. Then ¢ € q(K) if and only if UI = 3y conj(C, 7).

Proof. The only if part of the theorem holds by definition of ¢(K).
To prove the if part of the theorem assume that the entailment UI = 3¢ conj(é ¢) holds. We
are to show that the entailment I |= 3¢ conj (¢ ¥) holds for all models I = K. From the entailment
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UI |= 3y conj(é y) we conclude that there exists a vector 7 of constants from Const, such that
|g] = |m| and the entailment UI = conj (¢ m) holds.

Let the body of the query be the following conjunction:

conj(Z,9) = B1(z1) A ... A B(zi) A Ri(u1,v1) A oo A Ry (U, U )

—

Grounding of the conjunction conj(Z;¥) with the substitution 8 = {Z/¢, §/m} gives the following

sentence:
oy 0 0 0,0 0 .0
conj(é,m) = B1(z7) A ... A Bi(z) A Ri(u, v7) A ... A R (u,,, Uy, )-
where 2!, u?, v) denote constants obtained from the variables z;, u;, v; (respectively) after the

grounding. From the entailment UI |= conj (¢ mi) we conclude that the entailments:
UI = Bi(2) and UI = R;(uj, 1))

hold for all B;s and R;s from the body of the query.

Let us consider a model I = K. Since UI is a universal model for K we have that there exists a
homomorphism A : UI — I, such that the entailments:

I Bi(h(=)) and T | R;(h(u), h(s0)

J
hold for all B;s and R;s from the body of the query. Hence, the following entailment holds:

I Bi(h(2D) A oo A Br(h(22)) A Ry (h(u), R(v)) A oo A R (R(u2,), R(vE))).

This entailment is the same as I |= conj(h(€); h(m)). Since, any homomorphism is the identity
function on the constants from adom(K), we conclude that h(¢) = ¢ and I = conj(é h(m)) hold.
The vector h(m), by its definition, is just a vector of constants from Const, hence, the entailment
I &= Jyconj(c y) holds. We showed that the entailment I = 37 conj(c; ) holds for an arbitrary
model I | K and, consequently, it holds for all models of IC. This is exactly what we are to prove
in the if part of the theorem. O

Taking into account that chase(K) is a universal model for a satisfiable KB K (Theorem 4) we

obtain the following corollary from Theorem 6.

Corollary 3. Let K be a satisfiable KB and q(Z) «— Jgconj(Z;§) be a CQ. Then ¢ € ¢(K) if and
only if chase(K) |= 3y conj(C, ).

Hence, one can perform query answering over any satisfiable KB I as query evaluation over its
chase. As we already saw in Section 3.1, chase(K) can be infinite in principle. Since, model checking
in general and for infinite models in particular is undecidable one need to find a class of KBs such

that their chases are finite and model checking over the chases can be performed efficiently.
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4.2.1 Chase of Polynomial Depth

In this section we present so-called sets of weakly-acyclic positive inclusion assertions, which are
a DL version of so-called sets of weakly-acyclic tgds presented in [FKMPO05]. This assertions are
interesting because if the set of all positive inclusion assertions of a KB is weakly-acyclic, then the
depth of any chase of the KB is polynomial in the size of the KB.

Let K be a KB. We denote as By a set of all basic concepts that occur in K. By its definition,
By consists of three disjoint sets, i.e. atomic concepts and concepts of the form either IR or IR™.

We define a dependency graph for a KB as follows.

Definition 13. Let K be a KB. A dependency graph for KC, denoted as Gy, is a directed edge-labelled
graph, such that:

1. the set of nodes of G is Bx;

2. the set of non-labelled edges of By is defined as follows: if for two nodes B and B’ from
By there is a positive inclusion assertion B T B’ in IC, then there is an (none-labelled) edge

B — B’ between them;

3. the set of x-labelled edges of By is defined as follows: if for two nodes B and B’ (i) there is
an edge B — B’ between them, (i) B’ = 3R/B’ = 3R~, and (iii) IR~ € Br/ 3R € Bk,
then there is a (x-)labelled edge B —* AR~ /B —* 3R in Gk.

Note that in a dependency graph there may be two edges between two nodes with the same
direction. That can happens if exactly one of the two edges is labelled.

We say that a set of positive inclusion assertion is weakly-acyclic if its dependency graph has no
cycles that contain a labelled edge. A KB is weakly-acyclic if the set of all its inclusion assertions is
weakly-acyclic.

Intuition behind the definition is the following. Each edge B — B’ in dependency graphs keep
track of the fact that a constant may be propagated from a basic concept B to B’ in the chase
sequence. Labelled edges keep track of the fact that, if B’ is of the form 3R/3R~, then propagation
of a constant to B’ also creates a labelled null on the second/first coordinate of R. If a cycle goes
through a labelled edge, then the created labelled null cause the creation of another labelled null, in
the same position, at a later chase step. This process thus continue forever and leads to an infinite

chase.

Theorem 7. For a satisfiable weakly-acyclic KB its chase has depth which is polynomial in the size
of the KB.

Proof. The proof of this theorem is a simplified version of the one for Theorem 3.9 in [FKMP05]. [

Theorem 7 and and Corollary 3 tells us that if a KB is weakly-acyclic, then one can (i) compute
a chase of the KB, it will be finite and have the size, which is polynomial in the size of the KB (ii)

store it as a relation DB and (iii) evaluate any query, which is possed to the KB, over the chase.
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4.3 Proof Theoretical Approach to Answering CQs

In this section we present a calculus which is to prove (syntactically) that a given vector ¢ of
constants is in the answer set ¢(K) of a query ¢ over a satisfiable KB . The calculus has a variation
of resolution in its core. In order to present the calculus we define extended Horn clauses and

Ezxtended Horn logic and and then a translation from DL-Liter and CQs to Extended Horn logic.

4.3.1 Extended Horn Clause (EHC) Logic

A FOL formula is called an extended clause, EC in short, (see [L1087] as a reference to Horn logic

and Logic programming) if it is of the form:
Vy3IZ(L1(Z,5,2) V...V L (2,7, 2))

where each L; is a literal; a vector & contains all free variables and vectors ¢ and 2 contain all

quantified variables occurring in Ly V...V L,,. Consider examples of EC:
1. Yuy VoVoi Ju (P(z,y,u) V =Q(x, z,u1) V —~R(a,v,¢,v1));
2. Yuy YoV (—Q(x, z,u1) V ~R(a,v,c,v1));
3. G(a,b)

where P, @, R and G are predicate symbols; a, ¢ are constants; and z, y, z, u1, v, v1, u are variables.
Later on we will eliminate quantifications over variables in the prefix of ECs assuming that quan-
tifications are implicit. In order to distinguish between universally, existentially quantified and free

variables we will mark variables in the following way:

variable | free occurrence | existentially quantified | universally quantified
occurrence occurrence
x ‘ x ‘ x® ‘ ¥

Thus, we will not mark free variables at all, but put the labels “ ¢” and “* ” on existentially and
universally quantified variables, respectively. For instance, an occurrence of a variable u¢ in an EC
means that a variable u is existentially quantified in the EC. Later on in this section we will use
letters (meta-variables) x, y, z (possibly with subscripts) to denote free variables; letters u, v, w
(possibly with subscripts) to denote quantified ones and letters p, r, s, ... (possibly with subscripts)
to denote variables without underlining either they are quantified or not. This should not lead to
ambiguity.

Extended Horn clause logic (EHC logic) is a fragment of FOL with equalities such that the only
admissible formulae are extended Horn clauses (EHC), namely, extended clauses with at most one
positive literal. In this work we focuss on functional free EHC logic only, i.e. no functional symbols
can appear in EHCs. Consider examples of EHCs, which are the same EHCs that presented above,

but written in a quantifiers free notation:

L Pz, y,u®) V -Q(z, z,uf) V ~R(a,v", ¢, v);
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2. =Q(z, z,uy) V -R(a,v", c,v});

3. G(a,b)

where P, ), R and G are predicate symbols; a, ¢ are constants; x, y, z are free variables; u{, v*,

v} are universally quantified variables; u® is existentially quantified variable. Clauses with both
positive and negative literals (like in the formula 1.) are called rules, with negative literals only (like
in the formula 2.) are called goals and with positive grounded literal only (like in the formula 3.)

are called facts.

