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Graphs — Definitions

A graph G = (V , E ) is composed of:
• a set of vertices V ;
• a set of edges E ⊆ V × V connecting the vertices;
• An edge e ∈ E between a pair of vertices is denoted as e = (u, v );
• Loop: An edge which connects a vertex to itself, i.e., e = (u, u);
• Given an edge e = (u, v ), the vertices u, v are its endpoints;
• An edge is said to be incident on each of its endpoints;
• Vertex v is adjacent to vertex u iff (u, v ) ∈ E ;
• If a graph is undirected, we represent an edge between u and v by

having both (u, v ) ∈ E and (v , u) ∈ E .
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The edges may be straight or curved and should either 
connect one vertex to another or a vertex to itself, as 
shown below. 

Graphs: Definitions and Basic Properties 
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Graphs — Definitions/2

• The general definition of directed graph is similar to the definition
of graph, except that one associates an ordered pair of vertices
with each edge instead of a set of vertices.

• Thus each edge of a directed graph can be drawn as an arrow
going from the first vertex to the second vertex of the ordered pair.
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Graphs – Definition
● A graph G = (V,E) is composed of:

– V: set of vertices
– E⊂ V× V: set of edges connecting the vertices

● An edge e = (u,v) is a pair of vertices
● We assume directed graphs. 

– If a graph is undirected, we represent an edge 
between u and v by having (u,v) ∈ E and (v,u) ∈ E

V = {A, B, C, D}

E = {(A,B), (B,A), (A,C), (C,A),
        (C,D), (D,C), (B,C), (C,B)}
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A B
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Graphs — Degree

• Degree of a vertex v : denoted as deg(v ), is the number of edges
incident on v , with a loop counted twice.

• Total degree of a graph: Sum of the degree of all vertices.
• The total degree of G is twice the number of edges of G :

deg(G ) = 2e.

The degree of a vertex can be obtained from the drawing of a graph by
counting how many end segments of edges are incident on the vertex.
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Paths and Connectivity

• Path: Denoted as P , is a sequence of vertices, v1, v2, . . . vk such
that vi+1 is adjacent to vi for i = 1, . . . , k − 1;
I P is called a path from v1 to vk .

• Simple Path: A path with no repeated vertices.
• Cycle: As a simple path, but k > 2 and v1 = vk .
• Connected Graph: Any two vertices are connected by some path.
• Distance between vertices u, v : The number of edges in the

shortest path from u to v .
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Example 3 – Connected and Disconnected Graphs 

Which of the following graphs are connected? 
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Connected Components

• A Connected Component of a graph is a connected subgraph of the
largest possible size.

• The graphs in (b) and (c) are both made up of three pieces, each of
which is itself a connected graph.
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Connectivity in Directed Graphs

• Strong Connectivity: Defined for Directed Graphs: For any two
vertices u, v , there is a path form u to v (and thus, also from v to u).

• The Strongly Connected Components (or the diconnected
components) of a Directed Graph form a partition into subgraphs
that are themselves strongly connected.
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Trees
Tree: A connected graph that does not contain any cycle.

10.5 Trees 683

Prove that each of the properties in 21–29 is an invariant for
graph isomorphism. Assume that n, m, and k are all nonnega-
tive integers.

21. Has n vertices 22. Has m edges

23. Has a circuit of length k

24. Has a simple circuit of length k

25.H Has m vertices of degree k

26. Has m simple circuits of length k

27.H Is connected 28. Has an Euler circuit

29. Has a Hamiltonian circuit

30. Show that the following two graphs are not isomorphic by
supposing they are isomorphic and deriving a contradiction.

v1 v2 v3 v4 v5 v6

e1 e2
e3

e4

e5 e6

w1 w2 w3 w4 w5 w6

f1 f2 f3
f4

f5

f6

G

G'

Answers for Test Yourself
1. g(v) is an endpoint of h(e) 2. G

′
has property P 3. has n vertices; has m edges; has a vertex of degree k; has m vertices of

degree k; has a circuit of length k; has a simple circuit of length k; has m simple circuits of length k; is connected; has an Euler circuit;
has a Hamiltonian circuit

10.5 Trees
We are not very pleased when we are forced to accept a mathematical truth
by virtue of a complicated chain of formal conclusions and computations, which we
traverse blindly, link by link, feeling our way by touch. We want first an overview of the
aim and of the road; we want to understand the idea of the proof, the deeper context.
— Hermann Weyl, 1885–1955

If a friend asks what you are studying and you answer “trees,” your friend is likely to infer
you are taking a course in botany. But trees are also a subject for mathematical investi-
gation. In mathematics, a tree is a connected graph that does not contain any circuits.
Mathematical trees are similar in certain ways to their botanical namesakes.

• Definition

A graph is said to be circuit-free if, and only if, it has no circuits. A graph is called
a tree if, and only if, it is circuit-free and connected. A trivial tree is a graph that
consists of a single vertex. A graph is called a forest if, and only if, it is circuit-free
and not connected.

Example 10.5.1 Trees and Non-Trees

All the graphs shown in Figure 10.5.1 are trees, whereas those in Figure 10.5.2 are not.

(a) (b) (c) (d)

Figure 10.5.1 Trees. All the graphs in (a)–(d) are connected and circuit-free.
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(a) (b) (c) (d)

Figure 10.5.2 Non-Trees. The graphs in (a), (b), and (c) all have circuits, and the graph in (d) is not connected. ■

Examples of Trees
The following examples illustrate just a few of the many and varied situations in which
mathematical trees arise.

Example 10.5.2 A Decision Tree

During orientation week, a college administers an exam to all entering students to deter-
mine placement in the mathematics curriculum. The exam consists of two parts, and
placement recommendations are made as indicated by the tree shown in Figure 10.5.3.
Read the tree from left to right to decide what course should be recommended for a stu-
dent who scored 9 on part I and 7 on part II.

Score on
part I

Score on
part II

Math 100

Math 100

Math 110

Math 110

Math 120
Score on
part II

>10

<8

= 8, 9, 10

>10

≤

≤

10

>6

6

Figure 10.5.3

Solution Since the student scored 9 on part I, the score on part II is checked. Since it is
greater than 6, the student should be advised to take Math 110. ■

Example 10.5.3 A Parse Tree

In the last 30 years, Noam Chomsky and others have developed new ways to describe the
syntax (or grammatical structure) of natural languages such as English. As is discussed
briefly in Chapter 12, this work has proved useful in constructing compilers for high-
level computer languages. In the study of grammars, trees are often used to show the
derivation of grammatically correct sentences from certain basic rules. Such trees are
called syntactic derivation trees or parse trees.
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Characterising Trees

• If a Tree has only one or two vertices then they are both terminal
vertices;

• If a Tree has at least three vertices then it has at least one vertex
of degree 1, called terminal vertex or leaf, and a vertex with degree
greater than 1, called internal vertex.

The following are notable properties of Trees:

1 A Tree with N vertices has N − 1 edges;
2 If G is a connected graph with N vertices and N − 1 edges then G

is a tree.

A. Artale Algorithms for Data Processing



Thank You!

A. Artale Algorithms for Data Processing


