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Abstract

Data summarization and clustering are key techniques to quegnd analyze large
amounts of multidimensional data. However, the e ectivenessf @xisting meth-
ods is limited by high intermediate memory cost and di cult to choose input
parameters. This Ph.D. thesis develops a novel approach to raechical data
summarization and clustering that overcomes these limitatian

We propose theAD-Treg an innovative data summary structure that summa-
rizes multidimensional data in terms of its density on a hierahy of grids. The
computation of the AD-Treeis an iterative process that requires a minimal amount
of intermediate memory. We start computing theAD-Tree from a sparse initial
grid, which gives a rough estimate of the density function of #ndata. We itera-
tively increase the estimation quality by splitting cells alog dimensions where the
density function is non-linear. This ensures a minimal consurtipn of intermedi-
ate memory: instead of overestimating the density on a ne gridral afterwards
removing unnecessary grid points, we put new grid points only iplaces where
it increases the precision of the estimation. The key challerg®f our approach
are the identi cation of areas and dimensions where the dengifunction exhibits
a non-linear behavior and a fast organization of new grid pdminto a hierarchy
of grids that ensures an optimal memory utilization. We intrauce shape error
dimensional split grouping and compact representatiorof multidimensional grids
to successfully solve these problems: the shape error measures theatien of
the density function from being linear on a grid, the dimensiaa split imple-
ments the splitting of cells in selected dimensions, the groumnorganizes new
grid points into large grids, and the compact representationfanultidimensional
grids reduces their storage costs by a factor of the dimensioital We develop
an e cient solution to approximately answer aggregate range weries from the
AD-Tree

We develop CORE a novel clustering technique that clusters multidimen-
sional data without any input parameters. The salient propertyof COREIs the
explicit computation and representation of local density maxna, which permits

XVii



a high-quality nonparametric clustering. COREuses the local density maxima to
determine cores of clusters. Th&D-Treg rectangular neighborhoodsnd gradi-
ents enable the e cient and robust computation of cores: theAD-Treeprovides a
uniform and compact estimation of the density of the data, theactangular neigh-
borhood localizes stationary points in theAD-Tree and gradients distinguish local
maxima from other types of stationary points and connect mawmial cores. CORE
is the rst clustering technique that bases the clustering on a seantically rich
data summary structure.

We investigate overlapping clusters and develop an e cient sotion to sepa-
rate them. The separation of overlapping clusters makes it negsary to cluster
the data at all levels of the density and to consider the orienten of clusters.
We use theAD-Tree which allows COREto nd fragments and overlapping cores
at all levels of the density. We restore complete cores from tindragments with
the help of gradient paths Gradient paths connect fragments through overlaps
and quantify the orientation of fragments.

We analytically investigate our techniques and con rm the rsults with exten-
sive experimental evaluations on synthetic and real world dasets. The results
show the advantage of our techniques compared to existing metts.

Xviii



Chapter 1

Introduction

The last two decades witnessed a tremendous increase of the antsuamd espe-
cially the dimensionality of the data. Data summarization, aproximate query
answering and clustering are the standard techniques to handlieis data. The
limitations of current solutions are a high intermediate mermry complexity to
build and/or query the summary (although the size of the summarys small),
many parameters that allow to tune the methods to achieve spier goods but
are rather unintuitive and hard to adjust even for experts. Ths thesis develops a
hierarchical summarization of multidimensional data and a seif associated tech-
niques to query and mine multidimensional data with the help fothis summary
structure. Essential principals for a summary of multidimensioal data are a
minimal intermediate memory consumption, a good organizatn of multidimen-
sional data due to limit the growth as the dimensionality incrases, a low number
and intuitive input parameters, and techniques to e ectivey use the summary
structure to query and mine the data.

This thesis proposes theAD-Tree data summary for multidimensional data.
The AD-Treeuses density information to summarize multidimensional data. @h-
struction of the AD-Tree structure minimizes the required intermediate memory.
The summarization of the density at grid points and the organgtion of grid
points into a hierarchy of grids enables an e ective storagd the summary. This
is in strong contrast to other multidimensional data summarizabn techniques
that rst compute the density on a very ne grid and then compressthe grid or
remove the unneeded grid points. Such approaches become gritively expen-
sive already for multidimensional data with low dimensionalit (d = 3{4).

We show how to precisely and e ciently estimate answers of aggratg range
gueries from theAD-Tree Aggregate range queries can be answered by computing
multiple integrals of the density function estimated on the rerarchy of grids
of the AD-Tree The exact computation of multiple integrals of an arbitray
function is di cult and expensive. In our work we reduce the coputation of
multiple integrals to cheap linear interpolations with guaantees for precision of

1



2 Chapter 1. Introduction

the answer. A high precision of the estimated answers for aggrégaueries is
ensured by ltering out the overlaps between grids within a gery range.

This thesis is the rst work that successfully uses a high dimensiohdata
summary structure for clustering. For a given precisioh the AD-Treesummarizes
the density of the data and ensures that the quality of the estinteon of the density
is uniform within the whole domain of the database. The precisn parameter”
exhibits a strictly monotonic behavior: a decrease of the priston monotonically
increases the uniform estimation error of the density. Based ohd& AD-Tree we
design and develogfCORE a non-parametric clustering technique COREmodels
clusters with connected sets of points where the density is Idlyamaximal(cores)
and uses gradients of the density to assign dataset points to cofébeling of the
data). This makes the clustering invariant to noise and robustd local uctuations
of the density of the data.

The thesis investigates the separation of overlapping clustesshich is a novel
direction towards improving the quality of clustering methals. Overlapping clus-
ters occur in many real world datasets and their separation isi dult. In order
to separate overlapping clusters a successful clustering techmegmust nd local
maxima at all density levels and distinguish between the local axima of overlaps
and fragments of overlapping clusters. The use of th&D-Treedata summary is
the key for the successful separation of overlapping clusters BKORE CORE
nds local maxima at all levels of the density and uses gradiesitto represent
orientation of clusters. This makesSCOREa leading clustering technique, which
can be used to separate overlapping clusters of any dimensiotyali

In the rest of the introduction we list the speci ¢ contributions of the chapters
of the thesis. The thesis is organized as a collection of self-taaned chapters
that can be read in isolation. They have been slightly modi edd reduce overlap,
synchronize notation and terminology, and ensure that the whe thesis can be
read sequentially.

Chapter 2 de nes the AD-Tree data summary structure. The salient feature
of the AD-Treeis the iterative construction which requires no extra interradiate
memory. The construction of theAD-Tree starts with a sparse initial grid and
each subsequent iteration only adds new grid points if this ineases the preci-
sion of the estimation. That is in contrast to other data summary suctures
which, rst, overestimate the density on a ne partition and, later, remove un-
necessary partition units. We quantify the estimation quality vith the help of the
shape errorand dimensional split The shape error measures the deviation of the
density function from being linear on a one-dimensional gridThe dimensional
split extends the shape error to multidimensional grids: it splg ad-dimensional
cell only along the dimensions of nonlinearity of the densityufiction and leaves
other dimensions intact. The iteration nishes with the grouping step, which
groups all newly introduced individual grid points into regilar grids. The group-
ing step substantially speeds up the construction of th&D-Tree and optimizes
the data structure for querying. Optimal grouping is hard and hence, we de-



velop an e cient solution that runs in linear time and maximizes the size of the
grids. We prove the e ectiveness of thé&D-Treewith the extensive analytical and
experimental evaluations.

Since the AD-Treeis a continuous estimate of the density function it can be
used to approximately answer aggregate range queries. Aggregafueries are
expressed by multiple integrals over the cells in the query rge. First, we show
how to reduce the computation of multiple integrals to linemninterpolations of
the density at a single point of a cell. Next, we o er two algoritims to lter out
unsplit cells in the query range. The algorithms have di erenbest and worst
case scenarios depending on the number of cells in the querygarand number
of child nodes.

COREo ers nonparametric model of clusters and overcomes otherustering
methods in quality of computed clusters. Chapter 3 develogSORE an e cient
and non-parametric clustering technique. CORE explicitly computes the local
maxima of the density and represent them with cores of clusters.h& core of a
cluster is a connected sets of local maxima points. The nonparatric compu-
tation of cores is hard due to uctuations in the density. COREusesrectangular
neighborhoodand gradientsto robustly and nonparametrically compute the cores.
For a given AD-Treg the rectangular neighborhood localizes stationary pointsf
the density. The directions of gradients are used to distinguislocal maxima
points from other types of stationary points and to combine idividual local
maxima points into connected sets. Algorithmically,COREclusters the data in
three steps. First, COREcomputes theAD-Treefrom a representative sample of
the dataset. The AD-Tree provides an accurate estimation of the density of the
data. Second,COREcomputes cores of clusters with the help of the rectangular
neighborhood and gradients. Third, COREassigns data points to the cores of
clusters. Each data point is assigned to a core based on the pathgddients. A
cluster consists of all data points assigned to the correspondingre. We give a
thorough analytical and experimental evaluation ofCOREand show that CORE
accurately detects arbitrarily dense and shaped clusters inrfge datasets without
requiring input parameters.

Chapter 4 extendsCOREto the separation of overlapping clusters. Overlap-
ping clusters are often present in time-varying data and theseparation is di cult
for the following reasons. First, overlaps accumulate the densiof overlapping
clusters and, thus, produce new density peaks. Second, overlalpgde clusters
into fragments. There are two essential steps to successfully separaverlapping
clusters. First, in order to separate cluster from the overlaps, waeed to cluster
the data at all level of the density and, second, for an accurateconstruction of
clusters from their fragments we need to consider their oriegtion.

The papers included in the thesis are listed below. Chapter 2 sased on
Paper 1 and Paper 3. Chapter 3 is based on Paper 2. Chapter 4 issed on
Paper 4.
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Chapter 2

The AD-Tree

2.1 Introduction

The construction of summary structures for multidimensional d@ is a challeng-
ing task. For the most part, the database community focused on imgving the
computation speed, compactness, query time and approximati@uality of sum-
mary structures. Much less e orts were made to minimize the use oitermediate
memory needed to construct the summary structure. The common wdo con-
struct summary structures is, rst, to overestimate density and, tken, iteratively
remove unnecessary partition units. For example, wavelet basegthniques com-
pute accumulated density on a large multidimensional grid anthen compress it
using discrete wavelet transform. Such an approach su ers fromgh consump-
tions of intermediate memory if the data has more than 5 or 6 diensions (the
memory consumption required to store a 5-dimensional regularnd of granularity
50 in each dimension is more than 1Gb).

In our work we develop the adaptive density tree AD-Treg, a multidimen-
sional data summary structure whose computation consumes no inteediate
memory. Technically, theAD-Treeestimates the density function of the data and
is based on the Kernel method. The computation of th&D-Tree starts from a
sparse regular grid, which gives a rough estimation of the densfunction. Next,
we iteratively add new partition points in areas of the grid ad along dimensions
where the precision of the density estimation increases. This tezks the memory
complexity substantially: in contrast to a ne regular grid whee all dimensions
are equally partitioned, we put partition points only in sub€dimensions where the
density of the data changes.

There are two key challenges in théD-Tree method. The rst challenge is
to e ectively and e ciently identify position and number of n ew partition points
that will yield the highest increase of the estimation precisiorof the density
function. This is a fundamental problem: in order to check wéther new partition
points increase the precision, we need a precise estimation of tfensity function.

5



6 Chapter 2. The AD-Tree

The second challenge is to organize partition points in a datatructure that

yields a minimal memory utilization and supports fast queryig. Our solution

for that are the shape error dimensional split and bifurcation grid. The shape
error measures the deviation of the estimated density functioinom being linear
on a one dimensional grid segment. We put new patrtition pointsnty in areas of
the grid where the shape error is high, i.e., where the density hon-linear. The
dimensional split extends shape error to multiple dimensions: rfeach cell of a
d-dimensional grid it identi es dimensions in which the shape eor is high and

places new partition points at intersections of splitting plaes with faces of the
cell. All new partition points are organized into a hierarchyof compact regular
grids, which reduces the size of grid frames by a factor of

Summarizing, in our work we make the following contributios:

We de ne the AD-Treg a multidimensional data summary structure whose
construction consumes no intermediate memory. Tha&D-Tree uses shape
error and dimensional split to e ciently allocate new partition points within
areas and along dimensions of nonlinearity of the density futhen of the
data.

We optimize the data structure of theAD-Treefor multidimensional data.
The AD-Treeuses compact representation of grids for memory e cient stor-
age of frames and granularity, and has only of one pointer paode that
references all child.

We investigate theAD-Treeanalytically. We prove that the AD-Treeadjusts
to the local dimensionality of the data and provides an optimlgpartitioning.
In contrast to other space partitioning methods theAD-Treeorganizes den-
sity information rather than the data, and the partitioning does not depend
on the number of observations.

We provide an in-depth empirical evaluation of our density eshator. The
numerical evaluation details the time and space requirementfor various
precisions. We show that theAD-Tree adjusts to the dimensionality of
the structures in the dataset. The method e ectively reduceshe memory
complexity for databases containing structures of lower dinmsionality than
the dimensionality of the dataset.

The chapter is organized as follows. We give preliminaries dhe kernel
method and used notation in Section 2.3. We discuss related warkSection 2.2.
We give the detail of the construction of theAD-Treein Section 2.4. In Section 2.5
we de ne the data structure of theAD-Tree Section 2.7 shows how th&D-Tree
can be used for e cient computation of aggregate range quese Analytical prop-
erties of the AD-Tree method are described in Section 2.6. Section 2.8 presents
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algorithms for the construction of theAD-Treeand analyzes their complexity. Ex-
perimental evaluation is given in Section 2.9. Section 2.X@ncludes the chapter
and o ers future work.

2.2 Related Work

In this section we discuss related work on data summarization fapplication of
selectivity estimation and approximate query answering. In pécular, we com-
pare the AD-Treewith histograms and wavelets. Histograms and wavelets provide
accurate data compression, however, su er from high intermexte memory com-
plexity.

[23] and [25] improve intermediate memory complexity for estructing opti-
mal histograms and wavelets. Optimal histograms [30] [31] andavelets [19] [15]
aim to nd the best size and position for given number of bucketsfe cients
which give the smallest maximum error. Intermediate memory coplexity of
both optimal histograms and wavelets is quadratic wrt ton, where n is either
the size of the dataset or the size of the temporal multidimensiaharray. Time
complexity to compute optimal histograms and wavelets is lgar and quadratic
wrt n correspondingly. [23] o ers a solution which computes optinhdnistograms
and wavelets in linear intermediate memory and quadratictne wrt to n. Compu-
tation of the AD-Treeconsumes no intermediate memory and is linear wrt to the
size of the dataset. TheAD-Treeminimizesthe shape errorand ensures uniform
precision of the estimation.

2.2.1 Histograms

[62] proposes dierarchical model tting histograms which generalize other mul-
tidimensional histogram techniques. The key idea of [62] is tdlav each bucket
contain di erent type of summary information that is in contrast to previous solu-
tions where all buckets contain the same type of summary infoation. Similarly
to the AD-Treg construction of the HFM is iterative: it starts with a single budet
which is partitioned into smaller buckets until memory constaints are reached.
HFM choices partition dimension and the type of the summary infonation based
on the minimal description length principle. Di erently from the AD-Treg com-
putation of HFM requires additional space to store tuples of thelataset and is
guadratic to the number of tuples in the dataset. TheAD-Treeis computed in a
linear time and does not require any additional memory.

In the PHASED histogram [46], a dimension is rst chosen and the muk
dimensional array is split along that dimension into several blkets in which
the sums of measure values are nearly equal. Each bucket is thesated as
a (d-1)-dimensional array and is split recursively for the remaing dimensions.
Typically, the order in which the dimensions are to be split is ecided arbitrary
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and the number of splits along each dimension are the same. Alttgiu[46] is
constructed with no use of intermediate memory, it was shown tldhe quality

and query speed of PHASED histogram is much worst than other multichen-
sional histograms [26], [6] and [62]. Construction of PHASED higgeam is based
on a simple heuristic which does not consider local dimensioralof structures
in the dataset and does not guarantee a uniform estimation emoThe AD-Tree
adopts to local dimensionality of structures, ensures unifornsgmation error and
organizes grid points into a hierarchy of grids for fast quemyg.

[61] improves PHASED histogram in terms of quality and computabn time
with an additional scanning step. During that step a temporal mliidimensional
equi-width histogram is computed and, later on, PHASED histogma is build
from a temporal histogram rather than from the initial relation. [61] has high
cost of intermediate memory since, multi-dimensional equi-dih histogram of
high precision does not tin the main memory already for multilimensional data
of low dimensionality.

GenHist [26] permits overlapping buckets in areas where thetdadistribution
is nonuniform, and approximates the density of an area with @vlapping buckets
as the sum of the densities of the overlapping buckets. Overlapg buckets allow
GenHist to achieve a compact representation of the data distriltion [1, 50, 60].
However, overlapping buckets slow down the query answering bese all buck-
ets that overlap the query range must be considered, even if theontribution
to the overlap is small. Similarly to [61], GenHist has high intenediate mem-
ory complexity since it uses temporal multidimensional equi-dth histogram for
computation of overlapping buckets. In contrast to theAD-Treeand optimal his-
tograms, GenHist does not minimize any error metric and does nguarantee
uniform precision of the estimation.

STHoles [6] is a multidimensional histogram that allocates buets based on
guery results. STHoles achieves a good precision and is robust aeges in the
workload. On average, STHole histograms are as precise as GenHistograms
for the same memory. Similar to GenHist, STHoles allows overlapy buckets
by partitioning a large (parent) bucket into a number of smalkr (child) buckets,
and stores buckets in a tree like structure. This yields a fasteesponse time
than scanning all buckets. Di erently from the AD-Treg STHoles stores buckets
individually and allocates 3 digits per bucket which describe its position and
size. Thus, STHoles is less memory e cient than theAD-Tree The AD-Tree
reduces representation of grids by a factor al. [42] improves [6] by using
discrete approximation of position and size of the buckets, hower, in cost of
compression quality.

[16] proposes a solution which uses one-dimensional histograrasstmma-
rize multidimensional data. The key idea of [16] includes twsteps: i) com-
pute statistical interaction model that identi es (to some given error) correlated
low-dimensional subsets of data tuple and ) each low-dimensional subset ap-
proximate with one-dimensional histogram. [16] has worst qul and higher
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computation complexity compared to multidimensional histogams.

[52] designs histograms for e cient answering of aggregate gno by queries
on streams of unique identi ers (such as IP addresses). These streamvolves
partitioning into groups using large lookup tables. The authis discuss the fol-
lowing scenario: the control center computes a partitioninfunction (i.e. initial
histogram) using a lookup table and send its copy to each monitor the network;
each monitor re nes a copy of the histogram and send it back theenter; later all
copies are merged into one histogram and aggregate queries approximated.
[52] proposes three algorithms for computation of histogranisom lookup tables
which produce more accurate results that traditional histogams for streams of
unique identi ers.

Computations of multidimensional histograms on data streams gbat at any
time histograms re ects current data are studied in [58]. As a sofion the authors
of [58] propose to maintairsketches, ad-dimensional vectors which a are de ned
as multiplication of last data records in the stream with randm linear mapping.
The authors provide several algorithms to compute multidimasional histogram
from the sketch. Update operation on sketches are constant in terthat make
them practical and desirable in data stream applications. The shtcoming of the
approach is exponential time for computing histograms from skches.

2.2.2 \Waveletes

Wavelets [43, 60, 27] compress density information to get smallmmaries. First,
wavelet techniques use standard histogram techniques to cont@uhe extended
cumulative data distribution. Second, the histograms are copnessed using dis-
crete wavelet transform. The density value at a given point isgproximated by
decompressing @ buckets. The decompression step is expensive since all wavelets
coe cients are involved in the computation. Moreover, the onstruction of the
summary is expensive: rst a uniform multidimensional histogrammust be com-
puted (with an exponential intermediate memory complexityand low response
time), and then the histogram is compressed with the wavelet tresform.

Yan et al. [67] improves the wavelet technique by proposing algbon that
decreases the intermediate memory required for query answeyi This improves
the query performance, but the method still su ers from the hig summary con-
struction cost of wavelet techniques. Moreover, our solution Eased on the kernel
additions. Kernels additions outperform histograms in term®f accuracy of the
estimated density for both low- and high dimensional data [27&2. Finally, we do
not need to decompress the density, which is important for fastugry answering.

