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Exercise Set 8.5: Partial Orders

Exercise 3. Let S be the set of all strings of a’s and b’s. Let l(s) define the lenght
of a string s of S. Define a binary relation R on S as follows: for all s, t ∈ S, sRt
iff l(s) ≤ l(t). Is R a partial order? No, because it is not antisymmetric. Show
this, by giving a counterexample.

Proof. R is not antisymmetric. Take 2 distinct strings, s, t, with l(s) = l(t).
Then, both sRt and tRs hold, but s and t are distinct.

Exercise 5. Let R be the set of all real numbers, and define a binary relation R
on R× R: for all (a, b), (c, d) ∈ R× R, (a, b)R(c, d) iff either a < c or both a = c
and b ≤ d. Prove that R is a partial order relation.

Proof. R is reflexive, antisymmetric and transitive. For a proof, see the book.

Exercise 8 (Homework). Define a relation R on the set Z of all integers as
follows: for all m,n ∈ Z, mRn iff m + n is even. Is R a partial order relation?
Prove or give a counterexample.

Proof. No. The relation is symmetric, hence it cannot be a partial order.

Exercise 31. Let A = {a, b, c, d}, and let R be the relation defined as follows:

R = {(a, a), (b, b), (c, c), (d, d), (c, a), (a, d), (c, d), (b, c), (b, d), (b, a)} .

Is R a total order on A? Justify your answer.

Proof. R is reflexive. R is antisymmetric. R is transitve. Therefore R is a
partial order. Since all elements are comparable, R is a total order.

Exercise 34. Suppose that R is a partial order relation on a set A and that B is
a subset of A. Show that the restriction of R to B, that is, RB, is also a partial
order.

Proof. It follows from R being a partial order relation.

Exercise 50. A set S of jobs can be ordered by writing x ≤ y to mean that
either x = y or x must be done before y, for all x and y in S. Given the Hasse
diagram for this relation for a particular set S of jobs (see Figure 1 below), show
the following:

(1) minimal, least, maximal, and greatest elements;
(2) a topological sort.

Solution. Minimal = {1, 2, 9}. Least does not exist. Maximal = Greatest = 3. A
topological sort requires to iteratively choose one of the minimal elements as least,
e.g.,
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1 ≤ 9 ≤ 2 ≤ 10 ≤ 6 ≤ 8 ≤ 5 ≤ 7 ≤ 4 ≤ 3.

8.5 Partial Order Relations 515

46. Use the algorithm given in the text to find a topological
sorting for the relation of exercise 19.

47. Use the algorithm given in the text to find a topological
sorting for the relation of exercise 20.

48. Use the algorithm given in the text to find a topological
sorting for the “subset” relation on P({a, b, c, d}).

49. Refer to the prerequisite structure shown in Figure 8.5.1.
a. Find a list of six noncomparable courses that is different

from the list given in the text.
b. Find two topological sortings that are different from the

one given in the text.

50. A set S of jobs can be ordered by writing x ≼ y to mean
that either x = y or x must be done before y, for all x and
y in S. The following is a Hasse diagram for this relation
for a particular set S of jobs.
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a. If one person is to perform all the jobs, one after another,
find an order in which the jobs can be done.

b. Suppose enough people are available to perform any
number of jobs simultaneously.
(i) If each job requires one day to perform, what is the

least number of days needed to perform all ten jobs?
(ii) What is the maximum number of jobs that can be

performed at the same time?

51. Suppose the tasks described in Example 8.5.12 require the
following performance times:

Time Needed to
Task Perform Task

1 9 hours
2 7 hours
3 4 hours
4 5 hours
5 7 hours
6 3 hours
7 2 hours
8 4 hours
9 6 hours

a. What is the minimum time required to assemble a car?
b. Find a critical path for the assembly process.