4.3.2 Translation from DL-Liter Assertions and CQs to EHCs

Let us define a translation (a function) horn from DL-Liter assertions to EHCs and then extend it
to CQs.
On order to construct the translation we first (inductively) define a function lit from concepts

to literals as follows:

basic concept: literal:
B= lit(B, x,u®) =
(1) A A(x)
(2) -A -A(z)
(3) iR R(x,u®)
(4) R~ R(u®, )

where A and R are an atomic concept and atomic role, respectively; x, u¢ are variables. The literal
lit(B, z,u®) in fact an EHC, which has one atom and at most two variables; all its variables are in the
list 2, u®. For example, as it follows from the table, lit(A, z,u®) = A(z) and lit(IR, z,u®) = R(x, u®).

The function horn is defined as follows:

assertion: extended Horn clause:
g= horn(g) =

(1) BLCUPB lit(B',v",u®) V =lit(B, v*, w")
(2) BLC-B —lit(B v, u®) V —lit(B, v, wt)
(8)  (unc R) | ~R(v", )V ~R(v", v3) V (v} = v3)
(4)  (func R7) | =R(v},v") V =R(v5,v") V (v} = v3)
(5) Aa) Aa)
(6) R(a,b) R(a,b)

where R is an atomic role; B, B’ are basic concepts; v*, v¥, v¥, u®, w* are variable; and a, b are
constants. We use a notation horn(K) to denote a set of horn clauses obtained after application of
horn to all assertion in /.

Let us consider several examples of application of horn to assertions:

1) horn(A C 3R) = R(v*,u®) V - A(v"),
2) horn(3R~ C 3R’) = R'(v*,u®) V = R(w", v"),
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3) horn(3R C —A) = -A(v*) V = R(v™, w™).

Note, that horn maps any assertion to an EHC which is a sentence (has no free variables).
Note also, that the function horn embed DL-Lite s positive inclusion assertions into an interesting
fragment of EHC logic. More precisely, in terms of logic programming, for each positive inclusion
assertion g the EHC horn(g) can be viewed as a logical rule with existentially quantified variables

in the head. For example, for an assertion
AC 3R
the corresponding logical rule (written in Prolog notation) is
Jy R'(z,y) : —A(x).

If in a set of positive inclusion assertions P each assertion is of the form B T A, where A is an
atomic concept, then horn(P) is just a standard functional free logic program.

Let us extend the function horn to CQs. To do it we first define a function term that maps
terms (i.e. constants and variables) to terms and then, using this function, we extend horn to CQs.

The function term is defined as follows:

term: image:
t= | term(t) =
(1) c c if ¢ is a constant
(1) x x if z is a distinguished variable
(2) v oY if v is an undistinguished variable

The function term can be naturally extended to tuples. Essentially, term just marks undistinguished
(existentially quantified) variables with “* ”. As one can see, we marked existential variable with
the mark of universal variables. The reason is that we will translate CQs (using horn) to EHCs
which are equivalent to the negation of the body of the CQs. Formally the definition of the function
horn on CQs is the following. Consider a CQ ¢:

q=q(Z) «— D1(t1), ..., Di(t),
the image horn(q) is equal to:
horn(q) = =Dy (term(t1)) V ... V =Dy (term(ty)),

where each t; is a free tuple, each D;(¢;) is an atom, and each term(t;) is the application of the
extended function term to t;. As one can see, the image of a CQ is a goal, where all variables are
either free or universally quantified. We call these goals as CQ goals to underline that they are
obtained from CQs. We say that a CQ goal is empty and denote it with L if it is a disjunction of

the length zero. Consider some examples of application of horn to CQs:

1. horn(q) = horn(q(x1, x2) — Ai(x1), A2(v), Ri(a,z2)) =
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ﬂAl (1‘1) V _‘A2<'Uu) \ —\Rl ((1, 1‘2),

2. horn(q) = horn(q(z1) < R(z1,%2), R(x2, 23), R(x3,v)) =
—R(x1,22) V - R(z2,23) V R(x3,0").

The query 2. in the example asks for all constants ¢; such that there is a path (labelled with R)

starting in ¢1, ending in ¢4 and going through c1, ¢, c3, ¢4, for some constants ca, c3, c4.

4.3.3 Calculus for EHC Logic

Now we will present a calculus for EHC logic that consists of five groups of deductive rules and is
called EHC calculus. Note, that all the rules should be read bottom-up. Using the rules, a CQ goal
corresponding to a CQ and clauses corresponding to a KB, one can deduce answers for the CQ over
the KB. A way how to do it and an example of a deduction will be presented after the deductive
rules.

Before we introduce calculus let us define a notion of a query homomorphism. We say that a
mapping h from terms to terms, such that h(c) = ¢ for any ¢ € Const, is a query homomorphism
between a CQ query g and a CQ query ¢ if it is a homomorphism from T'(g), the tableau of ¢, to
T(q'), the tableau of ¢’ (see the definition of tableaux in [AHV95]). We denote as h(q) a CQ obtained
after the application of h (extended from terms to atoms) to ¢, which is in fact coincides with ¢’. If
I is a CQ goal such that ' = horn(q), then h(T") denotes a CQ goal, such that h(T") = horn(h(q)),
i.e. it denotes a CQ goal corresponding to a homomorphic image of ¢ under h.

Let s, r be variables (either free or universally quantified); a, b be constants; ¢, t1, to be terms,
i.e. either free or universally quantified variables or constants; A, R be an atomic concept and an
atomic role respectively; T' be CQ goal (probably of the empty length). Note that in the following
deductive rules we assume that the order of literals in the goals is irrelevant, i.e. goals I' V =L and

'V =LV ~=L' where L and L’ are literals should be seen as multisets of their disjuncts.

1. Duplication rules:

1.1 (atomic) concept duplication (cd): 1.2 (atomic) role duplication (rd):
cd- F\/ﬁA(ﬁ) \/ﬁA(fl) rd- F\/ﬁR(tth) \/ﬁR(tl,tg)
’ F\/—|A(t1) ' F\/“R(tl,tQ)

2. (New) variable introduction rules:

2.1 variable introduction to a (atomic) concept: (cvi):

'V =A(t) vV —A(v)
I'v —A(t)

cviL:

2.2 variable introduction to a (atomic) role: (rvi):

'F \Y _\R(tl, tg) \Y _\R(Uu, tQ)

rvi(l) .F V _\R(tl, tg) V ﬂR(tl, ’Uu)
' 'V —R(ty,12)

(2) :
rvi(2) TV —R(t1, t2)

where v" is a unique variable for the goals located above the lines of the deductive rules

cvi, Tvi(l) and rvi(2). Uniqueness of the variable is a condition to apply the cvi and rvis
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rules. Numbers (1) and (2) in rvi(1) and rvi(2) denote that the variable @ is introduced on
the first and the second coordinates of the role R, respectively. We call the literals = A(t) and
—R(t1,t2) active.

. Atom introduction rules:

3.1 (atomic) concept introduction (ci): 3.2 (atomic) role introduction (ri):
 TVv-A(t)  Ala) , N i I'V-R(ty,t2)  R(a,b) "
ct: F[t/a] [9 - {t/ H : F[tl/a,tg/b} [0— {tl/ at2/b}]

where 6 is the identity function on constants. The terms ¢, t1, to satisfies the following
conditions: if ¢ or ¢; is in Const then t = a or t; = a respectively; if ¢5 is in Const then
to = b. Let us consider some cases of the introduction rules. In the case when all the tree
terms are constants the introduction rules look as follows:

r'v-A(a) Ala) . I’'V-=R(a,b) R(a,b)

Ct: T e T

The cases when t; = s, to = b and t; = a, t3 = s are respectively the following:

. I'V-R(s,b) R(a,b) . s/ i I'v-R(a,s) R(a,b) _rs

. Propagation rule:

v —lit(B, t,v") lit(B, w", w§) V —lit(B’, w", wy)
v =lit(B',t,v%)

pr:

where v* is a unique variable for the goals located above and below the line of the de-
ductive rule. Uniqueness of the variable is a condition to apply the pr rule, an intuition
behind the condition is discussed right after the Example 6 and in the Example 7. The clause
lit(B,w*, w§) V —lit(B’,w",w¥) corresponds to a positive inclusion assertion B’ C B. We
say that after an application of the deductive rule pr the term t is propagated from the basic
concept B’ to the basic concept B using the clause lit(B, w", w$) V —lit(B', w*, wy). As one
can see, the pr rule has the clauses lit(B, w", w§) and lit(B',w", wY) as its parameters. Sub-
stitution of different basic concepts for the parameters leads to different variations of the rule.