[35] proposes a greedy algorithm which computes sub-optimahwelets. The
greedy algorithm has linear intermediate memory complexitand loglinear time
complexity.
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2.3 Preliminaries

Grid is the fundamental concept in theAD-Treedata structure. Essentially, grid
G is a set of grid points equidistantly spaced im-dimensional space along each
dimension. The number of grid points in gridG is determined by thegranularity
of the grid S= ([ S]1;:::;[Sl) ([S]; are positive integers), while the location of grid
G is determined by frameF = (P; Q) (P and Q are real numbers), the lower and
upper boundaries of the grid. We conveniently use letter3 and ; to denote
individual grid point in grid G . Multidimensional index J = ([J]y;:::;[J]q)
with 0 [J]; [Sli, i = 1;:::;d refers to the grid point with integers, while
3= sl gle) with [ J]. = [P +[3] L refers to the grid point
with real values. Given grid pointJ ( ;) we refer to the next grid point along
all dimensions W|thJ + I =([ I Pl)+@s:51) (g40), while I+ 1(i) =
([J11;::5:3]0) + (q ? P : { _?) denotes to the next grid point along

the ith dimension ( JH(.)) A cell of a grld consists of 2 grid points of the grid:
Cy=1 50:[3% 2f[3);[3]i +1g;i =1;:::;dg tuples

A

~ Cl'2=l 1-2' 13 22 239 Q;(018i016)
1" 7

04
o 03

RE
I
S P
I

1.0

G
L w
L.
il

PV= (0:2,0:2) F =(P;Q e
i=1 ’
O:I2 QI4 QIG Qé o
(a) Grid G. (b) Kernel Additions Computed At Grid
Points

Figure 2.1. Two-Dimensional GridG.

The AD-Treeis a tree of grids. We use a superscript to specify to which grid
the notation refers to. For example, given grids&t;:::;G;:::; G, notations S,
F =(P', Q", | denote the granularity, frame, and the grld pomt in gridG.

Consider two-dimensional gridsin Figure 2.1. F= (0:2;0:2); (0:8; 0:6) isthe
frame, S= (3;4) is the granularity of the grid. There are (§];+1) ([§.+1) =20
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grid points in G. The grid points of the grid are:

foa @ @ @y

(0:3) (1:3):  (2:3)s (3:3)
G= (02; @2, @27 @2, =

(0:1)1 (L) @) (3:1)s

©0): oy (20, @09

f(0:2;0:6); (0:4;0:6); (0:6;0:6); (0:8;0:6)
(0:2;0:5); (0:4;0:5); (0:6;0:5); (0:8;0:5)
(0:2;0:4); (0:4;0:4); (0:6;0:4); (0:8;0:4)
(0:2,0:3); (0:4,0:3); (0:6;0:3); (0:8;0:3)
(0:2,0:2); (0:4,0:2); (0:6;0:2); (0:8;0:2)g

Co.0 = f (00 ©1; @o: @19is acell of the grid.
The kernel estimate [57, 53] for al-dimensional database containing data

points X':1 =1;:::;n, at d-dimensional pointx is de ned as follows:
1 X x X!
f(x)= — K ;
0= K T

where K is the kernel function with K 0, RK =1, K(X) = K( x), and

smoothing parameter (window)h > 0. Computation of kernel additions requires
a scan over the sample of the database and is expensive. Typicathe kernel

additions are precomputed at selected grid points and integbated linearly in

between the grid points. This chapter investigates the minimanumber and the

minimal distribution of grid points for the grid points.

A

X Data Points
— PDF
==== Kernels

Data; X X X X X X

Figure 2.2: Kernel Additions, 1D Case
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Notation | Explanation | Example

GG Grid G=1 ) O ©n: ©nI
= f(0:0; 0:0); (0:1; 0:0);

(0:0; 0:2); (0:1; 0:2)g
F=(P;Q) | The frame (bounding box) of the grid | F = (0.0,0.0),(0.1,0.2)

S The granularity of the grid S=(2;2)
J;J% L Lo | The grid point of the grid J =(0;0); ;=(0:0;0:0)
1=@;:::;1),
I 1(i) Prede ned vectors )=0Q: 0 L P?_i;{'z?ﬂ?)
i1 i
C The cell of the grid Coom =T 0o’ eni i 9

= £(0:0; 0:0); (0:1; 0:0);
(0:0; 0:2); (0:1; 0:2)g
f (x) The value of kernel additions atx 2 R | f (0:0;0:0) =0:0

Table 2.1: Notations Used in the Chapter

The essence of the kernel method is that each data point increaske chances
of having another data point nearby. We draw a symmetric kernevith an area
equal to 1 (cf. dashed line, Figure 2.2) around each data poinAdding all kernels
yields an estimate of the density (cf. solid line, Figure 2.2). fAe choice of the
kernel does not impact the precision of the estimation and typally the (cheapest
in terms of complexity) Epanechnikov's kernel is used:

_a @ uw ifju 1
Ken(W) = otherwise:

with constant a:
o= 4=2(d +2)
C2(d=2+1)
and the optimal smoothing parameter:

_8(d2+1)(d+4)2P ) 1=
hOpt - d:2n '

where d is the dimensionality of the data, n is the number of points in the
dataset, argd (z) is the gamma function with (k) =(k 1)}, and (k+1=2)=
132 DF ™ wherek is an integer.

Table 2.1 summarizes the notations used in the chapter.

2.4 Construction of the AD-Tree

Construction of the AD-Treewith minimal intermediate memory is based on two
principals. First, we may not start with a redundant ne grid and remove un-
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needed grid points or compress the grid in the re nement steptafwards. The
ne partition allocates many grid points uniformly indeperdent whether there are
(variations in) data in certain areas of the domain. Compution of the density
information on the redundant ne grid becomes prohibitivey expensive already
for low dimensions @ =4{5) even if the database consists of very simple struc-
tures (one dimensional lines or spheres). Second, given a datasgh varying
density in an area and a minimal set of grid points that approxirate the density
tightly (no redundant grid points to meet the error) we need b organize the grid
points for storage. Organization of grids points into regulagrids saves a lot of
memory compared to individual storage of grid points.

The principals suggest an iterative construction of th&D-Tree The construc-
tion starts with a sparse (uniform) grid good enough to \catch" he structures in
the data, and adds additional grid points in the areas and onlalong the dimen-
sions where the grid is too sparse to describe the density linearlyhis ensures a
monotonic and tight control of the error at each iteration.

Re nement of the grid at each iteration ensures that the gridsaire not over-
split to meet the given error threshold, however introduces v many individual
grid points that are expensive to store individually. We orgaize the individual
grid points into grids and optimize their storage.

We organize the Section in the following way. In Section 24 we illustrate
the re nement of the AD-Treethat ensures monotonicity minimal over-split, and
therefore minimal intermediate memory as iterations inci&ses. In Section 2.4.2
we zoom into one iteration and illustrate the e cient and e ective organization of
the individual grid points into grids. Finally, we explain in detail the shape error,
dimensional split, and the unsplit steps, - the key concepts beldrnthe minimal
intermediate memory in Sections 2.4.3, 2.4.4, and 2.4.6 asllas the group step
in Section 2.4.5 (optimization of the storage of the individal grid points).

2.4.1 Minimal Intermediate Memory

Figures 2.3 and 2.4 demonstrate the construction of th&D-Tree with minimal
intermediate memory on a two dimensional sample dataset. The @aet is illus-
trated in Figure 2.3(a) and consists of two structures: a plane, hich occupies the
whole domain, and a sphere, which is located in the left-botte of the domain.
The complexity of the structures di ers substantially. The plan exhibits a uni-
form density in the middle part with a decrease of density towarglthe outer part
of the structure. The sphere is a more complex structure: the dsity function is
not linear in both dimensions.

Construction of the AD-Tree starts with a sparse initial grid. The initial grid
is sparse enough so there are no areas with too many grid points foe given
error threshold but good enough to \catch" the structure and rene the grids in
subsequent steps.

In the rst iteration (Figures 2.4(a){2.4(c)) the outer cells of the grid are too
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(a) The Dataset and its Density Computed on (b) Initial Sparse Grid with the Density Com-
a Fine Grid. puted at Grid Points.

Figure 2.3: Initialization of the Construction Procedure othe AD-Tree

sparse and split along both dimensions. The new partition pointsra grouped
into four regular grids which form a new level of theAD-Tree (Figure 2.4(a)).
Clearly, the estimated density become more accurate with a mimal intermediate
memory. The re ned grid now captures the sphere, however no ditional grid

points are introduced in the middle of the plane. In contrastif one started with a
very ne partitioning, many points in the middle of the plane would be redundant
and be removed resulting in a high intermediate memory.

In the second iteration (Figure 2.4(d){2.4(f)) the constructon does not only
e ectively identify areas but also detects the dimensions ahg which the grid
points must be added. The grid points are introduced at the coers along the
both dimensions (cf. dark-grey cells in Figure 2.4(f)) with soe dimensional splits
in other outer areas (cf. light-grey cells in Figure 2.4(f)) All the new partition
points are grouped into fteen grids.

The third iteration completes the construction of the AD-Tree yielding the
uniform estimation quality for both structures.
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Vo ava vl Level 1
G
/ ]
7
(@) First Iteration: the (b) First Iteration: Projected (c) First Iteration: Estimated
AD-Tree. Grid Points. Density of the Data.
ya J [ nitial Grid
/
/
Level 1
4 grids
Level 2
15 grids

(d) Second Iteration: the (e) Second lIteration: Pro- (f) Second lteration: Esti-
AD-Tree jected Grid Points. mated Density of the Data.

Initial Grid

Level 1

4 grids !
it [
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Level 2 4 &"'!‘;“‘ =0
15 grids { rﬁ i,
33332
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b6 994
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b6 994

(g) Third Iteration: the (h) Third Iteration: Projected (i) Third Iteration: Estimated
AD-Tree Grid Points. Density of the Data.

Figure 2.4: Construction of theAD-Tree Each Row lllustrates Output of One
Iteration.
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2.4.2 Optimization of the Storage of the Individual Grid
Points and Complete Iteration of the Construction
of the AD-Tree

The complete second iteration on the sample dataset in Figure32is illustrated
in Figure 2.5. The iteration starts with the dimensional split The dimensional
split inputs the grids of the last level of theAD-Tree (cf. Figure 2.5(b)) checks
the shape errorin the grids and the cells in dimensions of non-linearity of #
density function. For each split cell the dimensional split intoduces a grid of
granularity 2x2. The new grids are organized into larger gis by the group step
(cf. Figure 2.5(c)). Kernel additions compute the density values at the new grids.
The density values at the new grid points then are compared aigat the predicted
values. If the prediction is within the given error thresholdunsplit removes the
grid points (cf. Figure 2.5(d)) and the second grouping step f{cFigure 2.5(¢e))
re-optimizes the grid for storage.

G4
G2 G3 Sz ;1) |
S=(2)3)
Gl
(a) Input for Second lteration: (b) Dimensional Split Step: 64 (c¢) First Group Step: 64
4 Grids of the First Level of New Grids Produced. Small Grids are Grouped into
the AD-Tree 9 Large Grids.

{ YO

| I
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(d) Kernel Additions Step: (e) Unsplit Step: 33 Grid (f) Second Group Step: 31
the Density is Computed on Points are Removed and Oth-Small Grids are Grouped into
Grid Points of new Grids. ers are Organized in 31 Grids.15 Large Grids.

Figure 2.5: A Complete Iteration of Construction Procedure fothe AD-Tree

The dimensional split step and the unsplit step produces grids of sih size
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(typically 2x2). The group step assigns two small regular gridsiio the same large
regular grid only, if they are adjacent and congruent (theiframes and granularity
are the same) e ectively reducing the number of grids. Sincerf@ach grid we
need to store the frame and the granularity this allows to substdially reduce the
memory usage of the tree. For example In total 64 cells were $@ind therefore
64 2x2 grids were introduced in the second iteration (cf. Figa 2.5(b)). The
grouping step reorganized the grids into nine larger grids. 8ilarly, 15 larger
grids were obtained by the group after the unsplit step.

2.4.3 The Shape Error

The shape error ensures construction of th&D-Treewith minimal intermediate
memory. The Shape error identi es and splits cells along theimensions where
the density function is non-linear. This enables minimal irirmediate memory
usage, since more grid points are added only if the estimationrer is above the
threshold. In contrast, other methods start with an over-estimie of the density
on a very ne grid, and therefore very high intermediate memgy. As the number
of dimensions increases this becomes prohibitively expensive

£(x) shape error in interval [_ 5 6 fxy approximated shgpe err.or at ¢

X : : : : : : : X

0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8

(@) Shape Error in Interval Between Grid (b) Approximated Shape Error at Grid Point
Points 5 and . 6-

Figure 2.6: Shape Error and Approximated Shape Error.

The shape error measures the di erence between the linear apgimation
of the density on the grid and the kernel additions (cf. the shaat area in Fig-
ure 2.6(a)). The following formalizes shape error:

De nition 2.1.  [Shape Error].
Let G be a one-dimensional regular grid and let; and ;0 be two grid points
of grid G such, that ;0> ;. Then, the shape error in the interval between grid

points ; and ;o is:

SH 5 39 = max f(x) Lt 7509 5

X2[ Js J
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wheref (x) is the value of the density at and Ll}cg j())) (x) is the linear interpolation

between( ;;f( ;) and ( jo;f( 30) atx 2 [ 3; 30|

0= 1 10010

(X 3)

The shape error is the di erence between the linear interpdi@n and ker-
nel additions. Computation of the shape error is prohibitivel expensive since it
requires to scan the database in order to compute the kernel atidns in the in-
terval. We approximate the shape error using only the density \aes on the grid
points. Given interval [ ;; ;o] and a middle point ; in the interval the approx-
imated shape error is the di erence between the linear approration through

30, 3; joo and linear approximation through §; ;e Figure 2.6(b) illustrates
the approximated shape error. In general high dimensional case de ne the
approximated shape error at each grid point of a grid.

We de ne the approximated shape error for a grid point ; in a grid G. We
restrict the positioning of the three grid pointsJ; J% J%so they are consequent
grid points in a grid and are always on a line (direction) parallel to one of the
axis of the coordinate system. Below we formalize the de nitio

De nition 2.2.  [Approximated Shape Error].

Let G be a grid and let ; 2 G be a grid point. Letf ( ;) be the value of the
density at grid point ;. Then the approximated shape error in dimension at
grid point ; is

f(s I(i))';f( 3+1(i)) F(5)

wherel(i) is a d-dimensional vector of0s everywhere except at position i:
)= Q0 gL ;00
i1 d i

and ; i) and ;4 are the grid points of gridG adjacent to ; in dimension
i.

ASHG 5ii)= LiL2 N 5) () =

Example 2.1. [Approximated Shape Error].
Consider Figure 2.7. dimension = 2 and grid point ., of the two-dimensional
regular grid G°. The following points are adjacent to 2;1:

0 - 0 _ 0

LD+12 —  (L;D+H0;1) T 12
and

0 - 0 _ 0

@y 1~ @y 01y~ 10

The approximated shape error along dimensidr= 2 at grid point 9., is:

F( %0 F(30)+ (2
ASHGO1 (1);1;2): Llf( EZZ)( (l);l) f( (1);1) = 1O 2 L2 f( 2;1)
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Let us assume the following values of density at grid point§,, 9, and 9.:

f( 2, =0:09
f( 2, =0:15
f(2,)=0:1

Substituting these values gives the following approxinth&hape error:

0:09 +1:0
ASHG’; 2,;2)= ———— 015 =0:055

approximated shape error density gtﬁgrid points

Figure 2.7: Approximated Shape Error along Dimension= 2 at Grid Point 2;1
of Two-dimensional Grid G°,

2.4.4 Dimensional Split

The dimensional split ensures that cells with high shape erroraisplit only along
the dimensions of non-linearity of the density. For a given gili the dimensional
split checks all cells and all directions along which the shaeror is too high and
splits the cells (introduces individual grids for each split &) accordingly.
Consider cellCy.1.; of the 3-dimensional regular grid § = 3), in Figure 2.8.
Let us assume that the density exhibits non-linear behavior ahg two the 1st
and 3rd dimensions X and z axis) but is linear along the 2nd dimensiony axis),
i.e. the approximated shape error exceeds the given thresh@tone (or more)
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T splitting hyper-plane
7

2,2;2

plane that extends facg f)f the cell splitting hyper-plane

1;1;2

new partition Qoint

4\\ A

22,1
—
X-axis

L
plane that extends face of the cell
111

Ge

¥

Figure 2.8: Idea of Dimensional Split: Intersection of Splithg Hyper-Planes with
Faces of 3-dimensional CelC;.;.1.

grid point of the cell in dimension 1 and 3. The split of the cells a new ( ner)

grid obtained with the splitting hyper planes. In gure 2.8 onesplitting hyper-

plane is perpendicular tox-axis and another splitting hyper-plane toz-axis. The
intersection points of the splitting hyper-planes and facesf ahe cell yields new
grid points (cf. empty circles in Figure 2.8). These grid pois are organized in
a new grid. The following de nition 2.3 formalizes the outptiof the dimensional
split.

De nition 2.3.  [Dimensional Split of a Cell].
Let C; G be a cell of ad-dimensional grid. Then gridds(C;) is a dimen-
sional split of cellC; i

1. Frame F of ds(C;) is the bounds of the cell:

F=( 55 3+1);

( 2 if max ASHG; ;oi)>"
[Sh = 202G,

1 otherwise

The rst condition of De nition 2.3 requires that grid ds(C;) has vertexes of
its frame at grid points of the target cellC;. For example, the frame of grid
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ds(C;) in Figure 2.8 isF = ( 1.1.1; 222). Vertexes of F are grid points of the
target cell. The second condition of De nition 2.3 de nes thegranularity of grid
ds(C;). Depending on the approximated shape error at the grid poistof the
target cell granularity of ds(C;) can be either two or one along each dimension.
For example, in Figure 2.8 approximated shape error at the gripoints of the
cell exceeds the given threshold in dimensions 1 and 3. Henceangiarity of
output grid ds(C;) is two in dimensions 1 and 3, and one - in dimension 2, i.e.
S=(2;1,;2).

ds(Cg3) = G(( 33 44):(2;1))

Lol

Figure 2.9: Dimensional Split of 2-dimensional Cells.s.

Example 2.2. [Dimensional Split of a Two-dimensional Cell].

Consider the2-dimensional grid G on Figure 2.9

The dimensional split of cellCz.3 = f 3.3; 43; 34; 440 2 Gis grid ds(Cs:3)
with frame F = ( 33; 44). The granularity of the grid depends on the approxi-
mated shape error and is computed as follows. Let us assufne 0:05 and the
density values for the grid points in Figure 2.9 are:

f ( 2;2) = 0:02f ( 2;3) = 0:02 f ( 2;4) = 0:022 f ( 2;5) = 0:019
f(32) = 0:18f( 33) = 0:2, f(34) = 0:2, f( 35 = 0:2L
f ( 4;2) =0 O7,f ( 4;3) = 0 08, f ( 4;4) =0 078 f ( 4;5) =0 07,
f ( 5;2) =0 04,f ( 5;3) = 0:04 f ( 5 4) = 0:04 f ( 5 5) = 0:045

Then the approximated shape error along dimensior= 1 at grid points 3.3,
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43, 34 and 4:4 of cell 03;3 are:

ASHG, 33;1) = f(2;3)+2f(4;3) f( a3 = o:oz;o:os 0:2 =0:15;

ASHG, 4;3;1) — f( 3:3)*’2f( 5:3) f( 4;3) - 0:2+20:04 0:08 — 004’

ASHG: 34;1) = f(2:4)+2f(4:4) f( ) = 0:022;0:078 02 =0:15

ASHEG; 44;1) = [eaflsa) g, ) = 02:0:04 078 =0:042

The maximum approximated shape error along dimensior 1 is 0:15and exceeds
given threshold" = 0:05. Therefore, the granularity ofds(C;) along dimension
i =1 is[§,=2. Similarly, the granularity along dimensioni =2 is [S], = 1.

Dimensional split of a cell may produce a grid of the same size asthell. If
the approximated shape error at all grid point and in all dimegioni of a cell does
not exceed the given threshold, then the granularity of the G is a unit vector
and ds(C;) = GC;. In this case, we extend the de nition so the dimensional split
of the cell is the empty set.

We de ne the dimensional split of a grid as the set of the dimensiah splits
of all cells of the grid.

De nition 2.4. [Dimensional Split of a Grid].
Let G be ad-dimensional grid. Then

ds(G) = fds(C): C2 Gandds(C) 6 ;g

is the dimensional split of gridG.

2.4.5 The Group Step

The dimensional split and unsplit steps introduce individual smagrids. The
group step organize the individual small grids into larger gadis saving memory
and speeding up both the kernel additions of the grids pointssavell as querying
the AD-Tree

Figure 2.10 illustrates the group step. There are twelve gridsf small size
introduced by the dimensional split. The group step reorganisethe grids into
ve large grids. Reorganization of the grids is an NP hard proeim. Instead,
we develop a solution which in linear time reduces the total maber of grids by
maximizing volume of frames of the grid. In this section we faralize the group
step and give the idea of our solution. The detail algorithm fothe group is given
in Section 2.8.

