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Abstract. Weusea strongform of thetreemodelpropertyto boost
the performanceof resolution-basedfirst-ordertheoremproverson
the so-calledrelationaltranslationsof modalformulas.We provide
both the mathematicalunderpinningsandexperimentalresultscon-
cerningour improvedtranslationmethod.
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1 INTR ODUCTION

Modal and modal-like logics such as temporal logic, description
logic, and featurelogic, have had a long history in artificial intel-
ligence,bothasanareaof foundationalresearchandasa sourcefor
usefulrepresentationformalismsandreasoningmethods[4, 8].

The recentadvent of agent-basedtechnologieshasdramatically
increasedthe needfor efficient automatedreasoningmethodsfor
modal logic [4]. Broadly speaking,thereare three generalstrate-
gies for modal theoremproving: (1) develop purpose-built calculi
andtools;(2) translatemodalproblemsinto automata-theoreticprob-
lems, and use automata-theoreticmethodsto obtain answers;and
(3) translatemodalproblemsinto first-orderproblems,andusegen-
eralfirst-ordertools.Theadvantageof indirectmethodssuchas(2)
and (3) is that they allow us to re-usewell-developedand well-
supportedtoolsinsteadof having to developnew onesfrom scratch.

In this paperwe focuson the third option: translation-basedthe-
oremproving for modallogic, wheremodalformulasandreasoning
problemsaretranslatedinto first-orderformulasandreasoningprob-
lems to be fed to first-ordertheoremprovers.Our startingpoint is
thestandard or relational translation[1, 9], which translatesmodal
formulasby transcribingtheir truth definitionsin first-orderterms.
First-ordertheoremprovers perform poorly on the outputsof this
translation[9]. To overcomethis, very sophisticateddecisionproce-
dureshavebeendeveloped[3], andalternativetranslationshavebeen
proposed[9]. In thispaper, wedescribea very intuitiveandeffective
heuristicfor modaltheoremproving thatcanbeimplementedon top
of existingstrategiesandprocedures.Briefly, weproposea syntactic
encodingof thefactthatmany modallanguagesenjoy a very strong
form of theso-calledtreemodelproperty:a modalformula is satis-
fiable(or moreprecisely:� -satisfiable)if andonly if it is satisfiable
at therootof amodelbasedona tree.

Below, we startby explainingwhy plain resolutionis not a deci-
sionprocedurefor relationaltranslationsof modalformulas.To mo-
tivateourproposedsolutionwethenexplain thetreemodelproperty,
andrecallsomebasicfactsaboutit. In Section4 we exploit thetree
�
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modelpropertyin anew relationaltranslationof modalformulasinto
first-orderlogic thatencodesthe treemodelproperty. Then,in Sec-
tion 5, we reporton ourexperimentalwork with thenew translation,
focusingmainly on our testswith themodalQBF benchmarkdevel-
opedwithin the TANCS [11] competitionon theoremproving and
satisfiability testingfor non-classicallogics. Problemswere fed to
SPASS[10], a generalfirst-ordertheoremprover. We concludewith
a discussionandplansfor futurework.

2 BACKGROUND

We startby explaining in moredetail why plain resolutionis not a
decisionprocedurefor relationaltranslationsof modalformulas.We
begin by recallingtherelationaltranslation.

Let �	��

� be a non-emptysetof propositionletters.Formulasof
the uni-modal language��� are built up from propositionletters��� �	��

� , using � , � , andthemodaloperator� . Let ��������� besome
index set.Formulasof the multi-modal language����� arebuilt
up from propositionletters��� �	��

� , using � , � , andmodalopera-
tors  "!$# , for ! � ���%�&��� . Thevocabulary of thefirst-orderlanguage')( � hasunarypredicatesymbols * correspondingto theproposi-
tion lettersin �	��
+� , anda singlebinary relationsymbol , . Instead
of asinglebinaryrelationsymbol , , thevocabularyof thefirst-order
language

'-( � hasbinaryrelationsymbols,/. , for every ! � ���%�&��� .
Models for ��� are structuresof the form � 0214365�,75
879 ,

where 3 is a non-emptydomain, , is a binaryrelationon 3 , and
8 is a functionthat takesa propositionletter to thesetof states(el-
ementsof 3 ) whereit is true.Truth is definedrelative to a statein
a model.Theimportantcaseis �:5<;>= 0?�A@ if f thereexists B in �
with �C5�BD=0�@ and ,E;EB . Models for ����� arestructures143 ,F , . =G! � ���%������H , 8I9 whereeachmodaloperator "!J# is interpreted
usingits own binary relation ,K. . Modelsfor ��� and ����� can
alsobeviewedasmodelsfor thecorrespondingfirst-orderlanguages')( � and

'-( � , respectively. To interprettheunarypredicatesym-
bols,we look up thevaluesof thecorrespondingpropositionletters
in thevaluation.

