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Reading
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DB and Logic: The Model View

• SQL is equivalent to Relational Calculus which is
essentially a first order language.

• A Relational Calculus query is a formula of FOL that is
evaluated with respect to a set of database facts.

1. A DB can be viewed as a first order interpretation;

2. The result of a query is the set of values that when
substituted for the free variables of the query make
the query true in the interpretation provided by the
DB.
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DB and Logic: The Proof View

1. A DB is viewed as a set of FOL formulas, i.e., a first

order Theory

2. Queries are formulas to be proven given the DB as
premises.

3. Reiter’s Conclusions.

(a) The Model and Proof paradigms can be reconciled;

(b) The Proof view is reacher (Deductive DBs, DBs with
incomplete information, etc...)
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Relational First Order Language

Let R be a first order language over an alphabet Σ, then R is
said a relational language if:

1. Σ has a finite number of constants and predicates;

2. Σ does not have function symbols;

3. One of the predicates in Σ is the equality binary
predicate (we call R a FOL with equality);

4. Among the predicates there is a distinguished set of
unary predicates called Types (capture the notion of
attribute domains for relations).
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Relational Interpretation

Let R be a relational language over an alphabet Σ, an

interpretation I = (∆, ·I ) is a relational interpretation for R if:

1. ·I : constants in Σ 7→ ∆, is 1-1 and onto

2. (=)I = {(d,d) | d ∈ ∆}.
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Relational Database

A relational database is a triple DB = (R, I , IC) where:

1. R is a relational language;

2. IC is a set of formulas over R (Integrity Constraints) s.t.
for all P ∈ Σ (distinct from “=” and types) IC contains:

∀x1, . . . ,xn.P(x1, . . . ,xn) → τ1(x1)∧ . . .∧ τn(xn)

where τi are types (said the domains of P);

3. I is a relational interpretation for R satisfying IC.
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Queries as Model Checking

Queries are defined w.r.t. a relational language R.

• Let DB = (R, I , IC), then a query over DB is a formula
Q(x1, . . . ,xn) over R with x1, . . . ,xn as the only free
variables.

• The answer set of a query Q(x1, . . . ,xn) is the set:

{c1, . . . ,cn ∈ Σ | I |= Q(c1, . . . ,cn)}

Model Checking Vs. Query Answering. A tuple (c1, . . . ,cn)
belongs to the answer set of a query Q iff we can answer
positively to the Model Checking problem: I |= Q(c1, . . . ,cn).
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The Proof Theoretic View: Intro

• The Model perspective on DBs can be reinterpreted in
purely proof theoretic terms.

• Main Idea: Define a First Order Theory, Γ, called
relational theory, and show an equivalence between
such theories and relational interpretations, i.e.:

(R, I , IC) ≡ (R,Γ, IC)

• Truth in the interpretation I will be reformulated in terms
of provability in the theory Γ.
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Relational Theories

Let R be a relational language with alphabet Σ and wff W .
Γ ⊆W is a relational theory of R iff:

• Domain Closure. If c1, . . . ,cn are all of the constants in Σ,
then Γ contains the axiom:

∀x.(x = c1 ∨ . . .∨ x = cn)

• Unique Name Assumption. Γ contains the axiom:

¬(ci = c j) i, j = 1, . . . ,n i < j

• Atomic Assertions. Let V ⊆W a set of ground atomic
formulas (equality is not considered here). Then:

V ⊆ Γ
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Relational Theories (Cont.)

• Completion. Let P ∈ Σ an m-ary predicate (different from
“=”), we define: CP = {(c1, . . . ,cm) | P(c1, . . . ,cm) ∈V}.

Suppose that CP = {(c1
1, . . . ,c

1
m), . . .(cp

1 , . . . ,c
p
m)}. Then Γ

contains the axiom for P:
∀x1, . . . ,xm.[P(x1, . . . ,xm) → (x1 = c1

1 ∧ . . .∧ xm = c1
m)

∨ . . .∨ (x1 = c
p
1 ∧ . . .∧ xm = cp

m)]
If CP = /0 then the axiom is: ∀x1, . . . ,xm.¬P(x1, . . . ,xm)

• Γ contains each of the following equality axioms:

• Reflexivity. ∀x.(x = x)
• Commutativity. ∀x,y.(x = y) → (y = x)
• Transitivity. ∀x,y,z.(x = y)∧ (y = z) → (x = z)
• Leibnitz’s principle of substitution for each P ∈ Σ:
∀x1, . . . ,xm,y1, . . . ,ym.[P(x1, . . . ,xm)∧
(x1 = y1)∧ . . .∧ (xm = ym) → P(y1, . . . ,ym)]
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Model Theory Vs Proof Theory

Theorem. Let R be a relational language. Then:

1. If Γ is a relational theory of R then Γ has a unique model
which is a relational interpretation for R.

2. If I is a relational interpretation for R then there is a
relational theory of R, Γ, such that I is the only model of
Γ.

Corollary. Let Γ be a relational theory of a relational
language R, and I be the model of Γ. Then, for any ϕ of R:

I |= ϕ iff Γ |= ϕ
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