De nition 2.5.  [Grouping].
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Figure 2.10: Group Step Minimizes Number of Grids from Twelvi®d Five.

1. 6" is a union of G of the same granularity.

2. Frames of any two grids3* and &2 do not overlap.

The idea of our grouping step is the following. At each iteratin of the group-
ing algorithm we select the grid that (i) is not yet processed andi) closest to
the origin according to all dimensions (smallest along the 1sthén the 2nd, etc.)
This is the starting grid of the maximal grid. Then we expand tlat frame of
the maximal grid along axes so two conditions are satis ed. Firstll small grids
which are enclosed by the expanded frame are of the same grantja Second,
the expanded frame does not contain gaps between the enclogeds.

2.4.6 Unsplit Step

If the (true) shape error is above the given threshold we need g&plit cells to
meet the error. Addition of grid points based on the (true) shaperror is required
and necessaryand always reduces the error. The dimensional split is based on
the approximate shape error may oversplit the cells especialy the boundaries
of the areas of linearity of the density. Figure 2.11 illustrads the issue. The
approximate shape error at ; is above the error and both intervals [o; 1] and
[ 1; 2 are split. However, the linear approximation of the density isleeady good
enough ininterval [ o; 2]. The unsplit step removes such unnecessary points and
eliminates grid points that overestimate the density.

Conceptually, the unsplit step operates on the grids introdwed by the di-
mensional split and checks whether some or all of them overestitmadensity
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Figure 2.11: Oversplit.

function in one or more dimensions. We say that grid point overestimates den-
sity function along dimensioni if the approximated shape error at grid point
along dimensioni is below given threshold'. Unsplit step removes all grid points
which overestimate density and are not required to support thergl structure.
Below we de ne the unsplit for a special case. We assume that themeanly one
cell split by the dimensional split.

De nition 2.6.  [Unsplit of a Cell].
Let C be a cell andds(C) be a dimensional split of celC. Grid unsplit(C; ds(C))
is the unsplit ofds(C) i

1. The frames of gridsds(C) and unsplit(C; ds(C)) are the same

2 if ASHAS(O); ;);i) >" for some ;3 2 C

[Sh = 1 otherwise

The unsplit inputs a split cell ds(C) and checks whether all middle points can
be removed along dimensiom (cf. Equation 2.1). Similarly to the dimensional
split unsplit of a cell is ad-dimensional grid with the granularity one or two in
each dimension. Grid unsplit( C; ds(C)) is of granularity 2 in dimensioni only,
if cell Cis split in that dimensioni and at all grid points introduced by this split
the approximated shape error in dimension does not exceed given thresholt

Example 2.3. [Unsplit of a 2-dimensional Cell].
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unsplit( C4;ds(Cpa))

Figure 2.12: Unsplit of 2-dimensional Cell&€,., and C;.,.
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Let us consider cellC,.4 of 2-dimensional gridGin Figure 2.12. Let split(ds(C))
be the dimensional split of this cell in dimension= 1 with granularity S= (2;1).
Let as assumé' = 0:05 and the following density values for grid points of gri@:

f(1,)=0:022 f( 15)=0:03% f( L,)=0:04
f(5,)=0:019 f(3,)=0:03 f(3,)=0:39

Neither 1.0 nor ;. are required to meet the threshold. Indeed, let us compute
the approximated shape errors for the middle points:

ASEGl; %;0;1) - f( é;o)*’zf( 3.0) f( 1;0) 0:0222+0:04 0:031 =0:0;

ASEG]'; %;1; 1) _ é;l)zf( 3.1) f( %;l) 0:019;0:039 0:03 =0:001

The approximated shape error at both grid points does not extegven thresh-
old " = 0:05 and, hence granularity of gridunsplit(C,.,; ds(C,.2)) in dimension
i =1 is one.

In contrast to the unsplit of cellC,.4, the unsplit of cellC,.; is the sameds(C,.,).
The approximated shape error in dimension = 1 is high at grid point %, and
low at grid point %.,.

2.5 Data Structure of the AD-Tree

We carefully engineer a data structure for theAD-Treefor e cient storage of the
grids and the tree structure. We de ne the compact representatn of the grids
in the AD-Tree The grids in the AD-Treeare represented with two digits for the
frame of the grid and a bit array ofd bits for the granularity vector. The straight
forward cost to store the frame is 2d and d digits for the granularity vector of
a grid. The compact representation reduces the storage cost diketframe by a
factor of d and storage cost of the granularity vector by the length of a dig

Figure 2.13 illustrates the compact representation. All grid gints in G* are
assigned with the ids of row-major ordering [36]. The row-majaordering ids
then are used to denote the frames of the grids. For example, dy&® is a child
of the initial grid G°. P = ( 3,; $,) is the frame of G* and is encoded with
row-major order ids (8 24). In the compact representation the granularity of a
grid is a bit array of d bits. The bit is full in dimension i i the cells of the grid
split its parent in dimensioni and zero otherwise. For example the bit array of
G is (1;1) (two full bits), since grid G? splits G° along both dimensions.

The following de nition formalizes compact representatiorof maximal grids.

De nition 2.7.  [Compact Representation of a Grid].
Let G® be the parent grid andG® be the child grid. Then, the compact repre-
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1. Let §; 1.2 G be the frame ofG*, and S = ([ S};:::;[S]}) be the granu-
larity of G°. Then the row-major ordering ids of frameF® are computed as

follows:

xd oy

I = (S [T
i=1 r=1
xa v

us= [SP [3%:
i=1 r=1

2. B; = 1(0) if all cells of grid G® are (not) split along dimensioni, 1 i d.

Figure 2.14 shows the storage of th&D-Tree(cf. Figure 2.4) in linear memory.
The AD-Treeconsists of three levels and twenty six grids. Each node in Figu2el4
represents one of these grids with the following parent-chil@lationship: a node
representing gridG is a parent node of node which represents gri@ only, if
grid G° is a product of the dimensional split, unsplit and group steps ofrgl G°.
In the Figure 2.14, we use white blocks to denote individual nies. The number
in black within each white block corresponds to index of a gridepresented by
the node and two vectors is compact representation of this drilexcept for the
root node). We arrange nodes according to their parent-cHilrelationship so,
that children of the same parent node form a sequence. In Figu&l4, white
blocks enclosed by a black block are children of the same paremde and form
a sequence. Organization of children nodes into one sequengeimizes number



28 Chapter 2. The AD-Tree

© (00).(1L1) 44)

@ 09 (1 1) 9 (5.21)(1,1) 1 [e (8.24)(L, 13[0(16 24)(1, 1)‘

m‘i(w)(u (4,15) (0 1 (6,17)(, 1}[@(11 21)(0, 1)[ s, 26)(1 1)‘

‘[@ (0,7)(, 1)][@ (1,5)(0,1) ][@ (6,13)(0‘,13[@(12,16)(1,1)[@(15‘,20)‘(1,1)‘

‘[@ (1,14)(0,@[@(13,17)(1,1)[@(13,20‘)(1,1j

@ 12201)@ ¢190.)@ 651001 @ 7.1390.H@us2)a.1)@ur. )1

Figure 2.14: Organization of the Internal Memory for theAD-Tree

of pointers required to reference child nodes: independgntio the number of
children each node has one pointer to its rst child. In Figure2.14, black arrows
denote pointers which reference parent node with its rst chil. For example,
node representing gridG! has six children and one pointer which reference its
rst child node. Other children of a node are accessed by a sequehtscan.
Root node of theAD-Tree stores frame and granularity of the initial grid, other
nodes store compact representation of grids. In a two dimensidrzase, compact
representation of a grid requires three digits that is twiceelss comparing to the
normal representation. In the example, 126 digits are req&d to store grids
normally and 63 digits are used. Each node contains an array igh stores density
measures computed at grid points of the grid.

2.6 Analytical Investigation

In this section we establish three properties of théD-Tree First, we show
that the AD-Treeis minimal for a given initial partitioning (cf. Section 2.61)

and formulate estimation guarantees once a good initial pationing is given.
Second, we de ne the concept of local dimensionality of a struce in the dataset,
and prove that AD-Tree adjusts to the local dimensionality of the structure (cf.
Section 2.6.2). Third, we show how to compute a good initial pationing. More

speci cally, we show that initial partitioning based on extrena points of the
density provides robust approximation of the shape error in thevhole domain of
the data, and we show how to estimate extrema points of the dengitvith the

help of one-dimensional histograms.
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2.6.1 Optimality of the  AD-Tree for a Given Initial Parti-
tioning

The minimal partitioning for a given density function can be drmalized in the
following way. Find the smallest number of grid«k and the best distribution of

guality of the estimation:

min  max max SH ;; j0) <" (2.2)
k GLG%unGk 5; ;02G
whereSH ;; ;o) is the shape error through any two corner points of a cell of a
grid.

Computation of the AD-Treesatisfying Equation (2.2) is problematic. A typ-
ical approach is to take the derivative of the function that $ being minimized or
maximized, however the shape error is not di erentiable at ntay points of the
domain. It is possible to break down the domain into individuakectangles of
di erentiability, however, that is very computationally expensive due to multi-
ple computation of kernel additions involved by the shape eor. Alternatively,
one could pre-compute the kernel additions on a very ne urafm partition, and
search for the smallest size and the best distribution of the partdn, such that the
coordinates of partition points are on the ne partition. However this approach
is exponential in terms of thek.

To reduce the search space, we make the following assumption tod rthe
minimal partitioning. We start with a given (sparse) initial partitioning and allow
the initial partitioning to be further split into equal-sized hyper-rectangles. The
following result shows that theAD-Treeyields a minimal partitioning, provided
that the shape error is estimated robustly.

Theorem 2.1. At the end of the estimation process the number of partitioromts
in the AD-Treeis optimal with respect to the linear initial partition, provided that
the SEis approximated robustly and partition points are stored oa grid.

proof: We prove the theorem by a contradiction. LetAD-Treebe the nal tree
that we derived from the initial grid and estimation error”. Assume, the partition
is not optimal, i.e., there exists a grid® in the partition such its child grid G° of
one of its cellsC’ is not required, i.e.,

SH §; 509 (2.3)

where § and $, are adjacent grid points inG".

The AD-Treeintroduces new partition points only if the new partition pdnts
decrease the shape error or are necessary to support the grid sturet Since §
is a partition point, therefore it decreases the shape error there exists another
partition point  §o such that, §; 5o are in the same cell and o, decreases the
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shape error:
SH S 59>" or (SH $; Sw)>" andSH $; 5 ) (24)

The contradiction proves the theorem.

2.6.2 Local Dimensionality of the Data

De nition 2.8. Let S D be a structure of the database such that the den-

Theorem 2.2. [AD-Tree adjusts to the local dimensionality of the structures].

along which the density is non linear; the initial partitiomng is chosen so the shape
error can be estimated robustly. TheD-Treeadjusts to the local dimensionality

proof: Proof follows from the De nition 2.3.

2.6.3 Initial Partitioning Based on the Extrema Points

The initial partitioning should be dense enough in order to apximate the shape
error robustly. If the initial partitioning is chosen too sparse the approximated
shape error may be be below the threshold, however the true shagreor be above
the threshold (cf. the are at the peak in Figure 2.15(a)). Thenitial partitioning
with an additional point at the peak of the density would make he approximation
of the shape error robustly (cf. Figure 2.15(a)).

’ . ’ \
o M W Em om om o om o= - ’ \ o T ™ Em om om o om o= - ’ \
’ '
I -] |1 -
(a) Too Sparse Initial Partitioning (b) Good Initial Partitioning

Figure 2.15: Approximation of the shape error

In the remaining of the section we show that the initial partitoning based on
the extrema points of the density guarantees a robust approxation of the shape
error. Consider a one-dimensional case. Then the following isi¢.
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Theorem 2.3. Let ; and ;o be two adjacent partition points at extrema points
of the density. Then, on average the approximate shape errompamximates the
shape error:

Z
1 - M n
—_— JASHf 3; j00;x;1) SH j; 0] <" (2.5)
| 39 x2[ 5; 0
and
2?1ax ]jASE(f 3, 300;%;1)  SH j; j0)) < 2% (2.6)
X Ji 30
Idea of the proof: Figure 2.16(a) illustrates the worst case scenario of the

approximate shape error. The estimation error is very skewed interval [ ;;X]
it is higher than " and in interval [X; ;0 it is lower than ". The average error
over both intervals can be in the worst casé, while the worst case is bounded
by 2".

A - EW - Equi-Width Histogram
-';- EH - Equi-Height Histogram
I, MSE - = Initial Partition
[
s -
- = = Kernel Additions '
) 1

= Approx Density

ASE Approx SE

MSE Max SE EW
I 1 l
I I >
| X 1 EH

(a) Worst Case Scenario for the approximated(b) Estimation of Initial Partitioning from a
shape error Histogram

Figure 2.16: Approximated Shape Error and the Initial Partitoning (1D)

Investigation of the error of approximate shape error in highedimensional
case is analogous to the one-dimensional case, and a similar rtesah be formal-
ized:

Theorem 2.4. Let Cbe a cell such that the density is monotonically increasing o

decreasing inC, and the second derivative does not change the sigrarff °¢x) <
0 or f %¢x) > 0). Then, on average average shape error approximates shap®er

Z
1 . . :
— JASHC; x;i) SH j; 30 <" (2.7)
19 x2c
and
mzaijASE(C;x;i) SH ;; j0j< 2% (2.8)

where ;; ;02 C are two adjacent grid points.
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Databases usually create indexes (histograms or B-trees) for shaommonly
gueried attributes. These indexes can be used to approximatestinitial partition.

Figure 2.16(b) illustrates the approximation of the initial partitioning. If an
equi-width histogram is given then one should allocate pariin points at the
local minima and local maxima points of the density. If equi-bight histogram is
given one can compute the density of the equi-width histogranm ithe following
way. One should compute the widthw for each binb; the equi-width value at
bin b is then 1=w. Note, that a b-tree can also be used to approximate the
initial partitioning, because each level of the tree correspd to an equi-height
histogram.

2.7 Approximate Answering of Aggregate Range
Queries

Queries of the form \total number of orders of customers whichge is between
20-30", \monthly income between 1500-5000Eur”, \weekly speling not less than
50Eur on gym" or \maximum number of working hours of any doctoin last 20

days" are examples of aggregate queries. Giverdalimensional query frame ag-
gregate queries aggregate the data points within the framegmpute the COUNT,

SUM, AVG, MIN, or MAX).

Computation of precise aggregate queries can be computatadly expensive
for large databases, since all data points in the query frame hasbe examined.
In applications where exact answer of the aggregate query istmequired approxi-
mate aggregates can be computed trading a bit of accuracy fofast computation
of the answer. Typical examples of such applications are selgity estimation,
OLAP, data warehousing, exploratory analysis, and data mining.

This section shows how to approximate aggregate queries usitgAD-Tree
There are two key challenges to approximate aggregate quessifrom theAD-Tree
First, di erently from other data summary structures, the AD-Tree stores con-
tinuous density information and, hence, the aggregate opéoas are de ned by a
multiple integration of density function. Second, theAD-Tree do not aggregate
the data of their grids at di erent levels of the hierarchy, lut increases the pre-
cision of the density. Any grid that fall into the query range mayparticipate in
answering the query, however, only the unsplit cells of the gis provide the most
precise answer. TheAD-Tree does not store the splitting information of grids
for compact representation of the tree and, therefore, thisiMfiormation must be
derived from the hierarchy of the grids.

This Section makes the following contributions:

We prove that answering an aggregate query from thA&D-Tree can be
rewritten as a multiple integral. The multiple integral is eciently com-
puted with by linearly interpolating the density values on a imited number
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of points. Speci cally, the number of points correspond to thewumber of
cell in the AD-Treewhich fall into a query range.

We develop two algorithms: 'Range Split' and 'Bitmap' to answeaggregate
gueries approximately. The algorithms have di erent best ath worst case
scenarios. The 'Range Split' algorithm bene ts when a large maber of
cells fall into the query range and the 'Bitmap' algorithm ispreferable for
cases when grids in the query range has many child grids. Depeamgpon
the query parameters we automatically select the best algohnin for query
answering.

We experimentally compare querying theAD-Tree Our results show that
the AD-Treeis more accurate and at least as fast as GenHist and wavelets.

The rest of this section is organized as following. In Section721 we in
details discuss challenges of querying th&D-Tree Sections 2.7.2, 2.7.3 present
our solution on nding unsplit cells, computation of their intersection with a query
range and computation of the multiple integral. We present th experiments on
querying in Section 2.9.6 together with all experiments orhe AD-Tree

2.7.1 Aggregate Queries as Functions of the Density

The AD-Tree stores densityf of the data at the grid points. We write aggre-
gate operators COUNT, SUM, and AVG as multiple integration off . Let d-
dimensional frameF, be a range of aggregate query and be the number of

tuples in the dataset. Then thg numzber of tuples in query rangg; is:

COUNT(Fg) = n f ([X]1; [X]q) d[X]1 20 d[X]g;
Fq

the sum and average of thdzx-th a%tribute values in query rangeQ is:

SUM(Fg; k) = n Xk f(xIi; 5 [Xla) d[X]o i d[X]a;
Fq
. SUM(FgKk) |
AV G(Fq; k) = W‘If](ﬁ)'

The following de nition and lemma formalizes aggregate opators overAD-Tree

De nition 2.9.  [Cell-Query Intersection]. LetFq = (P; Q) be ad-dimensional
query frame. LetG¢ be a grid ofd-dimensional AD-Tree Then, intersection of
cell C§ G with query rangeF, is d-dimensional frame(PX; Q%) satisfying:
[P1i = min(max([ 51;; [P]);
[Q51 = max(min([ 5.1 [Q1): [ 51);
forall1 1 d
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Example 2.4. Let C}, = f(0:25; 0:25); (0:375 0:25); (0:25; 0:375); (0:375 0:375)g
be a cell and(P; Q) = ((0:3;0:3); (0:8;0:8)) be the query frame. The cell-query
intersection is

[P2,]o = min(max(0:25; 0:3); 0:375) = 0:25

[Q3.,]0 = max(min(0:375 0:8); 0:3) = 0:375

[le;z]l = min(max(0:25; 0:3); 0:375) = 0:25

[Q3.,]: = max(min(0:375 0:8); 0:3) = 0:375

Lemma 2.7.1. Let |4 denote the multiple integral of any aggregate operator.
Then, for any query rangeF,, 14(F,) is the sum of I 4(PX; Q%) for all nonempty
cell-query intersections P5; Q%) such that C§ are not split:

X
— k. Ak
l(Fg) = 14(Py; Qy)
CX not split ;
(PX;Q¥) not empty

Fq = ((0:3;0:3); (0:8;0:8))

oo/

S AN
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C3;2 C3;3 C1;2 C1;3

1 1 2 2

ﬁ C2;2 C2;3 C0;2 C0;3

Figure 2.17: The Challenge of Finding Unsplit Cells which Intsect with the
Query Range.
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According to the lemma above, for an accurate computation ohé aggregate
gueries we need to compute the multiple integrals only ovehé cells which are
not split further. Otherwise, we would get an under- or an ovestimation of
the aggregate query in the overlap areas between grids at drent levels of the
hierarchy. In the AD-Treethe non-overlap areas of the grids correspond to non-
split cells. Consider Figure 2.17 as an example. The input querange F, =
((0:3; 0:3); (0:8; 0:8)) intersects with grids &, G, G and G°. Grids G!, G> and G
split cells of grid G® and, hence, are child grids o&°. The overlap area of child
grids Gt, G?> and G® with grid G° within the query range corresponds to split cells
of G, i.e.: cellsCly C,, C,, C, and C},. For an accurate computation of
the aggregate query we must not compute multiple integral ovehe split cells
but, only over the unsplit cells of the child grids. Otherwise, fiwe compute
multiple integral over all split and unsplit cells we get overstimated answer for
the aggregate query. If we compute multiple integral over #ncells of one grid3°
we get underestimated answer for the aggregate range query.

Summarizing the above, there are two challenges in compugiaggregate range
queries with theAD-Tree First, we need to nd unsplit cells within a query range
and for each compute cell-query intersection. Second, we demvaluate multiple
integral of the density function over each cell-query interstion. Next, we develop
e cient solutions for both challenges.