Definition 2.1(Relational Translation) The relational translationLNM 14@O9 of uni-modalformulas @ into first-orderformulasof
')( � , is

definedasfollows.Let P beanindividual variable.

LNMRQ 1 � 9S0 *T1"PO9 (1)LUMRQ 14�V@O9S0 � LUMRQ 14@W9LNMRQ 14@7�YXK9S0 LNMRQ 14@O9Z� LUM[Q 1"XR9LUM Q 14�\@W9]0 ^`_\14,EP�_\� LNMRa 14@O9�9+b (2)

In (1), * is theunarypredicatesymbolcorrespondingto thepropo-
sition letter � ; in (2), thevariable_ is fresh.Observehow (2) reflects
the truth definition for the modal operator � . The translation

LUM



is easilyextendedto a translationtakingmulti-modalformulasinto'-( � , by usingtherelationsymbol , . insteadof just , in thetrans-
lationof themodaloperator "!J# .
For example,themodalformula c/1 �ed � � 9 translatesinto thefirst-
orderformula f%_E14,EP�_ d 14*\_ d ^hgK14,/_Jg��/*Ag�9�9�9 ; here c is short
for �V�\� .

Onecanshow thata modalformula is satisfiableif f its relational
translationis. This effectively embedsthemodallanguagesconsid-
eredhereinto first-orderlanguages,and,thus,opensthewayto solv-
ing modal problemsby first-ordermeans.The resultingfirst-order
fragmentscanbedescribedasfollows.

Definition 2.2(Modal Fragment) Let P be an individual variable.
Themodalfragment i�j of

'-( � is built up from unaryatoms*\P ,
usingnegation,conjunction,andguardedquantificationsof theform
^h_E14,EP�_T�6k[l Pnmd _�op9 , and f%_E14,EP�_ d k	l Pnmd _�o"9 , where _ is
fresh,and k[l Pqmd _�o is the resultof replacingall free occurrences
of P in k by _ , and k[1"PO9 � i�j only has P free.Observe that the
relationaltranslationmapsmodalformulasinto MF.

Themodalfragmentof
'-( � is definedanalogously.

Example2.3 Considerthe formula c/1 �rd � � 9 again;it is clearly
satisfiable.Proving this in first-orderlogic amountsto showing that
thefollowing setof clausesis satisfiable.

1.
F �V,/st_ , �V*\_ , ,E_Juv1"_$9�H

2.
F �V,/swg , �x*Ag , *yuv1zg`9�H

Theclauseshave two resolvents( u�{ is u applied| times):

3.
F �V,/sts , �x*\s , �x*yuv1"s}9 , *yuv14uv1"s}9�9�H

4.
F �V,/s~uv1zg`9 , ,Auv1zg`9<u � 1zg�9 , �x,Estg , �x*Ag`H .

Clauses2 and4 resolve to produce

5.
F �V,/s~u � 1zg`9 , ,Au � 1zg`9<u���1zg`9 , �V,/s~uv1zg`9 , �x,Eswg , �x*Ag`H .

Clauses2 and5 resolve againto produceananalogueof 5 with even
higherterm-complexity, etc.Noneof theclausesis redundantandcan
be deleted;in the limit our input sethasinfinitely many resolvents.
This shows that standardresolutiondoesnot necessarilyterminate
for relationaltranslationsof satisfiablemodalformulas.