In the Table 4.1 we consider all (nine) possible variations of the pr rule.

. Generalization rule:

gen: ——[h]

where, if T' = horn(q) for some CQ ¢, then h(T") is a CQ goal with corresponding query, say
¢’, which is a homomorphism image of ¢ under h. The rule is called “generalization”, for ¢’ is
a more specific query then ¢, i.e. for the queries the inclusion ¢’ C g holds. This fact can be

easily proved using Homomorphism theorem for CQ (see the theorem in [AHV95]).

Note, that the clauses that can appear in the deductive rules of the EHC calculus are CQ goals

(they appear below and above the line of each rule); facts (they appear above the line of the atom
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Table 4.1: Cases of Propagation Rule

VL IVv-A@l) A(w*)v-A'(w) A TV-R(tw")  R(w"wf)V-A(w")
TV=A'(1) TV-A()
Pv-A(t) A(w*)V-R (w*,wd) Iv-R(tv")  Rw*,w$)V-R (w*,wy)
IR TV-R/(t,v%) IR TV-R/(t,v%)
_ I'v-A(t) A(w*)V-R (wy,w") _  IV=R(tw*) Rw“,w§)V-R (w¥,w")
AR I'V-R! (v%,t) IR I'V-R! (v%,t)
B = B =3dR~ ‘
A TVv-R(v*t) R(wfw*)V-A(w")
Tv-A(vY)
I'V-R(v*t)  R(w§,w*)V-R (w*,wY)
AR VR (L")
_ IVv=R(w“t) R(w{w*)V-R (w¥,w")
IR FVﬁR’l(v“,t) :

introduction rules); and rules (that appear above the line of the propagation rule and correspond
to positive inclusion assertions). Hence, non of EHCs that correspond to negative inclusion or
functional assertions appear in the deductive rules.

Note also, that all variable introduction rules are in fact just instances of sequential applications of
two rules, i.e. firs the duplication rules and then the generalization rule with specific homomorphisms.
More precisely, the cvi rule is the ed rule combined with the gen rule with h = {v"/t} and rvi(1),
rvi(2) rules are rd combined with gen with h = {v"/t1}, h = {v*/t2}, respectively.

If one read deductive rules in the top-down fashion, one can notice, that the propagation and atom
introduction rules work similarly to the resolution rule. Let us illustrate this similarity. Consider a

ct rule:
rv-A(s) A(a)

I'[s/d]

[0 = {s/a}].

It works exactly as the resolution does, namely: (i) it takes I' V = A(s) and A(a) as the first and
the second input clauses (ii) it unifies two atoms A(s) and A(a) in the input clauses, the unification
returns an mgu 6 = {s/a}; (iii) it returns a resolvent of the two input clauses, i.e. it substitutes L
to A(s) in the first input clause, applies € to the result of this substitution and returns the clause

I'[s/a]. As for the propagation rule, consider a pr rule:

TV =lit(B,t,0") lit(B, w*, w$) V —lit(B', w*, w¥)
TV —lit(B',t,0")

This deductive rule works a bit differently from the resolution, namely it first renames w$ to w} (it
changes the existential quantification of w; to the universal one) and then applies the resolution,
i.e. the steps (i)-(iii) presented for the c¢i rule. Intuitively, this changing in the quantification of

wy makes sense (from the query answering point of view) only because w; is to be unified with the
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variable v, which is unique (and consequently irrelevant for the query answering). Formally we will
prove it in the next section (see Lemma 3).
Let ' and TV be CQ goals; g either a positive inclusion or a membership assertion; 6 be a

substitution; and h be a homomorphism from IV to I'. We say that
(1) TV is directly derived from T' and denote it as T' - I"; or
(2) TV is directly derived from T' with h and denote it as T" k-, TV; or
(3) TV is directly derived from T and g and denote it as T A horn(g) - T; or

(4) TV is directly derived from T' and g with 6 and denote it as T' A horn(g) o TV,

if there exists an EHC calculus rule

M S e @ Em e @ Ay B ey

respectively. We use a term derivation step and a notation D to denote a rule of the EHC calculus.
Obviously, any derivation step D has one of the forms (1)—(4) as it is presented above. We use
terms premise of the derivation step D and conclusion of the derivation step D to denote the goals
which are below and above the line of some derivation step D, respectively. If T" is the premise and
I is the conclusion of a derivation step D, then we say that D is a derivation step from T' to I".
We define a relation derived from between two CQ goals, say I' and I”, as the transitive closure
of the relation “directly derived from” or, equivalently, as a sequence of derivation steps Dy ... D,
such that I' is the premise of Dy, I is the conclusion of D,, and for each pair of derivation steps D;,
D;+1 the conclusion of the former one coincides with the premise of the latter one. This sequences
of derivation steps can be depicted as a derivation tree. The definition of the derivation tree is the
same as it is for the Gentzen systems (you can see detailed definitions in [TS03]), hence, will not give
it explicitly. One can see an example of the tree in the Examples 6 and 7. Formally the definition of
the “derived from” relation is the following. Let I" and I be CQ goals again; G be a set of positive
inclusion or membership assertions; # be a mapping from terms to terms. We say that I is derived
from T and G with 6 and denote it as:

L' Ahorn(G) Fy TV, if

e there exists a sequence of CQ goals I'y,...,I[',, for some natural n,

e there exists a set of substitutions © = {6, ...,60,,}, and a sequence of homomorphisms H =
hi,...,hi where k +m < n,

such, that the following conditions hold:
1. 9:U;n:19jo(hko...oh1);
2.Ih=IT, =1

3. for any pair I';_1, I'; in the sequence there is a derivation step from I';_; to I';, which can

involve an assertion from G only;
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4. for each substitution 6’ € © or homomorphism k' € H there is a pair of goals I';_1, I'; in the
sequence, such that 6’ or b’ participates in a derivation step from I';_; to I';. Moreover, if h;

participates in a derivation step from I';_; to I'; and h;y; from I'y_; to I';, then j < [.

Note, that in the definition some assertions from GG may not participate in any derivation step from
a goal I';_1 to a goal I';. We say that there is a derivation from T' to I" if there is a set of positive
inclusion and membership assertions G' and a substitution 6, such that IV is derived from I and G
with 6. As the matter of convenience we will use Der to denote a derivation.

We say that a CQ goal I'' is derived from a KB K with 0 and denote it as K 5 T, if it is derived

from 1 and the set of assertions from K with a substitution 6.

Example 6. Let us consider an example of a derivation. Let a query ¢ be the following:

q(x1) «— A'(a), A(x1), A(z1), R(z1,22), R(22, 23);
the corresponding CQ goal to the query is:

horn(q) = —=A'(a) V =A(z1) V —~A(x1) V = R(z1,12) V = R(22,0").
This CQ goal can be derived from a KB:
K ={3R™ C3R, R(a,b),A(a),A(a)}.

EHCs corresponding to the K’s assertions are the following:

R(w*, w$) V ~R(wy,w"), R(a,b),A(a)’, A(a).