2.7.2 Finding Unsplit Cells and Computing Their Inter-
section Area with a Query Range.

The key challenge in nding unsplit cells and computing theirintersection areas
with the query range, is to minimize the number of computatins spend on re-
trieving intersections between frames. For example, in ordéwo check if a cell
of a grid with m child grids is split, we need to traverse alm child grids and
compute intersections of their frame with the frame of the chd. In this section
we develop two algorithms to nd unsplit cell and their intersetion area with a
guery range. The 'Range Split' algorithm iteratively splitsthe query range into
smaller subranges until each subrange encloses only unsplitsel the grid. The
bitmap algorithm creates ad-dimensional bitmap. For each cell that fall into a
qguery range a full bit indicates that the cell is split. The algrithms have di erent
complexity. In the best case, the 'Range Split' algorithm comytes intersection
between two frames only ones. In the worst case, number of intetBens com-
puted by the 'Range Split' algorithm is quadratic wrt the number of child grids.
Complexity of the 'Bitmap' algorithm is linear wrt the number of child grids,
however, the 'Bitmap' algorithm is a ected by the number of @lls. The 'Range
Split' algorithm is more preferable for cases when many cefiall into the query
range but there are only a few child grids. The 'Bitmap' algothm bene ts in
cases when the node has a big number of child grids. We adaptweklect the
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'Range Split' or '‘Bitmap' algorithms depending on the charateristics of the grid.

1.Fy=((0:3,0:3);(1;1)) and grid G* 2.Fq = ((0:3,0:5); (0:5; 1:0)) and grid G 3.Fg = ((0:3;0:5); (0:5; 1:0)) and grid G*
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Figure 2.18: lIterations of the 'Range Split' Algorithm. Eachlteration Divides
Query Range into SubRange so that they do not Intersect with th&arget Child
Grid.

Figure 2.18 illustrates the iterations of the 'Range Split' Byorithm on a two
dimensional grid G°. Grid G has three child gridsG', G and G* which split
its cells in three corners except the top-right corner. Qugrrange F, encloses
both split and unsplit cells. The 'Range Split' algorithm nds unsplit cells and
computes their intersection area with the query range by itatively splitting the
guery range into subranges. At each iteration the 'Range Splialgorithm com-
putes the intersections of (sub)ranges with one child grid: gplits each (sub)range
that intersect with a child grid into new subranges so that nonefahem overlaps
with the frame of a child grid. For example, during the rst iteration illustrated
in the Figure 2.18, the 'Range Split' algorithm split query rage F, into new
subrangesFy and Fg so that they do not intersect with the child grid G°. In
the next iteration the split algorithm proceeds with the nextchild grid and all
subranges or quits if there are no subranges or child grids toqmeed on. For
example, during the second iteration illustrated in the Figue 2.18, the 'Range
Split' algorithm proceeds with the next child grid G>. Grid G intersects only
with subrangeFq and, hence, the 'Range Split" algorithm splitF,, into one new
subrangeFq. SubrangeFy encloses only cells of child gri&® and, hence, is elim-
inated during the third iterations. The algorithm terminates on fourth iteration
with subrangeFqs which does not intersect with any child grid. The nal output
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of the 'Range Split' algorithm are query subranges, each enslog only unsplit
cells of a grid, and computed intersection area of each unsptiell with the query
range.

Fq=((0:3,0:3); (1, 1)) +4 computations of
X the intersection
A [ L s 49 %
P | 0 ) I
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Figure 2.19: The 'Bitmap Split" Algorithm.

Figure 2.19 illustrates the 'Bitmap' algorithm for a two dimensional grid G°
and query rangeFq = ((0:3;0:3); (1:0; 1:0)) which encloses nine cells in the grid.
The 'Bitmap' algorithm starts from the creation of a d-dimensional bitmap with
number of bits equal to the number of cells in the query rangeénitially, each bit
is set to zero indicating that all cells in the query range arensplit. Next, the
'‘Bitmap' algorithm computes unsplit cells and their intersetion area with the
guery range in two steps. First, it iterates through all child gids. If a child grid
intersects with the query range, then, by computing the intesection between
the child grid and the query range, the '‘Bitmap' algorithm identi es all cells
which are split by the child grid and set the corresponding bitsni the bitmap.
Second, the 'Bitmap' algorithm iterates through cells in tle query range and,
if the corresponding bit in the bitmaps is zero, computes theniersection area
between the cell and query range.

Theorem 2.5. [Bitmap' Complexity]. Let G be the grid the ofd-dimensional
AD-Tree Let m be the number of child grids produced by the dimensional split
unsplit and group steps of cells ifs. Let ¢ be the number of cells in gri¢s that fall
into the query rangef,;. Then, in the worst case the 'Bitmap' algorithm computes

m+cC

intersections of two frames.
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proof:  The worst case for the '‘Bitmap' algorithm occurs when none of th
m child grids intersects with the query range. Thus, the 'Bitmap algorithm
computes intersection of the query range with alin child grids and with all ¢
cells. Figure 2.20(a) illustrates the worst case for the 'Bitmdgalgorithm.

Theorem 2.6. ['Range Split' Complexity]. LetG be the grid of thed-dimensional
AD-Tree Let m be the number of child grids produced by the dimensional split
unsplit and group steps of cells ii®&. Then, in the worst case the 'Range Split'
computes
N m(m 1)(2d 1)
2

intersections of two frames.

proof: The worst case for the 'Range Split' algorithm occurs when) all m child
grids fall into the query range,ii) at each iteration the query range is split into
the maximal number of subranges andi ) each iteration computes intersections
with all subranges (no subranges are eliminated).

Since frame of a grid has @ number of faces and 'Range Split' algorithm
split the query range along the faces of grid's frame, hencey the worst case
2d 1 new query subranges are produced in one iteration. Next, ifamsiteration
computes intersection with all previously produced subrangeshen, the total
number of computed intersections after-th iteration is expressed with arithmetic
progression:

a=a 1+(2d landa; =1

, Wherea; and g ; is the number of intersections computed afterth and (i 1)-
th iterations correspondingly, and (2| 1) is the number of new query subranges.
Computing the sum of the arithmetic progression fom elements proves the the-
orem.

Besides, that in the worst case the 'Range Split' algorithm has aulratic
complexity wrt to the number of child grids m, even in the worst case, it can
perform better than the 'Bitmap' algorithm. Such situations are often present
when the number of cells that fall into the query range is gréar than the number
of child grids. As an example let us consider Figure 2.20(b) whidllustrates the
worst case for 'Range Split' algorithm. The query rangé, encloses both child
grids Gt and G? of grid G°. During the rst iteration on grid G°, the 'Range
Split' algorithm computes intersection of G' with query range F, and split it
into four subrangesFq:, Fy2, Fgz and Fy. During the second iteration the 'Range
Split' algorithm computes intersection ofG? with all four subranges. This happens
because subrangg,,, which actually intersects withG?, is the last in the sequence
of subranges. In total, the 'Range Split' algorithm 5 times comutes intersection
of two frames. For the same scenario in Figure 2.20(b), the 'Bitap' algorithm 15
times computes intersection of two frames: 2 times when it comfes intersections
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(a) The Worst Case for the 'Bitmap' Algo- (b) The Worst Case for the 'Range Split' Al-
rithm gorithm

Figure 2.20: The Worst Case Scenario for the 'Bitmap' and 'RargSplit' Algo-
rithms.

of child grids with query rangeF,; and lIs the bitmap, and 13 times when it
computes intersection area between each unsplit cell and thaegy range.

For the best computation speed of the aggregate queries, we @oéthe fol-
lowing strategy to select the appropriate algorithm. For eaclgrid we compute
the number of cellsc that fall into a query range and compare it with a number
of child grids m. If cis greater thanm(m 1)(2d 1)=2, when we use the 'Range
Split' algorithm. Otherwise, we use the 'Bitmap' algorithm.

Example 2.5. [Choosing the Appropriate Algorithm]. Let us consider Figes 2.18
and 2.19 which illustrate the 'Range Split' and 'Bitmap' algrithms on a two-
dimensional grid G* with three child gridsG', G> and G°. The query range en-
closes nine cells of gridz°. Since, the number of cellg in the query range is not
greater thanm(m 1)(2d 1)=2

c=9 9=33 1@ 1)=2

we use the 'Range Split' algorithm and that is the correct cite. The 'Range
Split' algorithm need 5 times and the 'Bitmap' algorithm 7 tnes to compute
intersections between two frames.

2.7.3 E cient Computation of Multiple Integrals

In this section we prove, that multiple integrals in theAD-Treecan be e ciently
computed by a cheap linear interpolation without lost in the stimation precision.

The estimated density function in the AD-Treeis linear between grid points
of a cell. Hence, the value of estimated density at arbitrarg-dimensional point
x is computed with a help of the linear interpolation.

De nition 2.10.  [Point-query of the AD-Treetree]. Let C§ be a cell. Letx 2 F
be a point in the frame of the cell. Density estimation at from the AD-Tree
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using the linear interpolation is
!

X v - .
fi(x) = f( %) 1 i<l [ Kol

k k
J

Theorem 2.7. Let frame (PX; QX) be a cell-query intersection. Then the multiple
integral over (PX; QX) of the estimated density is:

Z9 7
f(xl; i [Xla)dix]a::2dix]e = V(P55 Q5) f(m)
Pk
wherem = [PJK]”Z[QSh S [ij]dz[QE]“ is the middle point of frame(PX; Q%) and

v(PX; Q%) = Qidzl ([Q%1  [PX]) is the volume of frame(PX; QX).
proof: The proof of the theorem derives from the mean value theoremhigh
states, that if function g: [a;d! R is an integrable positive function, then there
exists a number y in (a, b) such that:
YA b
g(t)dt = g(y)(b a)
a

Next, we show thaty is the middle point of frame @X; Q¥) while integrating f*
over (P5; QX).

(Q¥)

Y

Figure 2.21: lllustration of Theorem 2.7 for One-DimensionaCase.

Let us consider Figure 2.21 which illustrates the theorem fome-dimensional
case. The integral off* over frame PX;QX) is equal to the area of trapezoid
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PX_f(P¥)_Q%_f(Q} ):Z

¥ oodx = f“(Q5>+2 f(Py)
pk

J

Q Py)

The observation, that (Qf  P¥) is the length of integration interval [P5; Q]

and (f(QX) + f(PX))=2 is the value off" in the middle point of the integration
interval, i.e.:

p QU PE_(PH+ Q).
2 1
proves the theorem for one-dimensional case. Investigationtbe theorem inn-
dimensional case is reduced two one-dimensional case sirek; Q%) is a frame
with faces perpendicular to axes and, hence, multiple integ) of f* can be decom-
posed into a product of one-variable integrals.
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Figure 2.22: E cient Computation of the Multiple Integral.

Figure 2.22 applies Theorem 2.7 for query rand&, = ((0:3;0:3); (0:8; 0:8)).
Query rangeF, encloses 16 unsplit cells of th@D-Tree Multiple integral of f* over
query rangeF, is a sum of 16 multiple integrals computed over each cell-qyer
intersection of the unsplit cells. We e ciently compute multiple integral over
cell-query intersection by multiplying its volume with the \alue of the estimated
density function computed at the middle point of the cell-quey intersection.

2.8 Algorithms and Complexity

AD-Tree method consists of ve algorithms: constructADTree, dimsplit, unsplit,
merge and kernels We present the algorithms in turn.
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ConstructADTree (cf. Algorithm 1) constructs the AD-Tree from random d-
dimensional sampleD ° of the dataset. The algorithm inputs two parameters: the
estimation precision” and initial partitioning G' Ideally, the initial grid should be
chosen based on the extrema points of the density (cf. Sectior6R.In practice,
an initial grid of granularity 2 or 3 in each dimensioni can be taken.

During the initial step (cf. Line 1 in Algorithm 1) the algorith m performs one
scan of the input data and computes kernel additions on the il grid. The
initial grid becomes the root node of theAD-Tree Each subsequent iteration
(Section 2.4) is a sequence of ve steps: dimensional split, gropnes 5{7 in
the Algorithm), kernel additions (Line 8), unsplit and group (Lines 9{12). The
dimensional split introduces new grids only in the cells and nin the dimensions
of high shape error. This ensures a minimal intermediate menyor The group
step organizes the grid points into memory e cient large grid. The dimensional
split of individual cells is not materialized. In contrast, the dimensional split and
the group steps are combined in the algorithm. First all cellsra marked with
split dimensions and then grouped cells are introduced for aplit cells. This
reduces stress of the memory management component.

2.8.1 Dimensional Split and Unsplit

Dimsplit and unsplit are given in Algorithms 2 and 3. Both dimensinal split and
unsplit are integrated together with the group step for faster ad more memory-
e cient implementation. In both algorithms we maintain a d-dimensional bit
array for each cell of the grid (cf. B;] on Line 4 in Algorithm 2 and the same
line in Algorithm 3). The algorithms gather the split information for each cell
and at the end of the of the execution pass the split informatiomto our group
algorithm. The group algorithm computes and materializesarger grids.

Algorithms 2 and 3 avoid multiple computation of the approxinated shape
error on the same grid point. According to De nitions 2.3 and &, at each grid
point of a cell and in each dimension we compute the approximated shape error.
However, adjacent cells share grid points which yields to a ntigle computation
of the approximated shape error. In a-dimensional grid a grid point may be
shared by 2 number of cells and that results on a multiple computation of 2
approximated shape errors. Algorithms 2 and 3 have linear time@mplexity: they
perform one scan of a grid and at each grid point they compute ¢happroximated
shape error only once.

2.8.2 Group Step

The algorithm for the group step is presented in Algorithm 4. Thealgorithm
inputs grid G and bit array B for the all cells in the grid. The complexity of the
algorithm is linear wrt to the number of cells in gridG.
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Algorithm 1 : constructADTree(D® D, ", G)

/* compute kernel additions on initial grid */
1 for X' 2 D%do kernels( G, X');

[* compute the AD-Tree */
2 CurrentLevel = fG g;
3 while CurrentLevel 6 ; do
4 NewLevel = ;;

[* split grids and group the output into maximal grids */
5 for G2 CurrentLevel do

6 NewLevel = NewLevel dimsplit( G¢, ");
7 end
[* compute kernel additions on new grids *

8 for X' 2 D%do kernels( NewLevel, X');
/* remove unnecessary splits and group the output into

maximal grids */
o  for G2 CurrentLevel do
10 M = f&" 2 NewLevel: €] = ds(C 2 &) for all €F 2 &Mg;
11 NewLevel= (NewLevel M)[ unsplit( G, M, ");
12 end
[* store new level of the AD-Tree */
13 CurrentLevel = NewLevel

14 end

Algorithm 4 iteratively computes frames of larger grids. At eeh iteration the
algorithm takes the smallest available indeX, (cf. Line 3) and tries to expand
in all directions as far as possible (Lines 5{9). This ensuresdhframe Fn5« IS
of maximal grid and encloses only the cells of the input gri® of the same split.
Eventually we materialize the larger grid (Lines 10{14) andemove the cells from
the processing (Line 15).

2.8.3 Kernel Additions

The direct implementation of kernel addition (Equation 2.} is for each grid point
scan the sample and augment the kernels on the grid point. This computa-
tionally expensive and requires to scan over the sample for eagtid point. The

organization of the grid points into grids allows to optimiz computation of kernel
additions and decrease the number of scans. The optimizationbased on the fact
that the kernel function is non zero in a bounded space. Thewek, a data point
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Algorithm 2 : dimsplit(G, ")

[* iterate through the grid points of the input grid */
1 for 2 Gdo
2 fori:1 i ddo
[* if the approximated shape error at is greater than
" set the ith bits of all cells containing */
3 if ASHG,; ;i) >" then
4 for G;2G: 2C;do [B;] =1,
5 end
6 end
7 end

s return group(G, B);

may add up kernel values only to a limited number of grid poirg as illustrated
in Figure 2.23. The two dimensional parabola corresponds togtEpanechnikov's
kernel at data point X'. The radius of the base of the parabola ik (cf. Sec-
tion 2.3). Grid points which are covered by the parabola areniuenced by data
point X', i.e. kernel placed atX' is positive at these grid points and, hence,
contributes to the nal density value at these grid points. All other grid points
are not in uenced by data point X' and the contribution of the kernel atX' to
the density at these grid points is zero.

Figure 2.23: Optimization of Kernel Additions.

Algorithm 5 summarizes the optimized computation of the kerrleadditions.
The algorithm inputs a set of grids and data pointX ' and computes the in uence
range Jmin and Jmax by data point X'. Finally, the algorithm iterates through
the in uenced grid points and augments the kernels wittK (( ¥ X")=hgy).
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Algorithm 3 : unsplit(G, fG®;G*;:::;G*g, ")
[* iterate through child grids */

1 for fGg do
[* iterate through the grid points of G® excluding the grid

points co-occurring in G */
for 2 G'nG do

fori:1 i ddo

[* if the approximated shape error and is greater
than " set the appropriate bit */

4 if ASHG"; ;i)>" then [Byj=1forallJ: 2C; G
5 end
6
7

w N

end
end

2.9 Experiments

This Section evaluates theAD-Tree experimentally. We show the minimal inter-
mediate memory usage and e cient organization of the high dimnsional points
in three ways. In Section 2.9.1 we show that the decrease of the ghaerror as
the number of iterations increases. ThéD-Tree does not split the cells of the
tree if the shape error in the cell is already below the threstal This reduces
the requirements for the intermediate memory substantially. In Section 2.9.2
we investigate the e ectiveness of the dimensional split. The ogarison of the
dimensional split versus the full split of the cells that requirea split decreases
the memory requirements by at least of an order of magnitude drthe e ective-
ness increases as the dimensionality of the data increases. Corngom between
the AD-Tree and non-minimal intermediate memory techniques is given iSec-
tion 2.9.3. We evaluate the approximation of the shape erroniSection 2.9.4
and show the e ectiveness of théD-Treeon the real world data in Section 2.9.5.
Finally, Section 2.9.6 presents experiments evaluating th&D-Treefor computing
aggregate range queries.

Most of the experiments are produced on the three-dimensiorgiral dataset
(cf. Figure 2.24). We used one-dimensional spiral dataset toutitrate the de-
crease of the shape error as the number of iteration increase§ (€igure 2.25,
Section 2.9.1). In Section 2.9.2 evaluates the method for wd-dimensional and
three-dimensional datasets consisting of a one-dimensionalein
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Algorithm 4 : group(G, B)

[* initialize the set of larger grids */
1 M=
[* proceed until there are unprocessed cells */
2 while BkK2 B :BX60 do
[* start with the smallest available index */
3 Jmin = Jmax =mMinfJ : BX 6 0g;
[* expand in all dimensions at the beginning */
4 e=([€]y;:::;[€elq) = (true ;:::;true);
[* iterate until there are no dimensions to expand */
5 while 9i : [e], = true do
6 if BY=BX foreachJmin J Jmax *+ (i) : B¥ 2 B then
7 JImax = Jmax + 1(i);
8 else e = false;
9 end
[* create and add new larger grid to the output set */
10 Jmax = Jmax *+ [;
11 Fax = F( amn 7 Jmax )b
12 Shax =

([BJmin ]1 + 1) [Jmax Jmin 1y - ;([BJmm ]d + 1) [Jmax Jmin ]d ;
13 M =M [ G(Fmax;smax);

15 end

16 return M:

Figure 2.24: Spiral Dataset.
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1 for G do

/* compute the influence range of X' */
2 Jmin =min fJ 1 ¥ X'j<houg;
3 Jmax =maxfd:j ¥ Xlj<hgng;

[* augment kernels "
4 forJ:Jdmn 3 Jmxdo f(L)=f())+K IJhopi(l ;
5 end

2.9.1 Uniform Control of the Shape Error

Shape error enables the minimal intermediate memory of thAD-Tree The

AD-Tree method identi es the cells where the shape error is higher tinathe

given threshold and adds grids to more accurately describe tliensity of the

data. The actual shape error for the spiral dataset (cf. Figure.25(a)) is around
the given threshold showing the e ectiveness of the dimensiongplit. Since the
shape error is approximated, the actual shape error slightly egeds the required
threshold in certain areas of the domain.

o ' Kernel Additions — o ' Kernel Additions —
8t AD-Tree - J 8l iterationl
rror Threshold:--- iteration2
as Actyal Shape Error 7+ iteration3 4
] iterations ===m==«

6 6 iteration5 s 4
5r 5r
4 + 4+
3r 3
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1r 1r
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(a) Shape Error of the AD-Tree (b) Decrease of the Shape Error After Each
Iteration

Figure 2.25: Shape Error for the Spiral Dataset and threshold=0:1

Figure 2.25(b) shows the decrease of the shape error after eaenation for
the spiral dataset. Firstiteration puts new grid points in the vhole domain. After
that, the shape error is low at the left border of the domain ands aggressively
high in two intervals [0:37; 0:44] and [05; 0:8]. Grids introduced by the second
and third iteration more than twice decreases the shape erron ithese regions.
The iterative process stops when the approximated shape errarlower than the
required threshold resulting in the uniformly good approximi&on of the function.
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Figure 2.26 evaluates the construction of th&D-Tree numerically. Organiza-
tion of the grid points into a tree data structure results in a smhk overhead in
the construction of the summary structure. Most computational itme is spent
for kernel additions and only very little is spent on computig and organizing
new grid points in a tree like data structure (cf. the rst line in the table of
Figure 2.26(a)).

| 1] 2] 3] 4] 5] 6

Kernel Additions 0.31 | 050 | 1.34 | 3.00 | 6.75 | 4.76
Dim.Split, Unsplit, Group 0.00 | 0.00 | 0.01 | 0.01 | 0.01 | 0.02
Overall | 0.31 | 050 | 1.35 | 3.01 | 6.76 | 4.78

(a) Time
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(b) Evaluation of the Tree Maintenance Operations
Figure 2.26: Memory and Time spent at the End of Each Iteration

Organization of the individual grids into larger grids is anessential and very
e ective step of the AD-Tree especially as the number of the iterations increases
(cf. Figure 2.26(b)). For example, more than 2000 grids aretroduced by the
dimensional split in iteration 4, around 40% of the grids are moved due to the
overestimation of the approximate shape error, and the remaiy required small
grids are grouped only into 20{80 larger grids.