Answers for Test Yourself
1. for all a and b in A, if a R b and b R a then a = b 2. a and b are any elements of A with a R b and b R a; a = b 3. show that there
are elements a and b in A such that a R b and b R a and a ̸= b 4. all loops; all arrows whose existence is implied by the transitive
property; the direction indicators on the arrows 5. a ≼ b; b ≼ a 6. for any two elements a and b in A, either a ≼ b or b ≼ a 7.
a and b are comparable 8. (a) for all b in A either b ≼ a or b and a are not comparable (b) for all b in A, b ≼ a (c) for all b in
A either a ≼ b or b and a are not comparable (d) for all b in A, a ≼′ b 9. total order; a ≼′ b 10. scheduling of tasks
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Figure 1. Hasse diagram of Exercise 50

Exercise Set 10.1: Graphs

Exercise 15. A graph has vertices of degrees 0, 2, 2, 3, and 9. How many edges
does the graph have?

Solution. Theorem 10.1.1 (The Handshake Theorem) states that the sum of the
degrees of the verteces of a graph (that is, the degree of the graph) is always twice
the number of edges of the graph. Therefore the graph has 0+2+2+3+9

2
= 8 edges.

Exercise 17. Decide whether there exists a graph with 5 vertices of degree 1, 2,
3, 3, and 5, respectively.

Solution. Yes. See Figure 2.

Figure 2. Graph of Exercise 17
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Exercise 18 (Homework). Decide whether there exists a graph with four ver-
tices of degrees 1, 2, 3, and 3.

Solution. The graph does not exist because 1+2+3+3 = 9 and, by the Handshake
Theorem (Theorem 10.1.1), the sum of the degrees of the verteces of a graph (that
is, the total degree of the graph) is always even number (being twice the number
of edges of the graph).
Alternative proof: there is not such a graph because, by Proposition 10.1.3, there
is an even number of vertices of odd degree in any graph, hence there cannot be
3.

Exercise 21. Is there a simple graph G with four vertices of degrees 1, 2, 3, and
4?

Answer. Such a graph does not exist. A vertex v with deg(v) = 4 needs to be
connected to 4 distinct vertices, since a simple graph is not allowed to have loops
or parallel edges.

Exercise 24 (Homework). Simple graph with six edges and all vertices of degree
3.

Answer. For having all vertices of degree 3, the graph should have 4 vertices
with two diagonals.

Exercise 29 (Homework). Is there a simple graph, each of whose vertices has
even degree? Explain.

Solution. Yes. Consider a graph that forms a geometric figure, e.g., a triangle.
This is a simple circuit and each vertex has degree 2.

Exercise 33 (Homework). Recall that Kn denotes a complete graph on n ver-
tices, that is, a simple graph with n vertices and exactly 1 edge between each pair
of distinct vertices. Show that for all integers n ≥ 1, the number of edges of Kn

is: n·(n−1)
2

.

Proof. The statement can be proved by induction, since Kn+1 can be obtained
starting from Kn and by adding a vertex and connecting it to the other n vertices.

K1 has 1 vertex and 0 edges = (1·0)
2

.

Assume that Kn has n·(n−1)
2

edges. Kn+1 is obtained by Kn adding an (n + 1)th
vertex, and connecting it with all the other n vertices through n distinct edges.

Therefore Kn+1 has n + n ·(n−1)
2

edges, that is

(2n + n2 − n)/2 = (n2 + n)/2 = (n + 1) · n/2

QED.
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Alternatively, use the Handshake Theorem: 2 times number of edges of G =
deg(G) =

∑n
i=1 deg(vi). Since, by definition, vi has (n − 1) edges (1 for each of

the other (n− 1) vertices), then, for each i = 1 . . . n, deg(vi) = (n− 1). Therefore,
2 times the number of edges of G = n · (n − 1), that is, the number of edges of
G = n · (n− 1)/2.

Exercise Set 10.2: Paths, Trails, Walks and Circuits

Exercise 4. Consider the graph G in the textbook, reported in Figure 3.

a. How many paths are there from v1 to v4?
b. How many trails are there from v1 to v4?
c. How many walks are there from v1 to v4?