Consider a derivation KF7, /0y horn(q):

A (a) vV —A(z1) V —A(z1)V-R(21, 22) V —R(22,0Y) Al(a)

“ 2 AG@) Y ~A(e)V=R(e1,2) V <R(ws, ")
¢ .~ A(w1)VoR(w1,2) V ~R(w3,0") R(w®, ws) V ~R(wd, w")
) —A(x1)V-aR(x1, x2) V " R(vY, x2)
rvi(1)
oy 7] —A(x1)V-R(x1, z2) R(a,b)
xri/a,x
1 g L2 ‘ ‘!A(a) T A(a)
Cl T

Let us understand how the derivation works. In order to do it, let us read the derivation in a top-
down fashion. In the first step of the derivation the literal —A’(a) is eliminated by the ci rule. In the
second step of the derivation the literal = A(z;) is eliminated by the cd rule. In the third step, using
the clause R(w*, wf) V - R(w§,w"), the variable x5 is propagated from the second coordinate of R
to the first one, i.e the variables x5 and v* swap around in the atom R(x2,v") by the pr rule. In the
forth step v* is merged with x5 and —R(x2,v") is eliminated by the rvi(1) rule. In the fifth step,
using the atom R(a,b) and the substitution § = {z1/a,z/b}, the literal =R(x1, z2) is eliminated by
the ri rule. In the last sixth step, using the atom A(a), the literal = A(a) is eliminated by the c¢i rule.
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The result of the last step is the empty goal L. If one read the derivation in a bottom-up fashion
on will see how the CQ goal horn(q) is derived (generated) from L using clauses corresponding to
assertion in IC and 6. If one applies the substitution 6 obtained in the derivation to the distinguished
variables of ¢, namely to x1, one will get an answer 6(xz1) = a € ¢(K) for ¢ over K. In the next
sections we will show that all the answers g(K) of a CQ ¢ over a KB K can be derived in EHC
calculus from KC; moreover, nothing else can be derived. This result shows correctness of the EHC

calculus wrt CQ answering,.

Now we will discuss an importance of the conditions in the propagation rule. Recall the propa-

gation rule:
'V =lit(B, t,v*) lit(B, w", w§) V —lit(B', w", wy)
LV =lit(B t,v)

pr:

where v* is a unique variable for the goals located above and below the line of the deductive rule. In
order to illustrate an importance of the condition on the variable v*, we introduce a new deductive
rule, say pr’, which is the same as the pr rule except the fact that the variable v* is an arbitrary
variable in the goals located above and below the line of the rule. We denote a calculus obtained
from EHC calculus by adding the pr’ rule as EHC’ calculus. The following example shows that
EHC’ calculus are unsound wrt to CQ answering, namely one can provide a derivation that returns

a tuple of constants that is not in the answer set.

Example 7. Let a query ¢ be the following:
q(z1) — R(x1,22) N R(xa,x3).

The query asks for all constants ¢, such that there is an R-path of length two (with two R-arcs) that
starts in ¢ and connects ¢ to some constant ¢’ and ¢’ to some constant ¢’. A CQ goal corresponding
to the query is:

horn(q) = = R(z1,22) V ~R(zg,v").

Consider a KB:
K={AC3R, A(a)}.

It is obvious that an interpretation I = I({A(a), R(a,n)}) is a universal model for K. Hence, by
Theorem 6, one can evaluate the query q over I. There are obviously no R-paths of the length two in
I, thus, the evaluation ¢(I) returns the empty set as the answer set. Consider EHCs corresponding
to the K’s assertions:

R(w*,wy) Vv -A(w"), A(a).

Consider a derivation K F7, 0 horn(q) in the EHC' calculus:

—R(z1,22) V " R(x2,v") R(w",w§) V = A(w")
. —A(z1)V-oR(zg,0") R(w*, w§) V - A(w"™)
(21 /a] —A(z)V-A(22) A(a)

afa] ~HH

/

pr
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If one applies the substitution 0 = {z1/a} U {z2/a} = {x1/a,x2/a} obtained in the derivation to
the distinguished variables of ¢, namely to x1, one will get a constant 6(z1) = a. The constant is
derived from K but is not in the answer set ¢(K) = 0. Hence, the EHC' calculus are not sound wrt
to CQ answering.

Since, as it shown in Theorem 8, EHC calculus are sound wrt CQ answering, the unsoundness in
the EHC' calculus comes from the pr’ rule. Let us understand the reasons of this phenomena. Con-
sider the very last derivation step, pr’, in the derivation above. From the query A(x1) A R(x2,v°)
corresponding to the premises and the clause R(w",w$) V —A(w"), the pr’ rule derives a query
R(x1,x2) A R(x2,v°) corresponding to the conclusion. So, the rule substitutes the literal “R(x1, z2)
which has two variables for the literal —=A(x;) which has only one variable. This difference in the
number of variables a crucial one. The reason is that there is no way to find a connection between
the variable x5 on the second coordinate in the literal =R(z1, 22) and the variable in ~A(x;). So, one
need to “invent” this variable. In the example above the “invented” variable is x5 and it coincides
with the one on the first position in the literal =R(z2,v"). This unjustified binding between two
literals in the CQ goal ~R(x1, 22) V ~R(z2,v™), which appeared due to the fact that the “invented”
variable is x, is actually the reason why we deduced a constant a which is not in the answer set
q(K). In order to avoid this unexpected binding of variables in the conclusion of the derivation step

pr we put a uniqueness condition on the variable v™ in the propagation rule.

4.3.4 Soundness of EHC Calculus.

In this section we show that the EHC calculus are sound wrt to CQ answering, i.e. if there is a
derivation of a CQ ¢ from a KB X, which gives a substitution that (after its application to a vector
of distinguish variables of ¢) returns a tuple of constants, then the tuple is in the answer set ¢(K).
In order to to show this, we first prove that each derivation rule of the EHC calculus returns a goal
in the conclusion that has the same truth value as the goal in the premise does. This result is similar

to the one for the resolution derivation step (see [L1o87]).

Lemma 3. Let I' and I be CQ goals; an assertion g be either a positive inclusion assertion or a
membership assertion; and p be a grounding substitution for T' (it maps all free variables of T to

constants). The following holds:
(i) if T E TV then —ul' | —ul’;
(i) if T by I then —ul |= —(po W)V
(iit) if T A horn(g) b TV then —ul A horn(g) | —ul”;
(iv) if T A horn(g) ko TV, then —ul’ A horn(g) = —(p U O)I.

Proof. Assume there are given two CQ goals I" and I, a positive inclusion assertion or a member-
ship assertion g and a substitution p which is a grounding one for I'. We will first show that the (i)
statement holds, then that the (ii) one holds and at the end that the (iii) one holds.
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(i) statement. We are to show that a derivation step I' - I implies an entailment —uI' | —ul".
The derivation step corresponds to several deductive rules, namely to the duplication (c¢d and rd)
rules and the variable introduction (cvi, rvi(1) and rvi(2)) rules. The (i) statement trivially holds
for both ¢d and rd because of the following FOL equivalence: ¢ Vi = ¢V ) V 1.

Let us show the (i) statement for the cvi rule, i.e. let T' - T :%W, where a CQ goal
=TV -A(s);a CQegoal IV =T V —A(s) V-A(v"); and s is a variable which is not existentially
quantified; and v* is a unique variable for IV. We are to consider two cases, namely, when s is a
free and universally quantified variable. If s is universally quantified, then the cvi rule transforms
to the cd rule, hence, the (i) statement holds. Assume s is a free variable. In order to show that
—ul' = —ul’, we must prove that for any interpretation I such that I | —ul, the entailment
I = —uI” holds. Assume that I satisfies the entailment I = —u(Ty V —A(s)), we conclude that
I = pA(s), or, equivalently, I = A(u(s)). Using the last entailment and the fact that for any FOL

formula ¢(z), where x is a free variable in ¢, the implication:

p(x) — Jz P(x) (4.1)

is true in any interpretation, we conclude that the entailment I = Jv A(u(v)) holds for some variable
v. Consequently, the entailment I = —Vv A(u(v)) holds. Since, VvA(u(v)) is exactly pA(v™) we
obtain that I | —pu(—A(v*)). Two entailments I = —u(I'; V -A(s)) and I | —p(—A(v")) implies
that the entailment I = —u(Ty V —A(s)-A(v™)) and consequently the entailment I = —uI™ holds.

One can prove the (i) statement for the rvi(1) and rvi(2) rules in a similar way as it is done for cvi.

(ii) statement. This part of the lemma trivially follows from the fact that T' = h(I"), which implies
that the entailment —ul’ = —(uo k)T transforms to the one —u(h(I")) E —(u(h(I")) that obviously
holds.

(iii) statement. We are to show that a derivation step I' A horn(g) F I' implies an entailment
—uI A horn(g) = —ul”. The derivation step corresponds to the propagation rule (pr) and some of
the atom introduction rules (ci and ri where no substitution is involved). Let us first consider the

pr rule:

. Iy V =lit(B, t,v") lit(B, w", w§) V —lit(B’, w", wy)
Iy v -lit(B,t,ov) ’
where a CQ goal I' = T'y Vv —lit(B’,t,v"); a CQ goal IV = T'y V —lit(B,t,v"); a clause horn(g) =
lit(B,w", w§) V ~lit(B,w*,wy); t is a term; and v*, w*, w§, wy are variables. We will consider
three cases, namely when ¢ is a free variable, when ¢ is a universally quantified one and when ¢ is a
constant.