What went wrong in Example2.3?First, to obtain the resolvent in
line 3, a positive andnegative binary literal wereresolved;notethat
theseliterals (or rather: the modal operatorsfrom which they de-
rive) live at different modal depthsin the original modal formula
c/1 ��d � � 9 . This resolutionstepis useless:the negative , -literal
derivesfrom the c -operatorwhich occursat modaldepth0, andthe
positive , -literal comesfrom the � -operatorwhichoccursat modal
depth1. Unlesswe explicitly stipulateso(by meansof axioms),dif-
ferentmodaldepthsarecompletelyindependentandcannotresolve.
Second,asimilarcommentcanbemadeabouttheresolventobtained
in line 4,whereapositiveandnegativeunaryliteral correspondingto
thetwo occurrencesof thepropositionletter � wereresolvedupon.

Wewill boosttheperformanceof resolutionprocedureson there-
lationaltranslationof modalformulasby makingliteralslivingatdif-
ferentmodaldepthssyntacticallydifferent.Themathematicaljustifi-
cationfor theseideasis providedby a strongform of thetreemodel
property, aswewill explain in thefollowing section.

3 THE TREE MODEL PROPERTY

To increasethe performanceof generalfirst-ordertheoremprovers
on ‘modal input,’ we will feed the provers with informationabout
themodalcharacterof the input. More precisely, we will aim to en-
codeby syntacticmeansthefactthatbasicmodallogic enjoysavery
strongform of the tree modelproperty. In recentyears,the latter
hasbeenidentified asoneof the semantickey featuresexplaining
thegoodlogical andcomputationalbehavior of many modallogics;
see[5, 12] for two veryaccessiblepresentations.

First, by a tree � we meana relationalstructure1"�R5+�V9 where � ,
thesetof nodes,containsa unique � � � (calledthe root) suchthat
f�� � ��14�V�t�G��9 ; every elementof � distinct from � hasa unique
� -predecessor;and �x� is acyclic; that is, f%�Z14�x�x�U����9 . (Here, �x�
and � � denotethe transitive and reflexive, transitive closureof � ,
respectively.)

A treemodel(for theuni-modallanguage��� ) is a model ��0
14365�,75
879 , where 143�5�,y9 is a tree.A tree-like modelfor themulti-
modallanguage����� is amodel 14365 F ,/.e=G! � ���%�&���ZH�5
879 such
that 14365+� . , . 9 isatree.A logic � hasthetreemodelpropertyif ev-
ery � -satisfiableformulais satisfiableat therootof a treeor tree-like
modelfor � . Observe that the treemodelpropertyis incomparable
to thefinite modelproperty;therearemodallogicswheretheformer
failsbut thelatterholds,andviceversa.

We refer the readerto any introductionto modallogic for defini-
tionsof thebasicuni-modallogic � andthebasicmulti-modallogic
�����R� ; see[2], for instance.

Proposition3.1 1. Thebasicuni-modallogic � hasthetreemodel
property.

2. Thebasicmulti-modallogic � ���R� hasthetreemodelproperty.

Many modallogics,including � and �����[� , enjoy strongerversions
of the treemodelproperty, wherethe degreeof the treemodelcan
be boundedby the size of the formula [2]. But � and �����[� en-
joy an even strongerversionof the tree model property. The key
notion here is that of layering, both w.r.t. tree modelsand w.r.t.
formulas.Tree(or tree-like) modelscomewith a layering induced
by the depth of the nodes.Likewise, the parsetree of a modal
formula inducesa natural formula layering,wherenew layersbe-
gin immediatelybelow nodeslabeledby modal operators.For in-
stance,in cE1 ��d � � 9 , the c occursin layer 0, while the � oc-
cursin layer1, with its argumentin layer2. Next, themodaldepth,
mdepth1�@W9 , of a uni-modalor multi-modal formula @ is definedas
follows. Propositionletters� have mdepth1 � 9R0�� ; mdepth1��NXK9R0
mdepth1zXK9 ; mdepth1zXe�y�x9x0q�e�}�Z1 mdepth1zXK9+5 mdepth1z�x9�9 , while
mdepth1��EXK9U0 mdepth1� "!J#�XK9U0�� � mdepth1zXK9 .
Proposition3.2 Let @ be a modal formula, and � be a tree (or
tree-like) modelwith root ; such that �:5�;�= 0¡@ .

Let X be a subformulaof @ which occurs in formula layer ¢ and
which hasmodaldepth £ . To determinethetruth valueof X weonly
needto considernodesat treedepth¤ , where ¢N¥¦¤V¥§£y�¨¢ .
In words:thereis adirectcorrelationbetweenformulalayersandlay-
ersin a tree(or tree-like)model;asaconsequence,literalsoccurring
atdifferentformulalayerscannotresolveandneednotbecombined.