2.9.2 Dimensional Split

In this Section we evaluate the e ectiveness of the dimensiongplit. We gener-
ated a two-dimensional (cf. Figure 2.27(a)) and a three-dinmsional dataset (cf.
Figure 2.27(b)) containing one dimensional line.

Figure 2.27 evaluates theAD-Tree for datasets consisting of low dimensional
structures. The dierence (cf. the dashed line for the dimensiah split and
solid line for a non-dimensional split in the Figures) shows the danease of the
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e ectiveness of the dimensional split as the threshol and the dimensionality of
the dataset increases.

100 100000 F—

'Full Split’ ] Full Split - ]
Dimensional Split ------- ] E s Dimensional Split ------- ]
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KB
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1 1 1 1 1 100 1 1 1 1
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Threshold Threshold
(a) Two-Dimensional Data (b) Three-Dimensional Data

Figure 2.27: Memory Usage of théAD-Tree for Two- and Three-Dimensional
Datasets with a One-Dimensional Structure

We draw two conclusions from the experiment. First, the memorgomplexity
of the AD-Treeincreases exponentially as the number of dimensiotighcreases (cf.
the scale of theY Axis, Figure 2.27). The AD-Tree partitions the d-dimensional
space into a hierarchy ofl dimensional grids and computes-dimensional kernel
additions on the partition points. Since all the points ared-dimensional, the in-
crease is exponential as the number of dimensions increases.o8eécthe AD-Tree
adapts to the dimensionality of the structures. For two-dimensinal dataset, the
dimensional split reduces the memory usage by 2{5 times. For tleelimensional
dataset, the dimensional split reduces the memory usage by 20{Gfhes. The
higher is the di erence between the dimensionality of the datset and the di-
mensionality of the structures, the bigger is the reduction ofhie memory. Our
experimental results show that the decrease of memory by the damsional split
is exponential wrt d.

2.9.3 Related Techniques of High Intermediate Memory

Because no other kernel based density data summary structures asailable for
direct comparison we compare theAD-Tree with a generalization of the most
common type of kernel estimator implemented on a uniform pationing (UP)
with a xed number of partition points. The conceptual simplidty makes UP
an attractive candidate. Note, that conclusions of the sectiomre generalized
to equi-width histograms and wavelets: equi-width histogramallocate buckets
uniformly at cells of UP and wavelets compress equi-width higgpams. We use
the three-dimensional spiral data set in our experiments.

We use two interpolation functions with the UP data structure: te con-
stant interpolation (UPC method) and the coordinate-wise linar function (UPL
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method). UPC assumes a stepwise constant function to interpolatée density
values between partition points. UPL uses the coordinate-wisenéar function
to interpolate the density in between the grid points. Both UPC or UPL allo-
cates a uniform grid and computes the kernel additions on ilWe allocate such a
grid that the estimation error is below the given threshold in he whole domain.
Note, that neither UPC nor UPL cannot compute the size of the grid hat the
estimation error is below the given threshold. In the experinmt we had to derive
this information from the AD-Tree For the UPL we choose the number of grid
points so the distance between any two consequent partition pis$ is equal to
the smallest distance between any two consequent grid points ihe AD-Tree
NYUPL = min j 3 39 d;
Ji 30

where the minimum is computed over all leaf grid points. The maber of grid
points for the UPC method is calculated so the di erence of thealues of the
density between any two consequent grid points is less than thevgn threshold:

NUPC=min (o w)=(T(0) F( ="l
[N

Experimental memory complexity for di erent estimation precisions is given
in Table 2.2. Since the UP data structures allocate the partitin points uniformly,
the estimation results in a very skewed distribution of the shapermr. In some
cells the shape error is very small, while in other cells it is i below the threshold.
Overall, the uniform condition of the UP methods requires to lfocate a very ne
grid, resulting in dramatic increase of memory usage, as the errdecreases.
The UPC method is impractical even for a relatively large threhold. The UPL
method performs a lot better, however is almost two orders magude worse than
AD-Tree

"] 05] 025 005 001
AD-Tree| 0.02 29 233] 2,607
UPL [0.04] 256| 87256 65,792
UPC | 0.33] 129,313] 3.011CF | 1.4710"

Table 2.2: Memory Consumption in KB for Di erent Precisions

Table 2.3 shows the experimental time complexity for the UPL ahthe AD-Tree
We omit the timings for the UPC method, because it is infeasibleot compute
them. The AD-Tree computes the estimation of the density almost 2{3 times
faster than the UPL method.

Table 2.4 shows the density computation time for a given querygnt x. We
selected 18 random queries and averaged the results. The time complexity the
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"] 05[0.25] 005/ 0.01

AD-Tree| 0.31| 5.06| 63.81| 497.40
UPL | 0.33| 8.92| 289.98| 1,574.47

Table 2.3: Computational Time in Seconds for Di erent Pregions

UPL method is constant, since one needs a constant time to identifhe cell in the
array the query point falls into, and a constant time to to appy the coordinate
wise linear interpolation through the vertices of the cell tanswer the query. The
time complexity of the computation of the density value is logrithmic wrt the
height of the tree in AD-Tree and therefore is higher for theAD-Tree compared
to the UPL method. However, the computation overhead is not thabig, and is
only 2{3 times longer compared to the UPL method.

"] 05]0.25|0.05] 0.01

AD-Tree| 0.15| 0.32| 0.35| 0.47
UPL | 0.15| 0.15| 0.15] 0.15

Table 2.4: Computational Time in Seconds for F0Density Queries

2.9.4 Approximated Shape Error

This section evaluates the quality of the approximate shaperer where the initial
grid is set at the extrema points of the density. In the experintd we generated the
density of the form Cy(n) = ( X1X2X3)", and C,(n) = ( X1X2X3) " in the unit cube
(X1;%2;%3) 2 [(0:0:0); (1;1;1)]. We choose these two classes in the experiment,
since they represent a general case of a density function that isonotonically
increasing between the partition points (cf. Section 2.6.3)

Figure 2.28 evaluates the quality (the di erence between th approximated
and the true shape error). The solid line in the experiments indate the theo-
retical bound 2' of the estimator. According to Theorem 2.4 the approximated
shape error varies in between these bounds.

We draw three conclusions from this experiment. First, that te actual ap-
proximation of the shape error is substantially better than theheoretical bound
of 2'. Second, there is almost a linear relationship between the apgimated and
true shape errors, i.e.ASE= cSE wherec is the slope constant of the linear rela-
tionship. Third, constant ¢ > 0 for Cy(n) (ASE< SB), and c < 0 (ASE> SE for
C,(n). Therefore, density queries of theAD-Tree are underestimated forC,(n),
and overestimated for the class of,(n).
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Figure 2.28: Approximated Shape Error

2.9.5 Real World Data

In this section we experimentally evaluate approximation cality, space and time
complexity of AD-Treeon real world data Forest dataset. The dataset established
itself as a comparison dataset for selectivity and density quesie The dataset con-
sists of more than a half a million tuples and more than fty numeic attributes.
To asses the dimensional splits we use only three attributes of tliataset in
combination with uniformly distributed additional attribu tes. The organization
allows us to predict the density peaks and ensure that data distution is the
same as dimensionality changes.

We compareAD-Tree GenHist (the state of the art in histograms) and Haar
wavelets (a good representative of wavelets) data summarizati techniques. The
results show that () for the same approximation precision théD-Treeis faster to
compute than Haar wavelets transformations and GenHist andi( the AD-Tree
does not su er from high intermediate memory complexity.

For each data projection in the Forest dataset we x the size of da sum-
mary produced by Haar wavelets transformations and GenHist to thsize of the
AD-Treethat guarantees relativeSE 0:01. Figure 2.29 illustrates the relation
between the dimensionality of the data and the size of th&D-Tree

Figure 2.30(a) compares the construction time of thAD-Treg Haar wavelets
and GenHist. TheAD-Treeis faster to compute than GenHist and Haar wavelets
transformations. The construction of the Haar wavelets is fastemly for the three
dimensional database. We could nod compute the Haar wavelets étatabases of
dimensionality higher than four, since it requires more than@b of intermediate
memory. Also,AD-Treetakes almost the same time to compute as GenHist.

Figure 2.30(b) compares the intermediate memory. Di erety from the Haar
wavelets the intermediate memory oAD-Treeis a lot lower. ComparingAD-Tree
with Haar Wavelets transformations, for four dimensional data Har Wavelets
requires about 40Mb of intermediate memory. In contrast to that, for the same
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Figure 2.29: The Size oAD-Treethat Guarantees Relative for" = 0:01

amount of 40Mb of intermediate memory,AD-Treetree can be computed up to
8-dimensional data.

2.9.6 Approximate Aggregate Queries

In this section we experimentally evaluate approximation gality and time com-
plexity of the AD-Treefor multidimensional aggregate range queries. We compare
the AD-Treewith GenHist and Haar wavelets approximate query answering teeh
niques. Since both GenHist and Haar wavelets support approximati only of
COUNT queries we limit the comparison only for the COUNT. We use theeal
world Forest dataset in the experiments.

The results show that () on a low-dimensional data theAD-Tree has query
estimation accuracy close to the estimation accuracy of the Haamavelets trans-
formations, (i) the AD-Treeis more accurate for high-dimensional dataji( ) the
AD-Treeis faster compared to both Haar wavelets and GenHlist.

We generated the query load in the following way: the dimensiality of the
range is set to the dimensionality of the data, the true seleciity varies between
1% and 5%, the volume of the range is set from 1% to 70%, the numbs
multidimensional range queries is @00. We reported the average relative error,
ie., let

P = fpo;p1;:; Proood be a set of all queries in the workload, an&; be the
true and S be the estimated COUNT value of query;. Then average relative
error is

i)ﬁ iS S
iPi._, S



54 Chapter 2. The AD-Tree

100000 - T 1000 ; .
AD-Tree AD-Tree

Haar Wavelets ------ =7 Haar Wavelets -------
GenHist -----+*- GenHist -+~

10000 | i

1000 | R

Computation Time (sec). Log Scale
Intermediate Memory (Mb). Log Scale

10 |/ B

. s s s s 10 s s s s
3 4 5 6 7 8 3 4 5 6 7 8
Dimensionality Dimensionality

(a) Construction time (b) Intermediate memory
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Figure 2.31: Selectivity Estimation Computation Time and Quality

Figure 2.31(a) compares the average query time of the techjpes. The
AD-Treeis much faster than Haar wavelets. For dimensionality up to eighthe
AD-Tree tree response is less than a second. In contrast, already for therfo
dimensional case Haar wavelets require at least 10 seconds to eaterthe query.
GenHist shows faster results, however still slower that thAD-Tree This is be-
cause GenHist need to consider all buckets within the query rangwen if the
contributions of the buckets to the answer is small. Th&D-Treeperforms better
because of the tree data structure: a lot fewer number of grid ps are involved
in to answer the query compared to GenHist.

Figure 2.31(b) compares the average relative error. Th&D-Tree and Haar
are very close to each other with almost the same accuracy. GenHpsrforms a
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lot worse.

2.10 Summary and Future Work

The existing data summary structures su er from high intermedite memory
complexity. In this Chapter we develop theAD-Treg a hierarchical summary
structure for multidimensional data which ensures minimal caumptions of in-
termediate memory. TheAD-Treesummarizes multidimensional data in terms of
its density. It starts from a sparse initial grid that gives roughestimation of the
density of the data. TheAD-Treeiteratively increases precision of the estimation
by placing new grid points along dimensions and areas whereiftcreases the
precision of the estimation. We measure the estimation quality ithh the help of
the shape error. The shape error quanti es the deviation of thestimated den-
sity function from being linear on a one-dimensional grid. Theimensional split
extends shape error for multi-dimensional grids: it iteratesirough cells of a grid
and split them along dimensions of non-linearity of the estimatd density func-
tion. The key challenges in answering aggregate range querigith the AD-Tree
is computation of multidimensional integrals and nding unsfit cells. We prove
that multidimensional integrals in the AD-Treecan be e ciently computed by a
cheap linear interpolation without lost of the estimation preision. We develop
two algorithms for nding unsplit cells and use them interchageably depend-
ing on the parameters of theAD-Treeand query range. We prove optimality of
the AD-Treewith respect to the initial partition, and we show that the AD-Tree
adjusts to the local dimensionality of structures in the data ad robustly approx-
imates the shape error if the initial partition is chosen basednoextrema points
of the density. The experiments on real world and synthetics dasets con rm
the analytical results.

There exists several future research directions. We plan to ertéthe AD-Tree
with the update operation and apply our method on data streamand for indexing
multidimensional data. At the technical level it would be ineresting to eliminate
the storage of the density measures at the same grid points in drent levels of
the hierarchy.






Chapter 3

CORE Clustering

Current clustering techniques are able to identify arbitraity shaped clusters in
the presence of noise, but depend on carefully chosen model paeters. The

choice of model parameters is di cult: it depends on the dataand the cluster-

ing technique at hand, and nding good model parameters ofterequires time

consuming human interaction. In this chapter we propos€ORE a new non-
parametric clustering technique that explicitly computes e local maxima of the
density and represents them with cores COREproposes an adaptive grid and
gradients to de ne and compute the cores of clusters. The inereentally con-

structed adaptive grid and the gradients make the identi caton of cores robust,
scalable, and independent of small density uctuations. Our exggimental studies
show that COREwithout any carefully chosen model parameters produces bett
quality clustering than related techniques and is e cient fa large datasets.

3.1 Introduction

COREis a novel nonparametric clustering technique that explidy computes and
represents local density maxima. Neither the shape nor the dimsonality of

these maxima is restricted. Modeling clusters in terms of expitly computed

local maxima permits clusters with two- or higher-dimensioanaxima that are

close to each other or overlap. Related clustering techniquds not explicitly

represent local maxima. Instead they model clusters by, e.g.tsef unconnected
one-dimensional maxima points [33], dense areas [17, 3], amatistical properties
such as mean and variance (e.g., centers and medoids, represtrg points [24],
and CF vectors [69]).

The explicit computation of the local maxima of the density faes two chal-
lenges. First, the density maxima of numeric datasets are a ealdoy small density
uctuations. Density uctuations produce false peaks and a robst identi cation
of local maxima is non-trivial. Second, the explicit compudtion of maxima of
the density quickly becomes prohibitively expensive for laggmulti-dimensional

57
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datasets. CORE successfully solves these challenges with the help of a multi-
dimensional sequential organization of a minimal number of igr points.

Our method does not assume that clusters follow an a-priori moldend does
not require model parameters that guide the clustering pross. COREis a non-
parametric method since the clustering only depends on the mision of the den-
sity estimation of the AD-Tree The precision of the AD-Treeis controlled by
", which is not a model parameter and exhibits a monotonic bet@r for values
larger than the kernel bandwidth: a decrease dfyields an increase of the estima-
tion precision of the AD-Treeand, hence, a higher quality clustering (at the cost
of a higher runtime). Related clustering techniques dependho/arious model pa-
rameters like the number of clusters, number of cluster repredatives, shrinking
parameter, and size of the neighborhood. Model parameterdaa to adjust the
method to di erent datasets and application scenarios. This acabe useful for spe-
cialized applications, but in most cases choosing model paramet signi cantly
complicates the analysis process and there is no guaranteetthppropriate model
parameters exist to get a speci c clustering behavior. In gerg the values of
model parameters must be computed based on heuristics, statistipaoperties of
the data, domain knowledge, or results of previous clusteriag Choosing model
parameters becomes particularly challenging for large ntutlimensional data. In
addition, the model parameters exhibit a non-monotonic belvior. an increase
or decrease of the values of the parameters does not guarardeencrease of the
quality of the clustering.

Problem De nition: LetD RYbe ad-dimensional dataset and lef'(x) be
a continuous estimate of the density function oD. We propose a nonparametric
approximation and explicit representation of the maximal agas off’\(x) that is
robust to small density uctuations.

COREclusters the data in three steps: (i) computation of theAD-Treedensity
summary of the data with the help of the kernel density estimatio method, (ii)
computation of cores in theAD-Treeand assigning grid points to cores, and (iii)
labeling the points from the dataset. Figure 3.1 illustrateshe steps for a sample
two dimensional dataset with two clusters. First, we compute th&D-Treefrom a
random sample of the dataset. ThéD-Treeis a hierarchy ofd-dimensional grids
(cf. Figure 3.1(a)) that store density values at grid points (€ Figure 3.1(Q)).
During the second step we compute the cores and assign grid poitisores. Fig-
ure 3.1(c) illustrates coresX; and X,, which are grid points denoted by triangles:
X1 consists of ve grid points andX, consists of one grid point. Core¥X; and X,
approximate two peaks in the density function shown in Figure.2(g). The third
step labels each tuple with the core of the closest grid point.

The main contributions of our work are the following:

We develop CORE a novel clustering technique that explicitly computes
density maxima and represents them with coresCOREdoes not require
any model parameters and ensures a high quality clustering.
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We introduce the rectangular neighborhood of grid points inthe AD-Treg
which, together with gradients ensures a robust computationf@ores of any
dimensionality that is resilient to density uctuations in the dataset.

We extensively evaluateCORE Our experimental results show that the
clustering quality of COREis superior to state of the art clustering tech-
niques if clusters are close to each other or overla@OREe ciently scales
up with the dimensionality and the size of the sample.

The chapter is organized as follows. Section 3.2 discusses thiatesl work.
Section 3.3 gives preliminaries. Sections 3.4 and Sectio® 8le ne rectangular
neighborhood and cores, respectively. Section 3.6 explaime tclustering of grid
and data points. Section 3.7 gives analytical investigationfdCORE Section 3.8
presents the clustering algorithms and Section 3.9 evaluat€®REexperimentally.
Section 3.10 summarizes and concludes the chapter.

3.2 Related Work

DBScan [17], OPTICS [3], and DENCLUE 2.0 [33] are density-baseddhniques
that compute local maxima implicitly. Clusters identied by DBScan satisfy
the following properties: i) inside a cluster there are at leasminPts points
within radius " andii) border points of clusters are density reachable from points
located inside the clusters. OPTICS observes that the identi dsoon of clusters
at all density levels is not possible withminPts and " only. OPTICS orders data
points according to their reachability distances and compet a reachability plot
that summarizes DBScan for di erent values of, but introduces a parameter for
reachability plots. Clusters in reachability plots correspod to valleys between
steep areas and are easily determined visually. Similarly to Cd8an, DENCLUE
identi es clusters only at one density level and is sensitive taotal uctuation
of the density. It employs two model parameters: controls the radius of the
neighborhood and de nes the lowest density level. DENCLUE assigns data
points to peaks of the density by moving them along gradients iautomatically
computed steps. DENCLUE e ciently captures spherical clusters budoes not
provide an algorithm for the computation of arbitrarily shaped clusters: according
to the de nition in Hinneburg et al. [28] grouping density peak into arbitrarily
shaped clusters is aitNP complete problem. All techniques model clusters with
dense areas and do not model the local maxima explicitly. A aful selection of
the input parameters (if possible at all) is required to achieva good clustering.
Data Bubbles [9] compresses a large dataset into a small number dzta
bubbles that improve the performance of OPTICS by an order ofagnitude.
Similar to clustering features in BIRCH, data bubbles store stastical information
of a subset of the data. The detailed statistical information maitained by Data
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Figure 3.1: Three steps ofCORE computation of AD-Tree clustering of grid
points and querying.

Bubbles allows a good clustering quality for high compressioates. Data Bubbles
introduces the size of the control sample as a parameter.