Assume that ¢ is a universally quantified variable, that is t = v* and p(u*) = u®. In order to show
the (iii) statement we must prove that for any interpretation I such that I = —ul’ and I |= horn(g)
the entailment I = —ul” holds. Assume that I satisfies the entailment I = —u(Ty vV =lit(B/, u™, v™)),
we conclude that I = —pu(T'y) and T # —p(lit(B’, u™,v")), or, equivalently, T ¥ —lit(B’, u*,v"). After

a renaming of variables {u/w,v/ws} in the last entailment we get:

I ¥ =lit(B',w", wy). (4.2)
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Since, the clause horn(g) is true in I, i.e. I | lit(B,w",w$) V —lit(B',w", wy), we obtain I |
lit(B,w*, wf). Using the last entailment and the fact that for any FOL formula ¢ the implication:

Vrg — 3z g (4.3)

holds in an interpretation, we conclude that I = lit(B, w®, w¢), or equivalently I ¥ —lit(B,w", w?).
Using the later entailment and the fact that I = —u(T'1), we conclude that I # p(I'1)V-lit(B, w", w}).
After renaming of variables {w/t, w1 /v} in the last entailment we get I ¥ p(T'; V—lit(B,t,v*)), which
is the same as I = —u(T'y v—lit(B, t,v™)). By definition of IV we obtain that the entailment I' = —ul”
holds.

Assume that ¢ is a free variable. In order to show the (iii) statement we must prove that for
any interpretation I such that I = —uI' and I |= horn(g) the entailment I = —uI” holds. Assume
that I satisfies the entailment I | —u(T'y V =lit(B’,t,v")), we conclude I = —pu(T'y) and I ¥
—u(lit(B’,t,v")), or, equivalently, I = lit(B’, u(t),v°). Last entailment can be rewritten as I, u =
lit(B',t,v°®). Using the Formula 4.1 we obtain that the entailment I,y = Jwlit(B’, w,v®) holds
for some w or, equivalently, I |= Jwlit(B’,w,v®). Since, Jwlit(B’,w,v®) is exactly lit(B’, we,v°)
we obtain I | lit(B’,w®,v¢). Hence the entailment I ¥ —lit(B’,w",v*) holds. After a renaming
of variables {v/wy} in the last entailment we get I ¥ —lit(B’,w*,wy). Observe, that obtained
entailment is exactly the same as in the Formula 4.2. Hence, in order to accomplish the current
proof (for the case when ¢ is free variable) one can reuse the part the proof (for the case when ¢ is a
universally quantified variable), that follows the Formula 4.2.

Assume that ¢ is a constant, say ¢. In order to show the (iii) statement we must prove that
for any interpretation I such that I = —ul’ and I | horn(g) the entailment I | —ul” holds.
Assume that I satisfies the entailment I | —u(Ty V —lit(B, ¢, v")), we conclude I = —u(Ty)
and I ¥ —u(lit(B',c,v")), or, equivalently, I ¥ —lit(B’, u(c),v*) and, since u(c) = ¢, we ob-
tain I ¥ —lit(B’, c,v*). Taking into account that horn(g) = lit(B,w",w$) V =lit(B’, w*, wy) and
I = horn(g), we conclude I = lit(B, ¢, w§) and I ¥ —(u(lit(B,c,w})). After a renaming of variables
{w1/v} in the last entailment we obtain I # —(u(lit(B,c,v")) and, consequently, I = —uI” holds.

Let us show the (iii) statement for the ci rule (for the ri rule it can be done similarly), i.e. let:
NFIr = W, where a CQ goal I' =T'1; a CQ goal I" = T'; V=A(a); and horn(g) = A(a).
We must prove that for any interpretation I such that I = —uI' and I |= horn(g) the entailment
I = —ul” holds. Assume that I satisfies the entailment I = —ul'y, and I = A(a). We obviously
conclude that I = —u(T'1) A A(a), or, equivalently, I = —u(T'1 V-A(a)), i.e. the entailment I = —ul”
holds.

(iv) statement. We are to show that a derivation step I' kg I implies an entailment —ul'
=(pUB)I’. The derivation step corresponds those atom introduction rules ¢i and ri which involves
substitutions. We will prove the statement for ci, a proof for ri can be done similarly. Recall the ci

derivation step:
ci: [y V-A(s)  Aa)

Ii[s/a]
where a CQ goal I" =T’y [s/a]; a CQ goal I" = T'; V—A(s); s is variables; a is a constant; and 0 = {s/a}

is a substitution. In order to show the (iii) statement we must prove that for any interpretation

[0 = {s/a}]
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I such that T = —u(T'1[s/a]) and I = A(a) the entailment I = —(p U 0)(T'y V —A(s)) holds. This
can be equivalently rewritten as the following: for any interpretation I if I = (¢ U6)(—I'1) and and
I|= A(a), then I = (pU0)(—T'1) A (pUB)A(s). Hence, it is enough to show that I = A(a) implies
I E (LUB)A(s). If s is a free variable, then the implication trivially holds. If s is existentially
quantified (note, that by definition of I, s can not be universally quantified), then I = (uU0)A(s)
is equivalent to I = A(u®), for some variable u. Hence, the implication trivially holds by definition
of truth valuation of formulae with existentially quantified variables.

O

In the following theorem we show soundness of the EHC calculus, applying the previous lemma
to each derivation step; and using transitivity of logical implication, i.e. the fact that for any FOL
formulae ¢, ¢ and any ground goals ', T, T'” the following holds. If =I'A¢ = I, and =I"A¢) = -,
then ~-T' A¢p Ay = -T".

Theorem 8. (Soundness Theorem,)
Let K be a KB; q(Z) «— Jyconj(Z;y) be a CQ over K; and 0 be a substitution. If the following
derivation exists:

K 5 horn(q)

then the following entailment holds:
K &= 3§ conj(c;y), where ¢ = 0(Z)

Proof. Assume K = (7, A) is a satisfiable KB; ¢(Z) <« Jgconj(Z;7) is a CQ over K; and 6 is a
substitution.
Assume the derivation Der = IC F} horn(q) exists. Thus, by definition of derivation, there exists

a sequence of derivation steps Dq, ..., D,, such that:

e the premise of Dy is L, the conclusion of D,, is horn(q),
e and for each pair of steps D;_1, D; the conclusion of D;_; coincides with the premise of D;,

o if {01,...,0,,} is a set of all substitutions and hy, ..., hy is a sequence of all homomorphisms,
where m + k < n, that participate in Der then 6 = UZ1 O;ohpo...ohq,

e if {horn(p1),...,horn(pg)}, where k < n is a set of all positive inclusion and membership

assertions that participate in Der then each p; € K.

Using (i) transitivity of logical implication, (ii) the fact that the empty substitution € is a grounding
for the goal L, (iii) homomorphisms are closed under composition and applying Lemma 3 to each
derivation step in Der, we obtain that horn(p1)A. .. Ahorn(pg) = —((eUU!~, 6;)ohyo. . .ohy)horn(q).
By definition of the function horn, the formula on the right hand side of the logical implication is
equal to 8(3yconj(T;y)) and, consequently, K = 37 conj(& 7), where ¢ = 6(Z), holds.

O
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4.3.5 Completeness of EHC Calculus

In this section we show that the EHC calculus are complete wrt to CQ answering, i.e. if a tuple of
constants is in the answer set of a CQ over a KB then there is a derivation of the query from the
KB, which gives a substitution that (after its application to a vector of distinguish variables of the
query) returns this tuple. This result together with the one that EHC calculus are sound implies
correctness of EHC calculus wrt to CQ answering. In order to to show completeness, we first prove
two supporting lemmas.

In the first lemma we show how one can derive a query ¢(Z) from the ABox of a KB if there is
such a grounding v of the distinguished variables of the query, that ¢(y(Z)) is true in the minimal
model of the ABox.