10.2 Trails, Paths, and Circuits 657

2. A graph is connected if, and only if, _____.

3. Removing an edge from a circuit in a graph does not _____.

4. An Euler circuit in a graph is _____.

5. A graph has an Euler circuit if, and only if, _____.

6. Given vertices v and w in a graph, there is an Euler path from
v to w if, and only if, _____.

7. A Hamiltonian circuit in a graph is _____.

8. If a graph G has a Hamiltonian circuit, then G has a subgraph
H with the following properties: _____, _____, _____, and
_____.

9. A traveling salesman problem involves finding a _____ that
minimizes the total distance traveled for a graph in which
each edge is marked with a distance.

Exercise Set 10.2
1. In the graph below, determine whether the following walks

are trails, paths, closed walks, circuits, simple circuits, or
just walks.
a. v0e1v1e10v5e9v2e2v1 b. v4e7v2e9v5e10v1e3v2e9v5

c. v2 d. v5v2v3v4v4v5

e. v2v3v4v5v2v4v3v2 f. e5e8e10e3

v1

v2

v3

v5 v4

v0

e2

e3

e9
e7

e5

e6

e4e1

e10

e8

2. In the graph below, determine whether the following walks
are trails, paths, closed walks, circuits, simple circuits, or
just walks.
a. v1e2v2e3v3e4v4e5v2e2v1e1v0 b. v2v3v4v5v2

c. v4v2v3v4v5v2v4 d. v2v1v5v2v3v4v2

e. v0v5v2v3v4v2v1 f. v5v4v2v1

v1

v2

v3

v5 v4

v0
e2

e7
e8e10

e5
e4

e3e1

e9

e6

3. Let G be the graph

v1 v2

e2

e1

and consider the walk v1e1v2e2v1.
a. Can this walk be written unambiguously as v1v2v1?

Why?
b. Can this walk be written unambiguously as e1e2? Why?

4. Consider the following graph.

v1 v2 v3 v4

e2

e1 e5e3

e4

a. How many paths are there from v1 to v4?
b. How many trails are there from v1 to v4?
c. How many walks are there from v1 to v4?

5. Consider the following graph.

e2

e1

e5
e3

e4

ca
b

a. How many paths are there from a to c?
b. How many trails are there from a to c?
c. How many walks are there from a to c?

6. An edge whose removal disconnects the graph of which it
is a part is called a bridge. Find all bridges for each of the
following graphs.

a. v1

v5

v2

v4

v3

b. v0 v1 v2

v7
v8

v3
v4

v5v6

c. v1

v9

v2 v3
v4

v5
v6 v7

v8

v10

7. Given any positive integer n, (a) find a connected graph
with n edges such that removal of just one edge discon-
nects the graph; (b) find a connected graph with n edges
that cannot be disconnected by the removal of any single
edge.
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Figure 3. Graph of Exercise 4

Solution.
Remember what follows:

(1) A walk from a vertex v to a vertex w is a finite alternating sequence of
adjacent vertices and edges of G.

(2) A trail from a vertex v to a vertex w is a walk from v to w that does not
contain a repeated edge.

(3) A path from a vertex v to a vertex w is a trail from v to w that does not
contain a repeated vertex.

a. G has 3 paths;
b. G has 3 + 3! trails;
c. G has infinitely many walks.


	Exercise Set 8.5: Partial Orders
	Exercise 3
	Exercise 5
	Exercise 8 (Homework)
	Exercise 31
	Exercise 34
	Exercise 50

	Exercise Set 10.1: Graphs
	Exercise 15
	Exercise 17
	Exercise 18 (Homework)
	Exercise 21
	Exercise 24 (Homework)
	Exercise 29
	Exercise 33 (Homework)

	Exercise Set 10.2: Paths, Trails, Walks and Circuits
	Exercise 4