4 BOOSTING THE RELATION AL
TRANSLATION

In this sectionwe exploit the tree-basedintuitions developedin the
previous section,andproposea new relationaltranslationof modal



formulasinto first-orderformulas,one that tries to encodethe fact
thatmodalformulasenjoy thetreemodelproperty.

We will proceedin two steps:we will first translateinto an in-
termediatemodallanguage,andfrom thereinto first-orderlogic; the
latterstepwill usetherelationaltranslationof Definition2.1.Westart
by definingthetranslationprocessfor uni-modalformulas;afterthat
we give thetranslationfor multi-modalformulas.

From Uni-Modal to First-Order . Thekey ideabehindour trans-
lation is to label unaryandbinary relationsaccordingto the num-
ber of modaloperatorsnestedwithin a modalformula.For instance,
theformula � is translatedinto *v©wP , while theformula � � becomes
^h_E14, � P�_T��* � _$9 . The index � of the relationsymbols , � and * �
measuresthemodaldepthof themodalformula.

To motivatethetranslationof uni-modal��� formulasinto anin-
termediatemulti-modallanguage,considerthe following examples,
wherewe usenew operatorsandnew propositionletterseachtime
we changemodaldepth:

�A� � md � � � � � �
c/1 �ed � � 9ªmd c � 1 � � d � � � � 9+b

If we then apply the relational translation(Definition 2.1) to the
intermediatemulti-modal representations,we obtain ^h_E14, � P�_«�
^JgR14, � _hgE�«* � g`9�9 and f%_\14, � P�_ d 14* � _ d ^hgR14, � _hg\��* � g`9�9�9 ,
respectively. Observe that theproblematicderivation from thestan-
dardrelationaltranslationof cE1 �ed � � 9 in Example2.3isnolonger
possiblewith thenew first-ordertranslation.

To make thingsprecise,weneedanintermediatemulti-modallan-
guage¬V��� � , whosecollectionof modaloperatorsis

F �\­ =�¤V®§�&H .
Definition 4.1 Let @ be a uni-modal formula. Let | be a natural
number. The translation

M �`14@N5<|N9 of @ into the intermediatemodal
language¬x��� � is definedasfollows:

M �`1 � 5�|v9°¯ 0 � {M �h14�NXE5�|v9°¯ 0 � M �`1"XE5�|v9M �J1"X«�Y� 5�|v9°¯ 0 M �`1"XE5<|N9Z� M �`1"�V5�|v9M �`14�EXE5�|v9°¯ 0 � {&� �
M �`1"X/5�|-�D�G9+b

Ournext aimis toshow thattheintermediatetranslation
M � preserves

satisfiability.

Lemma 4.2 Let @ be a uni-modalformula. If @ is satisfiable, then
sois its intermediatemulti-modaltranslation

M �`14@v5��&9 .
Proof. By Proposition3.1wemayassumethat @ is satisfiableat the
root ; of a treemodel �±0�14365�,²5
8I9 . Since � is a treemodel,
for everystateB � 3 thereexistsa uniquepathof , -stepsfrom the
root ; to B ; let ³%1";²5�BJ9 denotethelengthof this path.

We definea model ´µ0¶14365 F , {&� � =W|�®·�&H�5t8A¸"9 for the in-
termediatemulti-modal language¬x��� � by taking its universeto
be 3 , the universeof � . Its relationsare definedby stipulating
that , {&� � 1"¹v5�BJ9 holdsiff ³%1";²5�¹O9y0·| and ,71"¹v5�BJ9 both hold. We
completethedefinitionof ´ by definingthevaluation 8\¸ : for every
propositionletter � andevery stateB � 3 suchthat ³%1";²5�BJ9\0º| ,
we put B � 8 ¸ 1 M �`1 � 5�|v9�9 if f B � 8-1 � 9 .

Weleave it to thereaderto show thatfor everyuni-modalformula
@ , everystateB andevery | suchthat ³%1";75<BJ9x0D| , wehave �C5�B»= 0
@ if f ´n5�B»= 0 M �`14@v5�|v9 . Fromthis thelemmafollows. ¼

Lemma 4.3 Let @ bea uni-modalformula.If its intermediatemulti-
modaltranslation

M �`14@v5��&9 is satisfiable, thensois @ .