Lemma 4. Let ¢(Z¥) <« Fgeonj(Z;7) be a CQ; K be a satisfiable KB; and ¢ € q(K). If I(A) &

3y conj(C;y), then there is an derivation A&} horn(q), where {Z/¢} C 6.

Proof. Assume ¢(Z) < Fgconj(#;y) is a CQ; K is a satisfiable KB; ¢ € ¢(K); and I(A)
3y conj(¢; ). We will show that there is a derivation A Fj horn(q), where {Z/c} C 6.

Let conj(Z;4) be Py(wi) A ... A P,(w,). Since I(A) = 3§ conj(cy) holds, there is a vector
of constants ¢ such that I(A) = conj(c; ¢1) and for each atom P;(w;) in conj(Z; ), the inclusion
P;(d;) € A holds, where @; is a projection of ¢ and & on the vector of variables ;. Using this
fact one can can construct the following derivation tree for g that consists of n derivation steps and
derives ¢ from A:

P (W) V...V P, () P,(dy) (/@)

(=P (W) V... V2P (Wh—1))[Wn/dn)] P,_1(dn-1)

(_‘Pl(u_;l) V...V~ n72(wn72))[wn/c_in7wnfl/a:nfl]

1

ry {wnfl/&'nfl}
(= Py (W) V 2Py (W2))[Wy /@, . . ., W3/ d3] Py(ds)
(=P (W))W /@n, - - ., Wa/d2]
(D)W /@, - . ., W1 /d1]

Note, that all the rules that are used in the derivation are atom introduction rules.

e {Wa/d2} Pi(a@)

{a /ar }

T

O

Let us consider a shorn-hand notation Dup(Goal’, Litetal,n, Goal) for a derivation that takes a
goal Goal’ as an input and then makes n duplications of the literal Literal in Goal’. The output of
the derivation is the goal Goal.

Let K be a KB and ¢ a CQ. Let I,,41 be an interpretation obtained on the m-th step of a chase
sequence chase(K) and I, be the one obtained on the m — 1-th step. Assume I,,11 is obtained
from I,, by a propagation of some constant from the basic concept B’ to B. In the second lemma

we show that if ¢
1. can be homomorphically mapped to I,,+1,
2. can not be homomorphically mapped I,,,

then the query ¢ can be normalized wrt the level m + 1 of the chase(K). Where g can be normalized
wrt the level m + 1 of chase(K) if one can provide a query ¢’ (a normalization of q¢ wrt the level

m + 1), such that it satisfies the following conditions:
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(a) ¢ can be derived from ¢’ by applying atom duplication, and/or variable introduction, and/or

generalization rules,
(b) ¢’ can be mapped to I,,+1 but not to I,

(c) there is a query ¢”’ such that ¢’ can be directly derived from ¢ by applying a propagation rule
with horn(B’ C B) and ¢” can be homomorphically mapped to I,,.

We call the query ¢” as a direct descendent of ¢/, i.e. of a normalization of ¢, and denote is as
desc(q'). Note, that the condition (b) means that the tableau T'(¢’) is a homomorphic image of the
tableau T'(q) after “cleaning” of the image from duplications of tuples. The condition (¢) means
that there is only one atom in ¢’ that can not be mapped to I,,,, moreover, the extension of I,,, to
In+1 provides such an interpretation of this atom, that it allows to map ¢ to I,,,+1. Since there is
only one such an atom, the query ¢’ is the shortest one that satisfies (a) and (b) and this is actually

the reason why we called ¢’ a normalization of q.

Lemma 5. Let q(Z) be a CQ; K = (T, A) be a satisfiable KB; € be a vector of constants. Let
chase™(KC), where n < oo, be a chase of I(A) with K of the depth n. Let I, Mﬁm_,.l be the

m-th step of the chase sequence that ends with chase™(K) (where m < n; the assertion e is a
positive inclusion assertion equal to B’ T B; the mapping hy, is a homomorphism; and I, Ini1
are interpretations).
If the following holds:
I 11(K) = (), but I, (K) ¥ ¢(0), (4.4)

then

1. q has the corresponding EHC of the form: horn(q) = T'V —lit(B,t,s), where s is a variable; t

is a term; and I' is a C'Q goal;
2. there exists a query q' which is a normalization of q.

Proof. Assume the conditions of the lemma holds. We will first show that horn(q) = T'V-lit(B,t, s)
and then we construct the required ¢/, which is a normalization of ¢, i.e. ¢’ satisfies the following

conditions:

1. the body of ¢’ satisfies the conditions (4.4),
2. horn(q") =T"V =lit(B,t, s), where I'' is a CQ goal,

3. there is a derivation Der of the form:
q Fhq

where all derivation steps are duplication, and/or variable introduction, and/or generalization

rules.

4. there is a query ¢” such that ¢’ is directly derived from ¢” by application of a propagation rule
with horn(B’ C B) and I, = ¢"(©).
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Proof of the part 1. Let us show that the EHC that corresponds to the query ¢ is mot of the
form horn(q) = T'V =lit(B,t,s). Since the condition (4.4) holds, there is at least one atom in the
body of ¢, which is not true in I,,,, but true in I,,,11. The difference between I, and I,,11 is in
the interpretation of one atom lit(B,r,w®) only, where r and w® are variables. Hence, this atom
should occur in the body of ¢ at least once. Hence, horn(q(¢)) = I' V —lit(B,t, s) holds. Assume
that lit(B,t,s) = P(t,s).

Proof of the part 2. Consider a multiset D of atoms that occur in ¢(é), which is defined as follows:
(i) all atoms from D are of the form P(t,s); (ii) if one delete all atoms of D from ¢(¢) then the
resulting conjunction, say conj, is true in I, and (iii) conj A P(t, s) for any P(t,s) from D is false
in I,,. Since (4.4) holds such a set D exists. This set essentially contains all atoms from ¢(¢) that
does not allow to map ¢(¢) to I,. The set D consists of k € [1,...,|D|] pairwise disjoint multisets
of atoms D = Dy U...U Dy, where each multiset Dy consists of ns atoms of the form P(¢; x, si),
i€ [l,...,ng| and for different D;, D; the variables s; and s; are different.

Observe that if an atom P(t,s) is in D, then the variable s can not appear in atoms of conj.
Indeed, assume that s occurs in an atom P (r, s), where r is a term, and this atom occurs in conj.
By the definition of P(t,s) and 11, Im+1 E P(a,b), for some constants a and b € In(l,,, K).
By the definition of conj, I, = Pi(a’,n) holds, for some variable a’. This entailment contradicts
with the fact that n € In(1,,,K). As a consequence, we note that s can not appear in atoms with
predicate symbols different from P.

There are three possibilities for the shape of the basic concept B and, consequently, for P(,s).
They are the following:

1. B = A and lit(B,t,s) = P(t,s) = A(t),
2. B =3dR and lit(B,t,s) = P(t,s) = R(t, s),
3. B=3R™ and lit(B,t,s) = P(t,s) = R(s,1).

let us consider all the cases separately.

Case 1. Assume B = A and lit(B,t,s) = P(t,s) = A(t). In this case each D; consists of n;
atoms of the form A(t) and some of them can coincide. Hence, D consists of |D| atoms of the form
A(t) and some of them can coincide. Assume in D there are ky atoms A(t1), ..., k, atoms A(t,),

where k1 + ...+ k, = |D|, Le.
D = {A(t1),..., A(t1), A(t2),..., A(t2), ..., A(tk, ), ..., Atx,)}-
Hence, the goal horn(q) is of the form:
horn(q) =T"V =A(t1) V...V =A(t1) V-A(t2) V...V 2A(t2) V...V 2 A(tk,) V... V 2 A(tk,),

where IV is a CQ goal. Now we can easily find a normalization of ¢, namely ¢’. It is the goal with
the corresponding EHC equal to horn(q') = I"V—A(t). The derivation tree corresponding to ¢’ I}, ¢

is the following:
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Dup(FTD‘ ) _‘A(tkp )7 Nk, hOT’ﬂ(q))

Dup(réa_'A(tQ)ak%Fg)
Dup(rllv_'A(tl)vkl,F/Q)
“CINSA(f) Vo A(t) V..V —A(ty,)

gen oA [t1/t, ... tr,/t]

where I'} = IV V = A(t1) V 2 A(tz) V ~A(tg,). In this derivation we first generate the goal —A(t1) V
—A(tz) V ~A(ty,) from A(t) using the homomorphism h = {t1/t,...,tx, /t]}. Then we just apply
the concept duplication rule to each literal in the the generated goal as many times as it is required
to obtain horn(q).