Similar to DBScan and OPTICS, CLIQUE [2], WaveCluster [54] an&hrinking
[56] are grid based clustering techniques and model clustersdgnse areas (union
of dense cells). CLIQUE nds all low-dimensional subspaces thatmain clusters.
WaveCluster uses wavelets to transform the data into the freqney domain where
it computes k-connected dense cells. Shrinking moves data points of densksce
towards centroids and e ciently nds condensed and well-sepated clusters. The
techniques depend on parameter, which de nes dense cells and parameter,
which de nes the width of a cell. If the data within the cells ae distributed
uniformly then the dense cells yield the same results as our tedgue. If the cells
are not distributed uniformly the parameter must be selected very carefully to
avoid that a cluster is split. The negative e ects of an incorretly chosen can
be partially eliminated with WaveCluster with two other parameters: the radius
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and the number of cellk in the k- neighborhood of a cell. Shrinking addresses
the parameter selection by nding clusters on several di erey sized grids and
selecting the best quality clusters. The techniques work well faatasets with
clusters that can be separated by a single density level. Stillhéy depend on a
good choice of , particularly, if clusters di er in size, shape or distribution. In
contrast, COREadaptively allocates the width of cells and models the clusters
with explicit local maxima.

BIRCH [69] and CURE [24] are hierarchical clustering techniges that model
clusters with the help of average and standard deviation of d@dters (clustering
features). BIRCH organizes clustering features, each compdtéor a subset of
the data, into the CF tree. The clustering features of each Iéaode represent
non-overlapping d-dimensional disks that partition the entire dataset. CURE
models clusters withc representative points and the shrinking factor. Rep-
resentative points naturally extend the modeling of clusterfom one (average)
point per cluster to multiple representative points per cluste In each iteration
CURE chooses the most scattered points in the cluster as represdiv@ points
and shrinks the representative points towards the centroidsylfactor to avoid
anomalies. For symmetric clusters the average of the cluster goides with the
local maxima. For asymmetric clusters, with multiple maxima pmts, the quality
of the BIRCH and CURE clustering deteriorates. The method coulghlace the
average and the representative points even outside the actu@dlisters. Adjusting
the input parameters can help to reduce the negative impacbif spherical clusters
but remains di cult or impossible for clusters with local maxima forming curves,
surfaces, or other non-single point sets.

RIC [7] and ClusteringAggregation [22] are the latest generaluppose tech-
niques that aim to improve the quality of existing parametricclustering methods.
RIC is an automatic framework to re ne clusters by assigning toach of them a
probability density function and, then, merging them based orthe Volume After
Compression (VAC) criterion. ClusteringAggregation proposesve algorithms
that aggregate results of several clustering techniques acdimg to the measure
of disagreement. Both techniques improve the clustering quigl but cannot split
merged or identify undetected clusters. Moreover, our exparents show that
RIC improves the quality only if clusters are clearly separatkin space. The
complexity of the techniques is quadratic in the number of da points and do
not scale to large datasets.

Recently, a number of parametric clustering techniques wepgoposed to deal
with speci c data. Chen et al. [13] and Cao et al. [10] are new rtt@ds for clus-
tering data streams without assumption about the number of clusts. Chen et
al. [13] is density based and uses a decay factor to deal with clgarg clusters in
data streams. Cao et al. [10] discover arbitrarily shaped clustemwith the help
of a core-micro-cluster synopsis. Both, works depend on four inpparameters.
Kriegel at al. [38, 37] adopt OPTICS and DBScan for clusteringncertain data
by representing uncertainty with a distance density functionZhao at al. [70] pro-
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pose a graph-based clustering technique which, based on sevemuirgarameters,
nds coherent clusters in three-dimensional gene expressions.oisk at al. [45]
propose a parametric subspace clustering technique that is basmd statistically
signi cant regions. Network clustering is investigated in Xu et al[66]. Evolu-
tionary clustering [11] considers the problem of clustering t&@over time. Binary
clustering is investigated in Li [40]. Wu et al. [64] improve KMeans for sparse
data by replacing the objective function with the Shannon damnopy. 4C [8] and
CURLER [59] incorporate linear correlation information inb clustering with the
help of a -dimensional linear set. None of these methods models clustershwi
explicit local maximas and the methods are based on parameirmodels with
di erent model parameters.

3.3 Preliminaries

COREclustering uses theAD-Treeto incrementally compute the density estimate
f*and compress it into a hierarchy ofi-dimensional grids. This section illustrates
and refreshes de nitions in Chapter 2 of the key elements of & AD-Tree frame,
grid, and cell.

Throughout we use the following notation. We denote grid by G¢, a grid

cells and grid points within a grid. We denote the gradient apoint x by r f\(x).

We write [X]; to refer to the coordinate of ad-dimensional pointx in the i-th

dimension. Grid, frame, cell and grid point belong to a node ithe AD-Tree We

use superscript for the index of the node. Theorigin is the d-dimensional point
with coordinate (0; :::; 0).

De nition 3.1. [Frame] A frame FK = (P¥;QX) is a pair of d-dimensional
points. P* and Q¥ de ne a d-dimensional hyper-rectangle with edges parallel to the

De nition 3.2.  [Granularity] A granularity Sk = (Sk;:::;Sk) is a d-dimensional
vector of positive integers.

De nition 3.3.  [Grid] Let Fk = (PX; Q) be a frame andS¢ be a granularity. A
grid G(F*;S) = f 5. .5 21i =0;:1:585i =1;:::;dg is a set of grid points
where[ 5] = P} +ji(QF  P/)=S.

Example 3.1. [Grid] Consider grid G in Figures 3.1(e) and 3.1(a). F° =
(0:125 0:0); (0:625 0:125) is the frame andSY = (4;2) is the granularity of
G, There are (S}°+1) (S°+1) =15 grid points in G. Along each dimension
grid points are equally spaced, and in our example the positiof grid point 39
in dimensioni =1 is[ 3%]; = 0:125+3 (0:625 0:125)4 = 0:5 and in dimension
i=2is[ 335,=0:0+1 (0:125 0:0)=2 = 0:0625
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De nition 3.4.  [Cell] Let G*(F¥; S¥) be agrid and = (j1;:::;jq) < (SK;:::;SK)

be a d-dimensional index. A celC§ consists of all vertices on a minimal frame
and is identied by the index of the grid point that is closestot the origin:

C=1f [, h2fj;ji+1lgi=1;:::;dg.

Example 3.2. [Cell] Consider grid G1° in Figures 3.1(e) and 3.1(c). Then,

Gh=1 3% 3% 3% 310

De nition 3.5. [Gradient] The gradientr f\(x) at point X is a d-dimensional

vector of derivatives off” at x:

_ @, @
r f(x) = @((x), i @(x)
Example 3.3. [Gradient] Consider gridG° in Figures 3.1(e). The arrow at grid
point 1% = (0:25,0:0625)is gradientr f\( 19) = (0:02 0:0425)

3.4 Rectangular Neighborhood

A rectangular neighborhood localizes stationary points df in the AD-Treeand
is the key concept for the exact computation of core points. Aote point is a
stationary point that correspond to local maxima. Rectangulaneighborhood
may span multiple grids and are generalizations of frame anelt; respectively.
Intuitively, a rectangular neighborhood consists of grid paits that lie on the
sides of anembedding frame The embedding frameE ( ¥) encloses a grid point
X into a minimal frame that satis es the following requirements:i) only one grid
point X lies insideF ( %) and ii) each edge of ( X) contains at least two points
of cells that include .

3.4.1 Embedding Frame

Figure 3.2 illustrates the embedding frameE( &) = ((0 :56250:0625) (0:6875
0:1875)) of grid point §%. There is only grid point % inside E( %) and each
edge ofE( ) includes at least two grid points of a cell that include 360

De nition 3.6.  [Embedding Frame]. Let( &) be all grid points from cells that
contain a grid point equal to X:
[
k

(3= Cu
cl, : kad|,
Let , ( %) be the set ofth coordinates smaller than theth coordinate of X:
(= < ks 200 (3.1)

k
J
(D= 0 > 55200 (32)
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Figure 3.2: Incomplete Rectangular Neighborhood

The embedding frameE ( &) = (P( %);Q( X)) for & is de ned for each coordi-
nate as follows:

Cmat (g if ()6 ;

P( 5= (3.3)
5 otherwise
. 5. otherwise. '

Example 3.4. [Embedding Frame]. Consider 3% = (0:625 0:125)in Figure 3.2.
The set (%) of grid points of cells that contain grid point % is

( op) = (0:50:0625) (0:625 0:0625) (0:5; 0:125),
(0:5625 0:125), (0:5625 0:1875) (0:625 0:1875)
(0:6875 0:0625) (0:6875 0:125), (0:625 0:25);
(0:68750:25)

Set , ( &%) contains the rst coordinates of (%) that are smaller than the rst
16

coordinate of op- Similarly, , ( %) contains the second coordinates of §%
that are smaller than the second coordinate off%:

1 (3% = 0505625
g 0:0625
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From Equation 3.3:
P(40)= max (59 imax ;( 5%
= 0:56250:0625:

The computation of Q( §%) is equivalent. Thus, the embedding frame of%, is
E( )= P(1):Q( %) = (0:56250:0625) (0:6875 0:1875) .

3.4.2 Rectangular Neighborhood

The white circles in Figures 3.2 and 3.3 illustrate the rectagular neighborhoods
for grid points % and 1}. Intuitively, the rectangular neighborhood of a grid
point ¥ consists of grid points that are on the embedding frame of and belong
to the set ( ).

0185 ——o—o—
006251 - .
I .
04575 o.=5 05525 0625 04875 0?75 it

Figure 3.3: Complete Rectangular Neighborhood

De nition 3.7.  [Rectangular Neighborhood]. LeE( %)= P( X);Q( ¥X) be the
embedding frame of grid point ¥. The rectangular neighborhood of grid pointX
consists of all grid points in (%) that are on the embedding frame:

n

R(CH= 2(5): .

PCHY [T [QCKi=1;dn
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where () is de ned according to De nition 3.6.

Example 3.5. [Rectangular Neighborhood]. Rectangular neighborhood gf; is
the following set

R( ¢9) = f(0:56250:1875) (0:625 0:1875)
(0:5625 0:125); (0:625 0:125); (0:6875 0:125),
(0:625 0:0625) (0:6875 0:0625y

The rectangular neighborhoodR( ) is maximal if all grid points of ( %) n
f Xg are on the embedding frame. We call such a rectangular neigithood
complete. In Figure 3.3, all grid points of cells that contai 1}, except }; are
on the embedding frame and therefor®( 1}) is complete.

De nition 3.8. [Complete and Incomplete Rectangular Neighborhood]. Rmat
gular neighborhoodR( &) is complete ifiR( %)j =3¢ 1and incomplete otherwise.

0.375

0.25

0.125

0.0

l l
0.0 0125 025 0375 05 0625 075 i=1

Figure 3.4: Grid Points with Complete and Incomplete Rectagular Neighbor-
hood.
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1st Condition | 2nd Condition
Core Point Satis ed Satis ed
Neighborhood Point Satis ed Unsatis ed
Saddle Point Unsatis ed Satis ed
In ection Point Unsatis ed Unsatis ed
Minima Unsatis ed Unsatis ed
Not Stationary Point | Unsatis ed Unsatis ed

Table 3.1: De nition 3.9 for Di erent Points.

In Figure 3.4 black squares are grid points with a complete remgular neigh-
borhood and white polygons are grid points with an incompletrectangular neigh-
borhood. White polygons occurs only in places whef@is monotonically increas-
ing or decreasing, i.e., in places wheféhas no stationary points.

Theorem 3.1. A grid point with an incomplete rectangular neighborhood isot
a stationary point of f".

3.5 Cores of Clusters

A Core approximates a set of local maxima points of the densityrction of the
data from the AD-Tree Rectangular neighborhood e ciently localizes stationary
points: places where the derivative of the density function sero, including local
minima, local maxima, saddle and in ection points. In the folbwing de nition
we formulate speci ¢ conditions that captures only the locaimaxima and leaves
out all other types of stationary points.

De nition 3.9. [Core of a Cluster]. LetX = f ‘ji; il 'j;; :::gin ad-dimensional
AD-Tree Let for each % 2 X its rectangular neighborhoodR( %) be complete.
Then, X is a core of a cluster i it is a maximal and connected set withhie
following conditions satis ed:

1. Many gradients of points from rectangular neighborhoodint towards the
core point:

2R( k)N K () <90 2 31 (3.5)
2. There are two gradients pointing to "j; from opposite directions: there exists

;2 R( 'J‘;) such that the following conditions are satis ed:

(a) For each coordinatei : 1 i  d one of the above Equation 3.6 and
Equation 3.7 is satis ed:

i = i = 51 i (36)
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= P(%),and = Q(%), (3.7)
)\ % 5 rf() <45 and\ & ;rf() <45

Acl\l,r f(p:25; 0:3125) .‘cl,f"z r f(O:g?; 0:1875) 143w . \f;oo‘ r £(0:5625 Q:4375)
ot //o rrrrr o B N N fiio I
0.3124 7 ’ ’ -
0.25]
oerd o] f oAge 1
0.125 :

: : : : : - = = = =
00625 0125 0.1875 gbg 03125 0375 ;= 0.375 0.4375 55 0.5625 0.625 0.6875 i=1

(a) All Conditions are Satis ed for Core Point. (b) 1st Condition is Unsatised for Saddle

Point.
ANr f(Q:625 0:75) r f(0:75; 9:625) AN
=Y SN 7Y TN c IV -
05| Jo oSl
4 } .
oesd | i 0.4374 3
3 _ 3
0625 | o2 0.375 3
2 : |4 3
0.5623 f 0.3129 N 3
+ Q- [ B - EEEE o---- - : 4 R O -
© 7 "Minima
: : : : | : | : : ; | : -
05 05625 0.625 0.6875 (75 08125 =, oo 00625 0125 01875 o5 03125 ©_;

(c) 2nd Condition is Unsatis ed for Neighbor . (d) All Condition are Unsatis ed for Minima
Points.

Figure 3.5: Comparison of De nition 3.9 for di erent type of sttionary points

Figure 3.5 illustrates how De nition 3.9 distinguishes core pats from other
types of stationary points. Grid point 3;42 in Figure 3.5(a) is a core point since
it satis es both conditions: 6 gradients (cf. Equation 3.5, 23? ! = 6) are point-
ing towards the core point and there are 2 gradients at = {4 and = ¢}
pointing to the core point from the opposite directions. Not cag points ioo in
Figure 3.5(b), 3% in Figure 3.5(c) and Figure 3.5(d) do not satisfy one or both
conditions in De nition 3.9. 2% does not satisfy rst condition, since, there are
only 3 gradients pointing towards the grid point. In fact, 2 is a saddle point
(maxima point towards one diagonal and minima point towardshe other diag-
onal). 3% does not satisfy second condition, since there are no 2 gradietitat
point to 3% from the opposite directions. This situation happens close to ¢
core point (cf. the discussion below). Grid point i has no gradients in its
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neighborhood pointing towards 1/, and, therefore, is not a core point. In fact,
11 is a local minima.

The rationale for at least 2 39 * gradients pointing towards core points is the
following. If ¥ is a core point then all gradients in the rectangular neighbsbood
of % should point towards ¥, except the gradients at grid points of the rect-
angular neighborhood which also are core points. In generah d-dimensional
datasets with up to (d-1)-dimensional cores (0-d are points, d-are curves, ...),
there are 3 number of gradients in the complete rectangular neighborloal of
a grid point, and of these 8 ! do not necessarily point towards the core point.
Therefore, X is a core pointi there are 3 3% 1 =2 39 1 number of gradients

in its rectangular neighborhood that point towards .

Example 3.6. [Core, rst condition, Equation 3.5]. We show that gradient
r £(0:56250:4375) in Figure 3.5(b) is not pointing towards grid point Q=
(0:56250:5).

We compute the angle between the gradienf'(0:5625 0:4375) and direction
connecting points(0:56250:4375) and (0:5625 0:5). The angle between any two

vectors v, and w is computed as following:
!

W ow
\ w;w =arccos YT
In our case
w = r f(0:56250:4375) = ( 0:03 0:004)
w = (0:56250:5) (0:56250:4375) = (0:0; 0:0625)
Therefore,

(0:0;0:0625) ( 0:03 0:004)
- —— — 143 :
areeos 110:0,0:0625) jj( 0.03 0:004)j 3

143 > 90 and, hence gradient f(0:56250:4375)is not pointing towards 2

Close to the local maxima many gradients are pointing towardsne point
and, hence, rst condition of De nition 3.9 is satis ed for seveal grid points (cf.
Figure 3.5(c)). Second condition ensures that only grid pdinvhich is the closest
to local maxima is declared as a core point. Grid points3% and 2%, are approxi-
mating the same local maxima and both satisfy rst condition. Sesnd condition
of De nition 3.9 selects %% as a core point, since, it is the best approximation of
the local maxima.

Technically, second condition consists of two sub-conditiong)(and (b): (a)
de nes opposite points ofR( &) and sub-condition () de nes gradients which are
pointing to the core point from opposite points ofR( ¥). Next, we explain and
illustrate them individually.



70 Chapter 3. CORECIustering

Example 3.7. [Core, second condition]. Grid points = (0:6250:75) and =
(0:75,0:625) from R( %%) in Figure 3.5(c) are opposite. Indeed, the embedding
frame of 3% is E( 3%) = (0:6250:625)(0:750:75). and are opposite
since for each coordinate they satisfy Equation 3.7:

,=0:625= P( 32) ,
,=0755= Q( %),
,=0:750 = P( 53) ,
,=0:625= Q( 53) ,

Grid points = (0:68750:7500)and = (0:750Q 0:6250) of the sameR( 3%
are not opposite since Equation 3.6 and 3.7 are not satis edrfcoordinatei = 1:

& 5 18 P(3) ;5 18 QU3

The angles between the gradients at the opposite points ahd direction to
the core point should be less thad5. Any two opposite grid points; 2
R( 3%) do not satisfy this condition (cf. Figure 3.5(c)) and, hence 3% is not
a core point.Core point g% (cf. Figure 3.5(a))satis es this condition with =
(0:25,0:1875)and = (0:25,0:3125)

Summarizing, Table 3.1 compares rst and second conditionsrfali erent
types of points. Only core points satisfy all conditions of De ition 3.9.

3.6 Labeling Grid and Data Points

We label each data pointts with the cluster number of its closest grid point. The
cluster number of grid point ¥ is the index of a core to which the gradient path
of X leads. The gradient path of § is a sequence of grid points that starts at¥
and the gradient at each grid point except the last one is poimtg towards the
next grid point of the path.

De nition 3.10.  [Gradient Path]. The gradient path of X is a sequence of grid
points P( X) = ( 1;:::; &), such that the rst elementis ; = X, last element
is a core point and each ; is a neighbor of ; ; that satis es:

\rf/\(tl);t t1 =

mn \ rf( )X 1
Xu2R( t 1)

(3.8)

3.7 Analytical Investigation

This section analytically evaluates rst condition of De nition 3.9.
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Theorem 3.2. Let L be ad-dimensional line segment satisfying the following two
properties: (i) L is a local maxima set of the density function of the data and)(i
L is parallel to one of the axis of the coordinate system. Let2 L, (P( ); Q( ))
be the embedding frame such th&( ) and Q( ) are close enough to. Then
there are at least2 3¢ ! gradients at points from () pointing towards .

Proof. is the local maxima point of the density function. Thereforethe
function is increasing towards close around except lineL. Let us assume that
frame (P( ); Q( )) are selected close enough so the density function is increasing
towards the local maxima in the frame. Then all gradients fom ( )nL are
pointing towards . j( )nLj 2 3% ! nishes the proof.

Corollary 3.1. LetL be a hyper rectangle satisfying the following three propegie
() L is alocal maxima set of the density function of the data (i) the edges oL
are parallel to one of the axis of the coordinate system, andi)(iat least one edge
of L is zero. Let 2 L, (P( );Q( )) be the embedding frame such th&t( ) and
Q( ) are close enough to. Then there are at least2 39 ! gradients at points
from () pointing towards .

The condition that the edges of the core must by parallel to thaxis of the
coordinate system in Corollary 3.1 can be dropped without thess of generality.
In this case frame P( ); Q( )) must be selected closer to so the density function
is increasing towards the local maxima in the frame.

Theorem 3.3. Let AD-Tree such that the density function in each unsplit cell
can be approximated linearly with' precision. Let by a local maxima a grid
point of the density function with full rectangular neighbbood R( ). Then there
are at least2 3¢ * number of gradients at grid points fromR( ) pointing towards

Proof. The proof follows from Corollary 3.1 and the approximation perties
of the AD-Tree.