Proof. Let
M �h14@v5��&9 besatisfiedat somestate; in somemodel �

for the intermediatemulti-modal language¬V��� � . As beforewe
may assumethat � is a tree-like modelwith root ; . We definea
uni-modalmodel ´ which differs from � in that it hasonly one
relation( , ) andin its valuation.Therelation , consistsof all pairs
1"¹W5�BJ9 suchthat 1"¹W5�BJ9 � , {½� � and ³%1";²5<¹Z9K0?| , where ³%1";²5�¹O9 is
thelengthof thepath ; to ¹ (in � ). Thevaluation 8 ¸ of ourmodel
´ is definedasfollows: for every propositionletter � , for every B
suchthat ³%1";²5�BJ9�0¾| , we put B � 8-1 � 9 if f B � 8-1 M �`1 � 5<|v9�9 ,
where 8 is � ’s valuation.Onecanthenshow that if ³%1";75�BJ9R0?| ,
then �C5�B»= 0 M �`14@v5�|v9 if f ´n5�B�= 0¡@ . This impliesthelemma. ¼
Theorem4.4 Let @ bea uni-modalformula.Then @ is satisfiableiff
its intermediatemulti-modaltranslation

M �`14@N5���9 is.

The layeredrelationaltranslationis thecompositionof
M � and

LUM
.

Theorem4.5 Let @ bea uni-modalformula.Then @ is satisfiableiff
its layeredrelationaltranslation

LNM 1 M �`14@v5���9�9 is.

From Multi-Modal to First-Order . We now extend the layered
translation to the multi-modal language ����� ; again, we go
throughan intermediatemulti-modallanguage.The basicideasare
thesameasin theuni-modalcase,but thepresenceof multiplemodal
operatorsin thesourcelanguagecallsfor changes.Thesetof opera-
torsof theintermediatelanguage¬x��� � is

F �\¿y=&À � ��������� � H .
Definition 4.6 Let @ bea multi-modalformula in ����� . Let À �
��������� � . Thetranslation

M �`14@v5+ÀG9 of @ into ¬x��� � is givenby:
M �`1 � 5+ÀG9°¯ 0 � ¿M �h14�UX/5+ÀG9°¯ 0 � M �J1"X/5+ÀG9M �h1"Xr�Y�V5+ÀG9°¯ 0 M �h1"XE5+ÀG9%� M �`1"�V5+ÀG9M �J1� "!J#�X/5�ÀG9°¯ 0 � ¿ �tÁ .}Â

M �h1"XE5�À[Ã\ "!J#�9+b (3)

In (3) weencodeboththemodaldepthof asubformulaaswell asthe
particularmodaloperatorin whosescopeit occurs.

Usingthetreemodelpropertywe obtainthefollowing result:

Theorem4.7 Let @ bea multi-modalformula.Then @ is satisfiable
iff its intermediatemulti-modaltranslation

M �`14@N5�Ät9 is.

Theorem4.8 Let @ bea multi-modalformula.Then @ is satisfiable
iff its layeredrelationaltranslation

LNM 1 M �`14@v5�Ä
9�9 is.

Comments. With the layeredrelational translationwe have ob-
taineda new way of turning modalproblemsinto first-orderprob-
lems.The layeredtranslationis conservative in thesensethat it can
work on top of existing strategies.In particular, the layeredtransla-
tion mapsmodalformulasinto themodalfragment,thuswe canuse
any existingdecisionprocedurefor MF [3].

Theorem4.9 Let Å»Æv14@O9 and Å»ÇU14@O9 denotethe setsof clauses
derivablefrom

LUM 14@O9 and
LNM 1 M �h14@v5���9�9 or

LNM 1 M �`14@v5�Ä
9�9 , respec-
tively, bymeansof binaryresolutionandfactoring. Then = Å»ÇU14@W9t=�¥
= Å Æ 14@O9t= .
So, the layeredtranslationwill performat leastaswell asthe stan-
dardtranslation.Below we reporton our experimentswhich show a
dramaticimprovementof thelayeredover thestandardtranslation.