Case 2. Assume B = 3R and lit(B,t,s) = P(t,s) = R(t,s). In this case ¢’ is the goal with
the corresponding EHC equal to horn(q') = horn(conj) V —R(t,s). We will construct a derivation
¢’ F5 ¢ in a similar to Case 1. manner. Let us consider a multiset Dy in details. It consists of
ny atoms of the form P(¢; k., sx), ¢ € [1,...,nk]. Let Dyq U...U Dy, be a partition of Dy, into
my, multisets such that each Dy ; consists of «y ; repetition of an atom P(t;x, sx). Now we will
construct a derivation ¢’ -}, ¢, we denote is as Der, which is a sequence of consecutive sequences of
derivations Derq(To,T'1),. .., Dery(Ty-1,T), where horn(q') = Ty and horn(q) = I';. Each derivation
Der;(I'j-1,T)

e corresponds to the multiset D;;
o takes the CQ goal I';_; as an input and returns the CQ goal I'; as an output;

e works as follows: it extends I';_; to I'j41 by adding negations of all atoms from D;. The

extension is done in two steps:

1. using a homomorphism it adds m; literals of the form =P(%; ;, s;) to I'j_1, i.e. one literal

from each multiset Dj ;.

2. using concept duplication rule it duplicates ¢ ; times each added literal =P(t; ;, s;).

Consider the derivation tree corresponding to Der;(I';_1,T';)

Dup(I'y,,, 7R(tm,; 55 55) m;, Lj)

Dup(I'y, = R(t2,5, 5;), 0,2, 1'%)
Dup(I'y, ~R(t1,5, 55), 5,1, 1)
L 1VoR(t 4, 85) VooV =Rt j,85)
T4

rd
gen

[tja/ti—11s-- s tjm; /tim1a]

where Iy = T';_1 V =R(tj1,5;) V...V = R(tjm,,s;). The very first derivation Der;(I'g,T'1), i.e.
when j = 1, is a bit different from the rest derivations. The different is only in the homomor-
phism that is in the first step of the derivation, more precisely, the homomorphism is the following;:
{t11/t, ..., t1,m,/t}. The homomorphism h in the derivation ¢’ I} ¢ is a composition of homomor-

phisms h; o ... o hy, where each h; obtained in derivation Der;(I;—1,T).
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Case 3. Assume B = JR~. In this case ¢’ is the goal with the corresponding EHC equal to
horn(q’) = horn(conj) V —R(s,t). This is can be proved similarly to the Case 2.

The only part of the lemma which is not proved is that there is a desc(q’) = ¢” such that
I, = ¢"(€). Recall that ¢ is of the form either 'V = A(t) or T'V = R(t, s) or I' V= R(s, 1), depending
on the form of the basic concept B. Let ¢ be the CQ that corresponds to the CQ goal I'. As it was

shown above, ¢ satisfies the condition I,,, = ¢(¢). Consider the following derivations:

I'v A(s) A(w*) V =lit(B', w*, wy)
v =lit(B, s,t) ’

pr:

. 'V R(t,s) Rw" wi)V-lit(B',w", wy) TV R(s,t) R(w§,w")V -lit(B',w", wy)
pr TV —lit(B', 5,1) : TV —lit(B', 5,t) '

The goals in the premisses of the derivations are all instances of ¢ depending on the form of B. By
em hm

the definition of the chase step I,,, — Ip+1 , the entailment I,,, = lit(B’, s, t) holds, consequently,

I, = ¢"(C) holds.
O

Now we are ready to show completeness of the EHC calculus. For a given query ¢ and a KB K
the proof consists of applying (i) of Lemma 5, first to ¢, then to desc(q’) and so on recursively until
we reach a query that can be homomorphically mapped to the ABox of K and then (ii) of Lemma
4. Detailed proof is the following.

Theorem 9. (Completeness Theorem,)
Let K be a KB; q(%) be a CQ over K; and 0 be a substitution. If the following entailment holds:

K = q(¢), where ¢ = 0(%)

then the following derivation exists:
K =5 horn(q)

where v = 0 U h, for some homomorphism h.

Proof. Assume K = (T, A) is a satisfiable KB; ¢(Z) is a CQ over K; and 6 is a substitution.

Assume the entailment K |= ¢(¢), where ¢ = 6(Z), holds. We are to show that there exists a
derivation Der = K Fj horn(q). Since, for any satisfiable KB conjunctive query answering can be
performed over its universal model (see Theorem 6) and chase is a universal model (see Theorem
4) we conclude that the entailment chase(K) = ¢(¢) holds. Recall that chase(K) is defined as an
interpretation obtained after several (possibly infinitely many) extensions of I(.4) using positive
inclusion assertions of K. Assume that chase(K) = chase®(K), where k < co. Since the formula
body(q) consists of finitely many conjuncts, there is a natural number m which is not more than n
(or strictly less than n in a case of infinite chase) such that chase™(K) = ¢(é).

If m =0, ie. if I(A) = ¢(¢) holds, then by Lemma 4 there is a derivation A F} horn(g) and,
consequently, KC Fj horn(q).

If m # 0, ie. if I(A) ¥ ¢(¢) holds, then let us choose the minimal m such that it satisfies the
condition (4.4), i.e.:

chase™(K) k= q(&), but chase™ 1 (K) ¥ q(?).
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Assume that chase™(K) is obtained (on the m-th chase step) after applying of a positive inclusion
assertion B’ C B to chase™ !(K) with some homomorphism. By Lemma 5, there is a normalization

of ¢, say ¢, such that ¢’ Iy ¢ and there is desc(q') = ¢" such that the following derivation holds:

horn(q) horn(B’' C B)
horn(q")

pr:

Hence, there is a derivation ¢” =} ¢. Let us denote it as Der;. So, in our reasoning we took ¢ as
an input and, since I(.A) ¥ ¢(¢) holds, we returned the query ¢" and the derivation ¢” I}, ¢ as an
output.

Now, one should apply the same reasoning using ¢” as an input and then using the obtained
outputs as inputs until the output query can not be mapped to I(A). Assume there should be done
k steps of the reasoning all in all in order to obtain a query g, such that I(A) = ¢(¢). Each of these k
steps returns a derivation. Let the i-th step returns a derivation Der;. Consider a derivation which

is the sequence of consecutive derivations Der;, ..., Dery. This derivation is in fact a derivation of ¢

*
hyo..

from ¢ of the form ¢ + .oh, 4- Let us denote as h the composition hyo...ohy. Since a composition
of homomorphisms is a homomorphism, h is a homomorphism. Note that, by its construction, the
derivation ¢ -} ¢ involves k positive inclusion assertions from 7  and none membership assertions
from A.

Using Lemma 4 and the fact I(A) |= ¢(¢) we conclude that there is a derivation A} ¢. Let us
denote it as Der;41. Using Der; 1 and Der;, ..., Dery we obtain the derivation we were looking for,

i.e. K5, g¢- The derivation is the sequence of consecutive derivations: Der;y 1, Dery, ..., Der;. O

4.3.6 Algorithm to Implement EHC Calculus

Here we show how by imposing a specific control strategy on the EHC calculus one can obtain an
algorithm for implementing the calculus proposed by Calvanese at al. in [CDGLT05b].

Roughly speaking, the strategy is to derive, staring from a given query, the empty EHC by using
a given KB and by applying the derivation rules in a top-down manner. This strategy involves two

main stages and can be described as follows: for a given query ¢ and a given KB K one must
e first, take ¢ and construct all possible derivations in a top-down manner, such that they

— start with horn(q)

— use the positive inclusion assertions from K and all derivation rules except atomic intro-

duction ones.

While constructing the derivations, one must detect loops that can appear in the derivations,
i.e. detect the cases when after application of a rule, say r, in a derivation, say Der, the
obtained query is exactly the same as a one already obtained before in Der. If such a case
detected, then one should either to apply r using another values of the parameters of the rule
(e.g. chose another atom to delete a duplication, if r is a duplication rule) or not to apply r

at all (if there is no way to find a value that will not lead to a loop).