3.8 Algorithms and Complexity

Algorithms 6 and 7 performCOREclustering on a sample of input dataseb and
have a linear time complexity wrt to the number of grid pointsand the size of the
sample. computeCORErst computes the AD-Treefrom a sample of the dataset.
The computation of the AD-Treerequires one scan through the sample per each
level. Line 3 iterates through all grid points and computesof each grid point the
last grid point of the gradient path. Lines 4-6 query theAD-Treefor each data
point and nd its closest grid point. A data point tg is labeled with the core to
which the gradient path starting at the grid point closest tot leads.
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Algorithm 6 : computeCORED)

1 compute AD-Treefrom sample ofD;

2 for ¥ of AD-Treedo set K.processed = false;

3 CORES ;;

4 for ¥ of AD-Treedo X:last = lastOfP( %);

5 for ts2 D do

6 Setts:Clusterld = i : K:last 2 X;, where ¥ is the closest tots.
7 end

lastOfP recursively computes and returns the last grid point of the gidient
path that starts at a given grid point %. First, at line 3, lastOfP computes the
rectangular neighborhood of ¥. Next, if gradients of R( ) satisfy de nition 3.9,
then X is a core point and, hence, the last element of the gradient gat Other-
wise, lines 8-11 compute the next grid point of the path and reat lastOfP. The
rst line of lastOfP ensures that each grid point is considered only once. Lines
4-7 add a new core point to a core and re ne all computed cores tat they are
maximal and connected.

Algorithm 7 : lastOfP( )

1 if  X.processedthen return  X.last;

2 X.processed = true;

s compute R( ¥) by querying AD-Tree

4 if R( %) satis es De nition 3.9 then

s CORES COREF Kg;

6 merge allXy; X, 2 CORE®at satisfy X;\ (R( ¥)[ %) 6 ; and
X\ (RCSI 5)63;

7 Klast= ¥;

8 else

9 nd 2 R( ¥) satisfying Equation 3.8;

10 K.last = lastOfP( );

11 end

12 return  X.last;

The computation of the rectangular neighborhood of§ is done with a single
query on the AD-Tree We start with the root grid and initialize ( %) (cf.
De nition 3.6) with all cells of the root that contain  ¥. Next, we rene ( %)
by descending theAD-Tree We scan child grids and check if a child partitions a
cellin ( %). If so, then we substitute partitioned cell with cells from thechild
grid that contain  ¥. When the leaf level is reached, we compute the embedding
frame and the rectangular neighborhood from (%) following De nition 3.6 and
De nition 3.7. In the worst case, querying theAD-Tree checks all grids, in the
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best case one grid is checked. Typically, the number of processgidls is close to
the number of levels.

3.9 Experiments

We compareCOREwith CURE, K-Means, DBScan, OPTICS, DataBubbles, and
Robust Information-Theoretic Clustering (RIC) which are e cient for a broad
range of datasets. We run these techniques for many di erent inp parameters
and present only their best results. We implement THE automatic gaputation
of clusters in OPTICS based on the hierarchy of steep down and spegp regions
of reachability plots [3]. Independent of the dataset we bullthe AD-Treewith a
xed " =0:02.

We measure the clustering quality in terms oprecision, recall and F-score
Let W D be a cluster in the dataset and letv D be a computed cluster.
Then we de ne precision, recall and F-score &f wrt to W as follows:

precision p(V;W) = jV\ Wj5V]j
recall r(V;W)=jVv\ Wj5Wij

F-score F(V:W)=2 p(V:W) r(V;W)=
(p(V; W) + 1 (V;W))

Let W be the set of all clusters in a dataset and le¥ be the set of computed
clusters. We compute the matching fromiWW to V that maximizes the average of
the F-scores of each pair\( 2 V; W 2 W) in the matching.

3.9.1 Quality of Clustering

Table 3.2 comparesCOREfor four synthetic datasets. The datasets di er in the
number, position and type of clusters. Up to 5% of the data pointsiieach dataset
are noise. The F-score shows th&@OREperforms signi cantly better than other
techniques. COREclearly outperforms the other methods for databases with
complex shaped clusters (cf. TwoSpirals in rst row) and hierahical clusters (cf.
HierarchicalClusters in second row). For overlapping cluster&f. Overlapping-
Spheres in third row) COREhas a very high average F-score (95.7), but also the
other solutions perform fairly well (76.5-83.2). For each daset we used all its
data points and, hence, quality of DataBubbles correspond wuality of OPTICS
in Table 3.2.

For the TwoSpirals dataset, COREcorrectly identi es both spirals and has
the highest average F-score. OPTICS, CURE and DBScan accuratatientify
the inner spiral, even outperformingCOREa bit (cf. OPTICS with F-score of
99.6 vs.COREwith 97.1). However, all competitors are substantially worse (b
36.6{86.1) for the outer spiral. CURE exhibits a low F-score vak, since it shifts
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] Dataset
TwoSpirals

| CURE | DBScan \
Favg =726 Favg = 45:8

r p F
Inner Spiral 100.0| 68.5 | 81.3
Outer Spiral 5.4 | 100.0| 10.2
= Fayg = 48:2
p F

Embedded Sphere 1
Embedded Sphere 2
Outside Sphere
Plane

95.3 | 100.0| 97.6
90.6 | 100.0| 95.0
0.0 0.0 | 0.0
0.0 0.0 | 0.0

Fag = 831

OverlappingSpheres

v ¥ Y. ow

S r p F r p F r p F
Right Sphere | 97.9 | 98.6 | 98.2| 72.3| 99.6 | 83.8 | 80.3 | 98.7 | 88.6
Left Sphere | 94.4 | 92.0 | 93.2| 57.6| 86.6 | 69.2 | 65.7 | 95.0 | 77.7

| Thirty Spheres | 99.0 | 98.5 | 97.1 \

Table 3.2: Numerical and Visual Comparison of Clustering Qualityor Di erent
Distribution of Clusters

the control points toward the inner spiral and the places wherthe spirals are close
to each other. OPTICS and DBScan fail because valleys in theaghability plots
are not separated by a steep area. The best clustering for OPTIC&& CURE
is achieved if the number of clusters is set to ve. This leads tone cluster being
assigned to the inner spiral and the other four clusters to fragmes of the outer
spiral. Higherk values splits the inner spiral, while lowek values merge the inner
with the outer spiral. The best clustering of DBScan merges thamer spiral with
the outer spiral. Adjusting the other parameters does not impne the quality: it
either eliminates the outer spiral as noise or merges it with ¢ghinner spiral. The
best output of K-Means is two clusters having approximately tt same number
of data points and dividing each spiral in two equal parts. For mre than 15
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clusters K-Means does not merge the spirals but represents eadth a number
of spherical clusters. For any output of K-Means, RIC merges allapts of spirals
into one cluster that results on the lowest F-score. RIC fails to parate spirals
because of two reasong) spirals cannot be modeled by one probability density
function as done in RIC;ii) RIC considers only the global orientation of clusters
which is similar for both spirals.

] | OPTICS and DataBubbles | K-Means | \

Fayg = 79:7 Fag = 48:6
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80.3 | 98.7 88.6 87.2 | 100.0| 93.2| 995 | 95.5| 97.5
65.9| 95.0 77.8 100.0| 66.0 | 79.5| 814 | 97.6 | 88.7

] | 96.7 | 90.7 | 22.4 \

Table 3.2: Numerical and Visual Comparison of Clustering Qualityor Di erent
Distribution of Clusters. Continued From Previous Page

The HierarchicalClusters dataset is the most challenging for latlustering
techniques. The dataset consists of a plane, two dense spheres atdbd in the
plane cluster, and a sparse sphere outside the plane. All competggerform
poorly. CURE merges half of the plane and the embedded spheresoi one
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cluster. It splits the other half of the plane and removes manydrder points of
the outside sphere. DBScan separates clusters according to thensity level and
is able to identify the embedded spheres only. In contrast to D&an, OPTICS is
able to analyze all density levels, but due to the uctuationsn the reachability
plot OPTICS splits the plane and removes many border points &m the spheres.
K-Means nds all spheres however fails with the plane: the upy and right parts
of a the plane are identi ed with two clusters and other parts ee assigned to
the spheres. RIC separates dense spheres from the plane, howewerges sparse
outside sphere with the plane due to the similarity in their dengy distribution.

The OverlappingSpheres dataset compares techniques for tweerlapping
spherical clusters. COREis the most accurate. CURE incorrectly assigns some
points of the left sphere to the right sphere and has the lowest @sage F-score.
OPTICS and DBScan remove all points where the density level iswer than the
density level in the overlap. K-Means performs better than OPICS and DB-
Scan but, still, incorrectly assigns points of the right sphereot the left sphere.
RIC correctly assigns border points of spheres in non-overlapeas but, fails to
do that for many border points in the overlap. COREseparates clusters along
the center of the overlap and achieves the highest average s Varying the
radius and density has similar results:COREis more accurate in separation of
the overlapping clusters.

3.9.2 Performance Evaluation

The thirty spheres dataset is ve dimensional and consists of thiy non-overlapping,
di erently sized and randomly placed spheres. The last line in Tde 3.2 shows
that all methods perform well for this dataset. We use this datset to empirically
evaluate the performance and the dependence on the sample ireeach method.

Figure 3.9.2 evaluate<COREfor di erent sample sizes on the thirty spheres
dataset which consists of 10data points. The results present here are similar to
results achieved with other datasets.

CORE outperforms other methods and produces better quality clusts for
the same sample size (cf. Figure 3.6(a)). The quality cEOREmonotonically
decreases as the size of the sample becomes smaller. The quafitipataBub-
bles using OPTICS is the lowest because identi cation of vallsyin reachability
plot computed using data bubbles is not e ective with steepnesgarameter of
OPTICS. The computation time of CORE(cf. Figure 3.6(b)) is similar to CURE
which uses B-Tree for fast computation of the neighborhood, drless than OP-
TICS or DBScan which are implemented with DataBubbles but vihout any
indexing structure. Supporting their implementation with an indexing structure
would bring them to the level of CORE
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Figure 3.6: Comparison of Performance

3.9.3 Real World Data

Figure 3.7 evaluatesCOREfor two real world datasets that contain time-varying
data: the web log dataset and the nancial dataset. Datasets ohtse type are
usually very large and often requires precise quality clustexg which is a challenge
for parametric techniques.

Web logs . The dataset contains information about the web page accesses
handled by the sunsite.dk server, a mirror of open source projects. The server
is widely used in Europe and generates a clickstream log of mdahean 100MB
per day from more than 250 countries. Figure 3.7(a) shows theiais received
from .com domain for one day. TheX coordinate shows the time of the click and
the Y coordinate shows the URL of the retrieved document. URL's are dered
according to their time of rst occurrence. This yields curve for the click of
search robots who scan entire collections of web documents. i8haengines aim
to scan the entire collection of web documents resulting in a ote, while humans
tend to visit a few selected documents only resulting in the hawontal lines.

COREsuccessfully identi es activity of a search robot in the datasetcf. clus-
ter W in Figure 3.7(b)) and separates it from the main trend (cf. clster A in
Figure 3.7(b)). Other techniques produce less quality ressit mergeW with A,
split A or remove many border points from both clusters.

Financial Data . We use a database with 150000 transactions by more than
4500 clients of a bank over a period of four years. Each point Figure 3.7(c)
indicates one transaction. TheY coordinate denotes the account identi er and
the X coordinate corresponds to the day of the transaction. The dateeveals
two patterns in the behavior of clients: (i) the activity and the number of clients
increases over the years (Figure 3.7(c) has more points to thght than to the
left) and (ii) there are clients with many and clients with fev transactions (points
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(a) Clickstream Data (b) CORE Labeled Data
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Figure 3.7: Real World Datasets

are dense at the bottom of Figure 3.7(c)).

Besides the above patterns we can see intersection patterns la¢ tbeginning of
each calendar year. At these times all customers show an increhsetivity. For

a detailed analysis it is useful to separate the data and investite the beginning-
of-the-year activities independently from the rest of the da.

Comparing to other techniquesCOREidenti es all intersection patterns (cf.

Figure 3.7(d)). Other techniques split cluster Y3 and its partsnerge with clusters
B2,B3, A3 and A4.
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3.10 Conclusions and Future Work

This chapter presentsCOREa new nonparametric clustering technique for large
numeric databases.COREexplicitly computes maxima of the density and rep-
resents them with cores. The computation of cores is based on tA®-Treg
an incrementally constructed density estimation of the data. Ky properties
of the AD-Tree are a minimal adaptive grid that does not oversplit the space.
COREDbuilds on this property and introduces rectangular neighbdthoods, which,
together with gradients, are used to reliably identify cores. Re experimental
results show that CORE outperforms other clustering methods{particularly for
datasets with clusters that overlap or vary in density. In the fture work we want
to generalize the de nition of cores to permit core with varing densities and
explore COREon datasets which are specic to certain areas (medical, spaltia
data).






Chapter 4
Separation of Overlapping Clusters

Current clustering techniques aim to nd dense areas and retarthese areas as
clusters of the data. This works well for non-overlapping chiers, but yields poor
results if clusters overlap. In this chapter we describe ho@OREcan be extended
to separate overlapping clusters.

COREmModels clusters in terms of their cores: connected areas ofdibc max-
imal density. In the presence of overlapping clusters cores wle each other into
fragments and overlaps In order to reconstruct complete cores we compute the
cores of overlapping clusters in two steps: rst we us€EOREto compute frag-
ments and overlaps of cores and then we connect fragmentstthae separated by
an overlap. In order to connect fragments we consider informan about their
density and direction. The experimental results show that our ethod success-
fully separates overlapping clusters. We analytically invegjate the separation
for the family of polynomial functions and identify the condtions under which
clusters with polynomial density functions can be separated.

4.1 Introduction

Clustering techniques partition a set of tuples into non-ovégipping groups. Each
tuple represents a data point (or observation) ird-dimensional space. Typically,
data points are partitioned according to the density of the d@: clusters corre-
spond to dense regions separated by low density regions. This amgch works
well for non-overlapping clusters, but yields poor results farlusters that overlap.
In regions where clusters overlap the density is higher than ithe surrounding
regions and the overlap is identi ed as a cluster on its own. Iorder to separate
overlapping clusters we need to consider all density levels tietdata. Dense re-
gions separated by higher density regions aceerlapsand dense regions separated
by lower density regions ardragments of clusters.

In this chapter we extendCOREto overlapping clusters. In the rst stepCORE
determines the clusters on all levels of the density and represethem with cores.

81
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In presence of overlapping clusters, the cores intersect and ide each other into
fragments and overlaps. In the second ste@OREexploits the dimensionality and
orientation of cores to reconstruct complete cores from fragents and overlaps.

We distinguish two types of overlaps between clusters: rst, clusts overlap
but their cores do not intersect and, second, cores of clustergdarsect. Clusters
with the rst type of overlap are not divided into fragments and the overlap area
may or not produce new local maxima in the density. If no new lat maxima is
produced, then the major of clustering techniques nd the oginal clusters with
no overlaps and, possibly, incorrectly assign data point of theverlap to one of
the clusters. If there is a new maxima, then all clustering techeues identify
overlap area as a separate cluster or merge clusters. In our work &ddress
the challenge of separating clusters with the second type of olap. Overlaps of
these type divide cores of clusters into fragments and alwaysopluce a new local
maxima in the density. Separation of clusters with the rst typeof overlap is a
complex issue, because clusters do not divide each other intofsarnn general, for
successful identi cation of rst type overlaps the domain knowgdge is required.
In our work we analytically establish conditions for identi cation of rst type
overlaps between overlapping clusters with polynomial demgifunction.

Overlapping clusters occur in many datasets and are particulg common in
time-varying data. Consider the amount of money spent over tijn Typically,
each person spends a small amount each day resulting in an almoststant trend
(cluster) over the whole year. In addition, people spend larg@amounts at the
end of the week and at the beginning of new seasons. This resultscinsters
that are perpendicular to and embedded in the clusters that nuel regular daily
expenses. As another example consider the income of a person. Sopeople start
to work and earn money immediately after high school, which gids a gradual
increase of the income over time. Other people start to work &ft the university,
which yields a late but more pronounced increase of the income&his results in
line-shaped clusters that intersect at di erent angles.

The chapter makes the following contributions.

We classify cores afragments overlapsand complete coresrespectively.

We de ne how to combine fragments and overlaps into completmres, and
label database points by assigning them to complete cores basedyoadient
paths.

We analytically investigate the separation of clusters for théamily of poly-
nomial functions and identify the conditions under which alsters with poly-
nomial density functions can be separated.

We experimentally evaluate our method for synthetic and realorld data,
and show that it is invariant to the dimensionality, angle of irersection,
curvature, and size of clusters.
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The chapter proceeds as follows. Section 4.2 de nes the pretvl of separating
overlapping clusters and introduces notation used in the Chégr. Section 4.3
discusses related work. Section 4.4 introduces the notion ofeokapping clusters
and de nes key concepts to their separation: fragments and esaps of cores.
Section 4.5 explains reconstruction of cores from fragmenésd overlaps and
Section 4.6 de nes labeling of data points. Analytical invesgation is given in
Section 4.8. We give a detailed experimental evaluation faynthetic and real
world data in Section 4.9. Finally, Section 4.10 conclude$i¢ chapter and o ers
future work.
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(a) Overlap is Identi ed as Only (b) Overlap and One of the Over-
Cluster in the Data. lapping Cluster are Merged.

(c) Two Overlapping Clusters are
Merged

Figure 4.1: The Challenge of Separation of Overlapping Clests. The Figures
lllustrate the Output of DBScan Clustering.
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4.2 Problem De nition

In order to illustrate the problem of separating overlapping lcisters consider Fig-
ure 4.1, which shows the density function of a two dimensional tiset with three
line-shaped clusters. Two of the clusters overlap and each of seeclusters is
divided into three parts: two fragments and an overlap. The desity is highest
in the overlap area where the densities of both clusters acculate. Common
clustering techniques nd clusters by identifying maximallyconnected areas at
an application-speci ed density level. Such an approach alle three possible
clusterings. Figure 4.1(a) illustrates the clustering if a higldensity level is cho-
sen (the horizontal plane represents the density level at whiake cut the density
function of the data). In this case only the overlap area is id@i ed as a cluster.
Figure 4.1(b) illustrates a medium density level. In this casehe overlap is merged
with one of the overlapping clusters. Figure 4.1(c) illustrate a small density level.
In this case the overlapping clusters are identi ed as a singlduster. Note that
no single density level exist at which the overlapping clusterge separated.

In summary, with overlapping clusters we cannot use clusteringethniques
that determine clusters at one density level only. Instead we rsti cluster the
data at all density levels to get fragments and overlaps of dters. The density
level and orientation of fragments and overlaps is used to m@tstruct complete
clusters.

Problem de nition : Let D = fty;ty;:::;t,g RY be a database withn
d-dimensional tuples. AssuméD consists ofk clusters that may overlap. Our
goal is to identify and separate thes& clusters.

Consider the three clusters in Figure 4.2. The data points of el cluster are
spread around its core. In the example, data points of clust€; are distributed
around curveE;. E; is the core of the cluster since it is the local maxima of the
density function. The cores of the other two clusters interseand divide each
other into fragments and overlaps In the example, the cores of cluster€, and
Cs divide each other into fragmentd=,; and F,, (belonging to the core ofC,), Fs;
and F3, (belonging to the core ofC3), and overlap O (belonging to cores ofC,
and C3). Note that the density of the overlap area is the sum of the densés of
the intersecting clusters and fragments of the same core havestdame orientation
near the overlap area. These are the key properties that we dgjp to reconstruct
complete cores from fragments and overlaps.

We useC to denote clusters in the datasetE to denote the cores of clusters,
F to denote fragments of cores, an@ to denote intersections of cores.

4.3 Related Work

We discuss related work in three areas of clustering: density bdselustering,
subspace clustering, and hierarchical clustering. For all teglgues we focus on
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Figure 4.2: Cores, Fragments and Overlap

their potential to separate overlapping clusters.

DBScan [17] is a classical density based clustering techniquegibups database
points that are connected to each other with a density level &t exceeds a certain
threshold. DBScan nds clusters of arbitrary shape, e ectivel identi es outliers,
and is robust to noise. Other density based techniques improve [BBan in terms
of the input parameters. DBCLASD [65] aims to estimate the best dnal pa-
rameters, while OPTICS [3] enables e cient computation of alsters for broad
range of input parameters. Density based clustering has also bestiended with
signal processing techniques [54] and kernel based techniq@83.[[55] identi es a
cluster with a core, which is the most dense area of the cluster. 7]1[65], [54] and
[28] nd clusters only at one density level and, hence, cannot g&rate overlap-
ping clusters. OPTICS [3] computes clusters at all density lex&lhowever, does
that by projecting multidimensional data into one dimensionaspace. Therefore,
OPTICS is not able to separate overlapping clusters, since, it r#ot possible to
restore orientation of clusters from their one-dimensional pjection.

Subspace clustering [2, 34, 63, 41, 68] assumes that the dimenalion of
clusters is lower than the dimensionality of the dataset. The thniques aim to
nd all subspaces that contain clusters. However, in low-dimengial spaces the
orientation of clusters is lost and non-overlapping fragmestof clusters overlap.
CURLER [59] improves the situation and nds nonlinear correléon clusters.
Together with a cluster, CURLER returns the smallest subspace thate orien-
tation of the cluster is present. CURLER cannot separate overlging clusters
because of following reasons: rst, it nds clusters only at one @ity level and,
hence, either merges overlapping clusters or only nds theaverlap and, second,
it computes global orientation of clusters. Overlapping clusts can have the same
global orientation and, hence, we need to consider local ariation of fragments
near the overlap.