5 EXPERIMENTÈ AL RESULTS

We will now put our new relational translationto the test.Before
goinginto thetestresults,we commenton theproblemsetandtheo-
remprover usedin our experiments.Thescriptsusedin conducting
our experimentsareavailable at http://www.illc.uva.nl/
˜mdr/ACLG/Software .

The Problem Sets. To evaluateour tree-basedheuristics,we have
run a seriesof testson a numberof problemsets.Our main focus
was on the modal QBF benchmark.This benchmarkis the basic
yardstickfor theTANCS(TableauxNon-ClassicalSystemsCompar-
isons)competitionon theoremproving andsatisfiability testingfor
non-classicallogics [11]. It is a randomproblemgeneratorthathas
beendesignedfor evaluatingsolversof (un-) satisfiabilityproblems
for themodallogic � .

The formulasof this benchmarkare generatedusing quantified
booleanformulas.For the generation,a quantifiedbooleanformula
with É clausesis generatedwith a quantifieralternationdepth Ê ,
andfor eachalternationat most 8 variablesareused.Theresulting
formula is thentranslatedinto modallogic usingan encodingorig-
inally proposedby Halpern[6]. Theoutputof theQBF generatoris
a file namedp-qbf-cnf-K4-C| -V Ë -D ¢ , where | , Ë , ¢ standfor the
numberof clauses,variablesanddepthrespectively.

The Theorem Prover. Testswereperformedon a SunULTRA II
(300MHz)with 1GbRAM, underSolaris5.2.5,with SPASSversion
1.0.3.SPASS is an automatedtheoremprover for full sortedfirst-
order logic with equality that extendssuperpositionby sortsanda
splittingrulefor caseanalysis;it hasbeenin developmentattheMax-
Planck-Institutfür Informatik for a numberof years[10].

SPASSwasinvokedwith theautomodeswitchedon;nosortcon-
straintswere built, and both optimized and strong Skolemization
weredisabled.

C/V/D AverageTime M AverageClauses M
Layered Standard Layered Standard

5/2/1 0.53469 9.6222 1 726 5695 1
10/2/1 0.41734 3.9909 1 546 2367 1
15/2/1 0.10859 0.13172 0 10 10 0
5/2/2 0.66141 450.44 3 437 27029 2

10/2/2 0.78297 370.09 3 500 22306 2
15/2/2 0.75656 147.38 2 473 11368 1
5/2/3 36.048 N/A N/A 10714 N/A N/A

10/2/3 58.996 N/A N/A 15395 N/A N/A
15/2/3 94.192 2094.4 1 20786 45798 0
5/2/4 20.362 N/A N/A 3121 N/A N/A

10/2/4 33.084 N/A N/A 4971 N/A N/A
15/2/4 35.068 N/A N/A 5358 N/A N/A
5/2/5 1136.1 N/A N/A 48546 N/A N/A

10/2/5 2896 N/A N/A 91767 N/A N/A
15/2/5 3758.2 N/A N/A 106870 N/A N/A
5/3/1 7.1862 2047.9 2 4372 105960 1

10/3/1 9.752 2324.2 2 5390 108110 1
15/3/1 14.066 1506.8 2 6687 72605 1
5/3/2 7.0931 N/A N/A 1804 N/A N/A

10/3/2 8.3192 N/A N/A 2221 N/A N/A
15/3/2 9.3902 N/A N/A 2687 N/A N/A
5/3/3 1445.2 N/A N/A 52153 N/A N/A

10/3/3 4045.1 N/A N/A 107800 N/A N/A
15/3/3 4865.4 N/A N/A 119150 N/A N/A

Table1. Comparison.

Results. To explore the behavior of our heuristicsin a large por-
tion of the landscapeof the � -satisfiabilityproblem,we randomly
generatedsetsof 10 problemsby meansof QBF for differentsetsof
parameters.Table1 comparestheaveragetime in CPUsecondsand
numberof clausesfor two methods:layered (our improved transla-
tion) andstandard (therelationalmethod).“C/V/D” in thefirst col-
umn denotesthe numberof clauses,the numberof variables,and
thedepthusedin thegeneration.Columnslabeledby “M” show the
magnitudeof thedifferencebetweentheprecedingtwo columns,i.e.,Ì�Í�Î$Ï$Ð 1<Ñy�vÃv¢ÓÒ}ÔZ14ÕTÖtÕ ¸ 9�9 . Weuseda timeoutof 3 hoursonashared
machine;N/A indicatesthatavalueis notavailabledueto atimeout.