All the queries obtained in every step of every constructed derivation must be collected in a

so-called set of reformulations for the given query.
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e Second, for each query from the set of reformulations construct all possible derivations in a
top-down manner by applying atomic introduction rules and using the ABox of the KB. Each
derivation that ends with the empty EHC returns a certain answer for the original query over
the KB.

In fact, when Calvanese at al. implemented the first stage, they used a simplified version of the
generalization rule. They used only a particular case of homomorphisms, namely unification of two
atoms. Another comment is that they completely delegate the derivations involved in the second
stage to an SQL-engine. The delegation is possible because the rules that are involved in the second
stage are atom introduction ones only. Applications of these rules in a top-down manner to a query
is just grounding of variables in the query with constants form adom(K). Thus, if a derivation of
this kind for a query ¢’ reaches the empty EHC, then all variables in ¢ are grounded with constants
form adom(K). This total grounding of ¢’ is in fact a “pattern matching” of the CQ ¢’ to the ABox
of I and it can be easily done by an SQL-engine.

This very strategy is shown to be complete wrt query answering and implemented in QuOnto
system [ACDGT05].



Chapter 5

Reduction of Reasoning in
DL-Liter to CQ Answering

In this chapter we discuss how to reduce the reasoning tasks for DL-Lite z presented in Section 2.3 to
CQ answering. In order to do it we will firs present a reduction of KB satisfiability to CQ answering
and then a reduction of disjointnes/subsumption/equivalence checking to KB satisfiability. Details

and proofs for all the reductions one can find in [CGL*06].

5.1 KB Satisfiability

Satisfiability of a given KB IC can be checked in three steps.

1. Collect all functional assertions of I in a set S. Only the TBox of K is involved in this step.

2. Compute all negative inclusion assertion that are entailed by K. Collect all the obtained

negative inclusion assertions in a set S. Only the TBox of K is involved in this step.

3. Transform each assertion from S to a conjunctive query in the following way:

Assertion ‘ Query

funcR | 3z,y,z. R(z,y) N R(x,z) Ny # 2
funcR™ | x,y,z. R(y, ) NR(z,x) Ny # 2
BC -B | dz,y, 2 lit(B,x,y) ANit(B', x, 2)

Take the union of the obtained conjunctive queries. Evaluate the union over the ABox of K
stored as a relation DB, by delegating of the union to a RDBMS. If the evaluation returns
“false”, then the KB is satisfiable; otherwise the KB is unsatisfiable. Only the ABox of I is

involved in this step.

The computation of all negative inclusion assertions entailed by I in Step 2. can be done in
polynomial time in the size of the TBox of K. The following recursive algorithm describes a way to

compute it.

60
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1. Collect all negative inclusion assertion in a set N.

2. Take an arbitrary assertion, say B C B’, from the TBox of K. If there is an assertion in N
that says that B’ is disjoined with some B”| i.e. if either B” C —=B’ or B’ C —-B” is in N,
then check whether B C —B” is in N and if it not the case then add B C —=B” to N.

3. If there is an assertion of the form 3R C —3R in N, then check whether there is the assertion
JR~ C —dR™ in N and, if it is not the case, then add 3R~ © —-3dR~ to N. Analogously, if
JdR™ C -3dR™ isin N, but 3R C —3JR is not there, then one should add the latter assertion in
N.

4. Repeat executions of the steps 2. and 3. as long as they keep extending the set N. If a

sequential execution of the steps 2. and 3. does not change NN, then terminate and return N.

Note that in Step 3. the assertion 3R T —3JR reflects the fact that the relation R has no
elements on its first coordinate in any model of K, or, equivalently, R is empty in any model of K.
The emptiness of R, obtained because of the “emptiness” of R’s first coordinate, implies “emptiness”
of the R’s second coordinate, i.e. it implies 3R~ C —-3R~. This is the reason why one need to make

Step 3. in order to compute all negative inclusion assertions implied by /.

5.2 Instance checking

For a given KB K, a (general) concept C/role R and a constant a/a pair of constants a, b the
instance checking problem is to verify whether I = C(a)/I = R(a,b) holds for every model I = K.

This problem can be easily reduced to a KB satisfiability problem in the following way. Consider
anew KB K¢(,) = CU({A E ~C}, {A(a)}), where A is a new atomic concept, i.e. it does not occur
in . In [CGLT06] it is shown that K }= C(a) if and only if K¢(,) is unsatisfiable. Thus, we reduced
the instance checking problem to the KB satisfiability problem which is turn reducible to the CQ
answering. The composition of this two reductions gives us a reduction of the instance checking to
the CQ answering.

Regarding the instance checking for roles, it can be reduced to the KB satisfiability similarly to
the case of concepts, the only difference is that one need to use a new role P and a pair of constants

a and b, instead of a new concept A and a constant a.

5.3 Subsumption Checking

For a given KB K and two (general) concepts C, D the subsumption problem is to verify whether
I = C C D holds for every model I |= K.

This problem can be easily reduced to a KB satisfiability problem in the following way. Consider
anew KB Keccp = KU ({4 C C, A3 C =D}, {A1(a), A2(a)}), where a is a constant that does not
appear in K, A; and Ay are atomic concepts that do not appear in K. In [CGLT06] it is shown
that C' T D if and only if Ko p is unsatisfiable. Thus, we reduced the subsumption problem to the
KB satisfiability problem which is turn reducible to the CQ answering. The composition of this two

reductions gives us a reduction of the instance checking to the CQ answering.
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5.4 Equivalence Checking

For a given KB K and two (general) concepts C, D the equivalence problem is to verify whether
IECCDandIEDECC hold for every model I = K. Thus, this problem just consists of two

subsumption problems, which are both reducible to the CQ answering.



Chapter 6

Conclusions

In this thesis we have studied several properties of query answering over ontologies expressed in
DL-Lites ontology language first introduced in [CDGL105b]. Specifically, we have introduced the
notion of universal model for a KB, which has roots in universal solutions proposed by Fagin at
al. in [FKMPO5] for the data-exchange setting. We show that any satisfiable DL-Litez KB has a
universal model. Universal models for a DL-Lite KB could be infinite in principle, thus, the results
obtained in the thesis extend the ones in [FKMPO05]. In particular, Fagin at al. showed that a finite
chase constructed for the data-exchange problem is a universal solution, while we show that even
an infinite chase constructed for a KB is a universal model. We adopt the notion of weakly-acyclic
tgds for the DL-Liter setting and this gives us the class of so-called weakly-acyclic KBs which have

finite chases of polynomially bounded sizes.

The most interesting feature of the universals models is that answering conjunctive queries can
be based on them. If one wants to evaluate a CQ over a satisfiable KB, one can simply do it over
a chase of the KB, which is in fact a universal model of the KB. This way of answering queries can
be used for weakly-acyclic KBs but not for arbitrary KBs, because of potential infinity of chases. It
turns out that even if there are no finite universal models for a KB, one can still perform answering
CQs over the KB by means of the calculus that is proposed in the thesis for the so-called Extended
Horn Logic.

We present Extended Horn Logic as an extension of the standard functional free FOL Horn
Logic by allowing free and existentially quantified variables in the clauses. The calculus proposed
for the logic is sound and complete wrt to answering CQs, i.e. for a given KB K and a CQ ¢
the calculus allows one to derive all answers for ¢ over K. In order to use the calculus for query
answering, one needs to translate K and ¢ into Extended Horn Logic (the translation is proposed
in the thesis) and then to apply the calculus. Since there are many ways to derive all answers for
q over K, we present a specific control strategy on the calculus. The strategy gives an algorithm to
implement query answering. This algorithm in fact resembles the one proposed by Calvanese at. al
in [CDGL105b] and implemented in the QuOnto system [ACDG05].

So, DL-Liter can be used as an ontology language for data integration if the data sources are
relational databases. Moreover, answering conjunctive queries, posed to a data integration systems

that uses DL-Liter ontology, can be performed extremely efficiently.
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The further work is to understand whether it is possible to use wider fragments of SQL for
answering queries in the DL-Liter setting without loss of efficiency, i.e. still keeping delegation
of the query evaluation to SQL engines. This thesis gives a better understanding of theoretical
properties of DL-Liter logic and the obtained results will be used for further investigations on

query languages for DL-Liter .
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