As can easily be seenfrom Table 1, our improved translation
methodoutperformedthestandardtranslationin every case,both in
computingtime(CPUtime)andnumberof clausesgenerated;this is
not only an averagebehavior but it wasobserved in eachinstance.
For someconfigurationsthe drop in computingtime is asmuchas
threeordersof magnitude.Theaveragenumberof clausesgenerated
wasnearlyalwayssmallerby oneorderof magnitude.

10 20 30 40 50 60
10

0

10
1

10
2

10
3

Test in p−qbf−cnf−K4−C10−V3−D1

T
ot

al
 u

se
r 

tim
e

Formula number

Standard
Layered

Figure 1. A samplefrom thetests.

In Figure 1 we display a samplefrom our experimentalresults:
64 instancesof the10/3/1configuration.Thetop curve indicatesthe
CPUtime neededby thestandardrelationaltranslation,andthebot-
tom onethe CPU time neededby the layeredtranslation.Note that
the standardtranslationcanbe very sensitive to certainhardprob-
lems,which resultsin significantdifferencesbetweeneasyandhard
instances;the layeredmethodrespondsin a muchmorecontrolled
way to hard problems.Interestingly, the curves follow eachother,
evenat many ordersof magnitudeof difference.This shows thatour
heuristicsdoesnotchangethenatureof theproblem:it simplymakes
it mucheasierfor theresolutionprover.

The latter phenomenoncanalsobe observed moreglobally. The
plots in Figure2 wereobtainedwith V 0 D 0�× , while C ranged
from 2 to 40.Figures2 (a) and(b) show thenumberof clausesgen-
eratedandthe CPU time needed,respectively, for the standardand
layeredmethod,while 2 (c) plots the proportionof satisfiablein-
stancesasC increases.Thecurvesfor thestandardandlayeredmeth-
odsarevery similar, with thelayeredmethodlackingthesharplows
andhighs that seemto be characteristicfor the relationalmethod.
Both displaya cleareasy-hard-easybehavior, but the layeredtrans-
lation is betterby severalordersof magnitude.Notethatthebiggest
improvementsareachievedin thesatisfiableregion, i.e., for C Ø§×�Ù .

Oncewe wereconfidentthatthe layeredmethodconsistentlydis-
playeda goodbehavior andasignificantimprovementover thestan-
dardtranslation,we ran the standardizedtestsprovided by TANCS
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Figure2. Easy-hard-easy.

(64 instancesrandomlygeneratedwith the20-clauses/2-variables/2-
depthparameters);seeFigure3 for theoutcomes.
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Finally, to obtaintheresultsin Figure4 wegenerated64 instances
of problemsfor 2 and3 variableswith depthsrangingfrom 1 to 6,
againwith atimeoutof 3 hours.Thefigureshows theaveragevalues
we obtained.We ran thesametestswith thestandardinsteadof the
layeredtranslation,but evenfor moderatedepthsthecomputingtime
andnumberof clausesexceededtheavailableresources.
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Additional Tests. Given that theproblemsgeneratedby the QBF
generatorweregenerallytoo hardfor the prover usingthestandard
translation,we alsoperformedtestswith a numberof ‘easier’prob-
lem sets,including the oneproposedby HeuerdingandSchwendi-

mann[7], whichwereusedin, for example,Tableaux’98.Invariably,
thelayeredtranslationoutperformedthestandardone;it wasableto
solve substantiallyharderinstancesin all categories.

6 CONCLUSION

We have describeda new relationaltranslationof modal formulas
into first-orderformulas.The key ideaunderlyingthe improvement
is toencodeaverystrongform of thetreemodelpropertyin thetrans-
lation.Usingourtree-basedheuristics,wehaveconsistentlyseenim-
provements,bothin termsof thenumberof clausesgeneratedandin
termsof CPUtimeused.Ourongoingandfuturework is aimedatex-
ploring thebehavior of our heuristicsin largerpartsof theproblem
space,andat encodingweaker forms of the treemodelpropertyto
boosttheperformanceof resolutionproverson input from different
modallogics,suchas ��Ú , ÛOÚ , andtemporallogic.
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