Hierarchical clustering organizes the data points into a hiarchy starting with
single point clusters at the leaves and one cluster at the root. étarchical clus-
tering techniques for very large databases [69] and arbityashaped clusters [24]
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have been proposed. Hierarchical clustering allows users to dderent numbers
of clusters without the re-computation of the model. The hiarchical clustering
techniques fails to separate overlapping clusters becausgthey do not consider
orientation of clusters and {i) at any level of the hierarchy fragments are not
separated from the overlaps.

4.4 Overlapping Clusters

This section formalizes cores, fragments and overlaps. In Seat 3.5 we give
procedural de nition of cores. We de ne cores with a connecatieset of grid points
in the AD-Tree which best approximate local maxima. In this section we give
declarative de nition of cores that is independent of theAD-Tree

We de ne cores with a help of core points:

De nition 4.1.  [Core points]. Let RY be the domain of the density functior
of the data.e2 RY is a core point if the following conditions are satis ed.

(i) f(e) f(x) for some"> 0 and for all x 2 S-(e), whereS-(e) = fx 2 RY:
ke xk<"gis the" neighborhood ok.

(i) f(e) >0

Condition (i) ensures thateis a local maxima: the density in the neighborhood
is less than or equal td (e). The density is strictly lower for non-core points and
is the same for core points of the neighborhood. Condition Xiilters out noise.

Example 4.1. [Core points]. Consider a one dimensional dataset with thesig-
sity function illustrated in Figure 4.3. There are ve coresin the example: line-

f(x)
O decrease of the density towards the stationary point
@ increase of the density towards the stationary point

x1 Xx2 x3 x4 x5 X6 X7 x8

Figure 4.3: Cores in One-dimensional Data
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cores: [X1;X2), (X4;Xs) and point-cores: X3, Xg, Xg. Note that X, is not a core
point. This is becausef (x,) <f (x) for all "> 0 and somex 2 S(x;).

Example 4.1 illustrates the relationship between extremaimts of the density
function and core points. Pointx is an extrema pointi fqx)=0. Core points
are extrema points, but not all extrema points are core post For example x7 is
an extrema point (local minima), however, it is not a core poit (condition (i) is
not satis ed). Similarly, points x4 and x5 are extrema points but not core points.

Yy

Y
(a) Canonic Dataset D; with (b) Density of Dataset D,
Core E;.

F
e O
y / \ F2
y Fu

(c) Fragments and Overlaps in (d) Density of Dataset D.
DatasetD. D = D, [ D,.

Figure 4.4. Fragments and Overlaps of Cores.
De nition 4.2. [Core.] Let D be a dataset with one connected local density
maxima andE  RY be a non-empty setE is a core i
X is a core point() x 2 E:

De nition 4.3. [Fragments of cores]. LetD; and D, be datasets with one con-
nected local density maxima each. LdE; be the core of databasB; and E, be
the core of databas®,. Let D = D;[ D,. F  E;[ E, is a fragment i
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() F is a connected set
(i) F\ (E1\ Ep)=;
(i) F is maximal, i.e., for all F® F either (i) or (ii) is not satis ed.

De nition 4.4.  [Overlap of cores]. LetD; and D, be datasets with one connected
local density maxima each. LeE; be the core of databasB, and E, be the core
of databaseD,. Let D = D;[ D,. O is an overlap i

() O Ei\ E;
(i) O is a connected set

(i) O is maximal, i.e., for all O° O either (i) or (ii) is not satis ed.

As an example of fragments and overlaps consider Figure 4.4.g&iie 4.4(a)
illustrates a two-dimensional datasetD; with one connected local density max-
ima. The data points of the dataset form one cluster and are disbuted around
aline. Line E; is the core of the cluster since the density is locally maximal &;.
Figure 4.4(b) shows the density function oD ;. Figure 4.4(c) illustrates dataset
D, which is a union of datasetd; and D, with line-coresE; and E,. The cores
divide each other into fragments and overlaps: corg; divides E; into F,; and
F,,; coreE, divides E; into fragmentsF1; and Fy,; coreskE; and E, have overlap
O in common. Note, that the density is the same for fragments of theame core,
and the density of the overlap is the sum of the densities of thetersecting cores.

Core E is d-dimensional ifE is a d-dimensional set. We use the topological
approach to de ne the dimensionality of sets. Intuitively, setA is d-dimensional
if it is a bending of the RY space. For exampleA is an elementaryd-dimensional
set, if it is a bending ofRY. A set is a (general)d-dimensional set if it is a result
of a number of bendings oR®.

De nition 4.5.  [Dimensionality of Sets]. LetA RY. A is an elementary set of
dimensionality d if there exists a homeomorphic (one-to-one, continuous iesse)
function from A to RY. A is a set of dimensionalityd i A is a connected set of
points and any neighborhood oA is an elementary set of dimensionality.

Example 4.2. [Dimensionality of Cores]. Consider dataseD in Figure 4.4(c)
and the corresponding density function in Figure 4.4(d). Té core that consists
of fragmentsF,;; F1, and overlapO is a one dimensional core.

Note, that cores of di erent dimensionality can overlap or erlose other cores.
Figure 4.5(a) illustrates this for a dataset with two clusters: asquare (two-
dimensional core) and a sphere located in the middle of the sqeqone-dimensional
core). Figure 4.5(b) shows the density function of the datasetThere are two
local maxima of the density function and therefore two coresiithe data: the
center of the sphere is a one-dimensional core (center pointRigure 4.5(b)), and
the square area with a hole in the middle is a part of a two-dimaional core (the
striped area in Figure 4.5(b)) that encloses a one-dimensionzdre.
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(a) Scatter Plot (b) Density Function and Cores

Figure 4.5: Cores in Two-Dimensional Data

4.5 Reconstruction of Complete Cores

The concepts of cores, fragments, and overlaps are based on aadatD =
D:[ D[ [ Dk, where eactD; contains exactly one core. In practice onl{ is
given and theD; are not known. In order to compute complete cores we need to
determine local density maxima, classify them into fragmentsna overlaps, and
then restore complete cores from fragments and overlaps.

For the computation of local density maxima we us€OREclustering. CORE
computes local density maxima at all levels of the density andpglicitly represents
them with a connected set of grid pointsX; = f ‘J‘i; 5;; :::g in the AD-Tree In
the case of non-overlapping clusters, each local density maxilrdaapproximates
the complete coreE; of cluster C;. In case of overlapping clusters, eacK; is
an approximation of a fragment or overlap of one of the oveg@ing cores in the
dataset. We denote approximated fragments bly; and assume that it corresponds
to a density peakX; computed by CORE

Our approach restores complete cores based on the orientatimincores. Intu-
itively, we need to consider all possible triplets of cores((; X,; X3), and connect
coresX; and X3 into a complete core ifi) core X, is an overlap betweenX; and
X3, and ii) coresX; and X3 have similar orientation at the border with coreX,.
We de ne the border between fragments and their orientationvith a help of the
gradient path.

Figure 4.6 illustrates the gradient path (cf. De nition 3.10 computed in a
two dimensional AD-Treeat grid point 3,. The gradient path is a sequence of
grid points P( 3,) =( 31 %, 2. 34 3.) suchthat the gradient at each grid
point is pointing towards the next grid point of the gradientpath. For example,
in Figure 4.6, the solid arrows denote the gradients at the gtipoints of the
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gradient path from 3, to %,. According to De nition 3.10 we use the following
strategy to incrementally compute the next grid point on a grdient path. We
take the last grid point % of the gradient path and compare the angles between
gradientr f( ¥) at ¥ and the directions from & to its neighboring grid points.
The neighboring grid point that yields the smallest angle witithe gradient is the
next point of the gradient path.

Figure 4.6: lllustration of Gradient Path, Border, and Orienation.

Core X; has a border with coreX; if X; is connected toX, by a gradient path,
i.e., if there exists a grid point in the neighborhood of corX; where a gradient
path starts that ends at a grid point of coreX,. The set of all grid points in the
neighborhood of coreX; where a gradient path starts that ends at a grid point
of coreXs, is the border of coreX; with core X,.

De nition 4.6. [Border of a Core]. LetX; and X, be two cores. A set of grid
points, N (Xy ! X5), is a border of coreX; with core X; i

N(X1! Xo)=1f X2 R(X1);P( %) 2 Xag;
where R(X;) are grid points which are in the rectangular neighborhood twigrid
points of core X, i.e.:
ROX)=f 510 51 2RO%) 552 %g

, and P( X) is a gradient path at grid point .
There is no border between core$; and X, i N(Xy! Xp) = ;.
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As an example of a core with a border consider Figure 4.6. Thereeave grid
points %,, 3,, 3,, 3, and 3;in the neighborhood of coreX; which have
gradient paths pointing to grid point %, of coreX,. Thus, the border of coreX;
with core X, isN(Xy ! Xo) = f 335 34, 315 3.; 330. Note that the border is
directed. If coreX; is connected to coreX; by a gradient path and, hence, has
a border with this core, then coreX; is not connected toX; by a gradient path
and, thus, does not have a border with this core. For example) Figure 4.6 core
X, does not have a border with coreX;.

The orientation of core X; at the border with core X, is the average of all
gradients on gradients paths that conneck; with X,.

De nition 4.7.  [Orientation of Cores X; at the Border with Core X;].

Let X; and X, be two cores such that there is a border betweXn and X,
e, N(Xy ! X;) 6 ;. Let ( Xy ! X,) be a set of all grid points that belong to
gradient paths connecting coreX; with X;:

(X! Xo)=f X: k2p(K)yand o2 N(X. ! Xo)g
The orientation of core X; at the border withX, is a d-dimensional vector
1 X

rfINX ! Xp)) = J (X! X)j

r 05

K2 (X1l X2)

In Figure 4.6 the white arrow denotes the orientatiorr f’\(N Xy ! Xp)) of
core X; at the border with X,. The orientation is the average of all gradients in
Figure 4.6 and represents the direction in which cor¥; connects to coreXs.

De nition 4.8.  [Reconstruction of Complete Cores]. LeX;, X, and X3 be cores.
Then, coresX;, X, and X5 belong to the same complete co&, and X, is an
overlap between coreX; and X; if the following conditions are satis ed:

1. CoresX; and X3 have a non-empty border with corXy, i.e.,
N(Xi! Xp)6; andN(Xs! Xp) 6 ;
2. The densities of cores; and X3 are roughly the same:
i) f(Xa)i <

3. Orientation vectors of coresX; and X3 at the border with X, are pointing
towards each other:

\ r f(N(XL D Xo));r f(N(Xs! Xp) > 90
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De nition 4.8 requires three conditions to be ful lled for atriplet of cores that
belong to the same complete core. The rst condition requirehat two coresX;
and X3 from a given triplet have a border with another coreX,. Thus, we require
that core X, is an overlap between coreX; and X3. The second condition requires,
that cores X; and X3 have roughly the same density level. The last condition of
De nition 4.8 requires that coresX; and X3 are similarly oriented at the border
with the overlap, i.e., their orientation vectors are poining towards each other.

A

Z-axis

N Tl
X]_ o *
e e o-l>’<<l-é
2
LN
(a) Third Condition of De nition 4.8. (b) Overlapping Cores of Dierent Dimen-

sionality.

Figure 4.7: Reconstruction of Complete Cores.

Figure 4.7(a) illustrates De nition 4.8. In Figure 4.7(a) X; is an overlap which
divide complete core into coresX; and X3;. The angle between the orientation
vectors of coresX; and X3 is 180 and, hence, the third condition of De nition 4.8
is satis ed. Figure 4.7(b) illustrates the reconstruction of coplete cores with
di erent dimensionality. There are ve cores in the gure. Cae X; (O-dimensional
core) is the overlap which divides a one-dimensional compdetore into coresX,;
and Xy,. Cores X1, X5, and X; are overlaps which divide a two-dimensional
complete core into cores<z;, Xzp. Therefore, the reconstructed cores arg, =
Xor [ Xoo[ Xy and Bz = Xar [ Xsa[ Xor[ Xa2[ Xa.

4.6 Labeling the Data

This section describes the labeling of data points. We scan thetdaet D =

a cluster ID. The key idea for labeling data points is the following. Letts 2 D
be a dataset point and be the closest grid point tots. If the gradient path P( )
points to complete coreE then ts is labeled with E. If the gradient path P( )
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points to overlap X, then we labelts with one of the cores that intersects, using
a randomized model.

De nition 4.9. [Labeling oft that has a path to complete cor&]. Let ts 2 D
be a point andE be a complete core ob. t. is labeled withE i

() 2 AD-Treesuch thatk  tsk =min koaprrec K § sk

i) P()2E.
De nition 4.10. [Labeling ofts that has a path to overlapX,]. Let X, be an
overlap for a set of complete coreb?l; o B, e,
XI
f (Xo) f(E):

i=1
Let ts 2 D be point with a gradient path to overlag,:
() 2 AD-Treesuch thatk  tsk=min ko aprrec K 5 tsk
(i) P()2 Xo.

Then ts is labeled with one of the complete corés in the following way. Let
Z be a random generator that generates valuég;?2;:::;Ig with the following
probabilities: f(i) = f(Ei)=f(Xo); i 2 f1,2;:::;:1g. We labelts with E; if the
generatorZ outputs valuei.

Example 4.3. [Labeling of the Data).
Consider the two dimensional dataset in Figure 4.8. Thereatwo intersecting

Figure 4.8: Labeling the Data

complete cores:E; and E,. The paths of the tuples inA; and A, point to E;,
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therefore the points are labeled witkt;. Similarly the paths of the tuples inB;

and B, point to E, and therefore they are labeled with,. The paths of the tuples
in V point to the overlap area. Since the density at botf, and E, cores is equal,
half (2‘ the points ofV are labeled withE; and half of the points ofV are labeled

4.7 Algorithms

Algorithm 8 implements the reconstruction of complete cores. Asput the al-

(cf. Algorithms 6), the AD-Tree of the dataset and precision threshold. The
algorithm reconstructs complete cores in three steps. First (cflines 2{8), the
algorithm classi es cores into fragments and overlaps. The agthm traverse
through border grid points of each coreX; and computes the gradient path. If
the gradient path points to another coreX,, then the algorithm classi es X, as
an overlap andX; as a fragment of some core separated the overlp. To avoid
multiple computation, for each overlapX, the algorithm stores a set of associated
fragments F (O) of cores separated by overlaiX,, and grid points ( X ! Xo)
of gradients paths which connect fragmenk; with overlap X,. Next (cf. lines
9{20), the algorithm iterates through identi ed overlaps and restores complete
cores from the associated cores. Lines 10{12 compute orientativectors of each
associated core. Lines 13{18 merge fragments into one corehiéy satisfy con-
ditions of De nition 4.8. Line 19 declassi es coreX, from being an overlap if
no complete cores are restored from the set of associated fragtaegf(X,). At
last (cf. line 21), all cores, which are not yet a part of any conmte core, the
algorithm marks as individual complete cores in the dataset.

Figure 9 presents the algorithm to label the dataset points. Thénput of
the algorithm are datasetD, the AD-Tree computed for D, and sets of cores
and overlapsO computed by Algorithm 8. We scan the dataset. For each data
point we nd the closest grid point ¥ in the AD-Treeand check whether gradient
path P( %) points to an overlap or to a core. IfP( &) points to an overlap, we
assign the data point according to the random model to the intsecting cores.
Otherwise, we label the point withP ( ).

4.8 Analytical Evaluation

This section analytically investigates the separation of ovlEpping clusters. We
show that we nd all core points correctly in non-overlap ares of clusters (no
false negatives). In overlap areas we identify all core pointsut in addition we
might also nd points that are not cores (false positives).

Theorem 4.1. [No false negatives.] Let be the maximal distance between two
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Algorithm 8 : restoreCoresK = fX3; X5;:::0, AD-Treg )

[* initialize complete cores and overlaps */
1 E=;and0=;;
[* classify cores into overlaps and fragments */

2 for K;X; 1 K2 R(X;) and X; 2 X do
3 if P(%)2 Xo:X,86 X; then

I* mark X, as an overlap */
4 o= (5[ Xo;
[* mark X; as a fragment and associate with X, */

5 r'A(Xo) = lf(xo)[ Xi;

[* update grid points of gradient paths which connect
fragment X; with overlap X, */

(X! X)=( X! X)[ %

o

7 end
8 end

[* iterate through overlaps and restore complete cores */
o for X,2 O do

[* compute orientation of the associated fragments */

10 for X 2 F(X,) do P
1 rEINGG ! Xo) = rrsetsgn k2 (xt xo T T O KD
12 end

/* restore complete cores from the associated fragments */
13 for Xy %, 2 F(X,) do

14 if if(X.) f(X)j< and
\V r fF(N(XL ! X)) ;r f(N(Xa! Xo) > 90 then
15 if 9I‘:Ai2l‘:A:X12I‘:Ai0rX22I‘:Aithen éi:éi[xl[XZ;
16 else E = E[f Xy Xo0;
17 end
18 end

/* if no complete cores are restored remove the overlap */
19 if Xm 2 E forall Xp 2 F(X,) and E; 2 E then O = O=X;
20 end

/* mark unassigned core as a complete core */
21 for Xi 2 X: X 2é|;é| 2 é do é = é[f Xig;

22 return E and O;
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Algorithm 9 : labelData(D, AD-Tree E, O)

1 for ts2 D do
2 Find the nearest grid point % 2 AD-Treeto tg;
[* if gradient path point to an overlap then redistribute
the points. Otherwise, label data point with the core.
*/

3 if P( %) 20 then

4 Label ts according to De nition 4.10
5 else

6 Label ts with core E; : P( %) 2 E|.

7 end

s end

adjacent grid points in theAD-Tree Let F be a fragment of a core, andCORE
be an approximation off computed by theaCORE Let x 2 F be a core point and
. 2 COREDbe the closest approximated core point ta k”,  xk = min .~ k™ xKk.

Then ! xas ! O

proof: The proof derives from the de nition of the derivative.

Theorem 4.1 states that our approximation nds all core poirg as the gran-
ularity of grids in the AD-Treeincreases.

Our method might nd additional core points. This happens, sine we model
a database as the union of individual clusters and aim to restotbe individual
clusters. If two clusters are located close to each other and thertsity distribution
of the clusters decreases slowly, the algorithm will nd threeares with one false
positive in the overlapping area.

Figure 4.9(a) illustrates the problem for a one dimensional daset. The orig-
inal database consists of two clusters with cords, and Eg. The density of the
clusters decreases very slowly and therefore the overlap aréahe clusters forms
a false corekEg.
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Figure 4.9: Intersecting Parabolas
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Proposition 4.8.1. [False positives] LetC, and Cg be clusters,| be the overlap
area of the clustersE, and Eg be the cores of the clusters anfly, andfg be the
density function of the clusters. Then the following observaties hold:

The probability of false positives decreases as the distance weén cores
EA, and Eg increases.

The probability of false positives decreases as the speed (or ey if f 5
and fg are polynomials) increases.

The probability of false positives decreases as the di erenceetveen the
steepness levels dfy andfg in | increases.

Below we give precise mathematical formulations of Propos 4.8.1 for spe-
ci c datasets and density functions. Section 4.8.1 investigagantersecting clusters
with O-dimensional cores. We examine two intersecting paratad of degreé (the
density function is of the formf (x) = ax?). We start the examination with
one dimensional parabolas and next, we generalize the reswthigh dimensional
parabolas. Section 4.8.2 discusses high-dimensional cores.

4.8.1 Zero-Dimensional Cores

This section formulates Proposition 4.8.1 for overlapping ustersC, and Cg each
having a 0-dimensional core and density function of the form:

f(x)= ax'+a x' '+ +ax+a

As we will see below the degree of the polynomial has a substantiapact
on the existence of false positives in the overlapping area. Inder to isolate the
impact of the degree of the polynomial and in order to simpliffhe mathematical
expressions we investigate density function of the followingrfa:

f(x) = ax®; (4.1)

wherea < 0 controls the steepness of the density function, ands the degree of
the polynomial. We assume that there are no cores in the overlapeal . We call
f anID parabola.

One-Dimensional Parabolas

The following investigates overlapping clusters with densitfunctions of the form
of Equation (4.1) andx being a D point.
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Theorem 4.2. [False positives forlD parabolas.] LetC, and Cg be two over-
lapping clusters. Letf(x) and f,(x) be density functions of the clusters:

N

ot a(x b)?if ()T <x b< (@)

f(x)= 1 :

1) 0 otherwise

o= @t alx )i (@) <x < (@)
0 otherwise

| is the overlap area of the parabolas:

h C 217

o a

+ b

[~

|&
N

The overlap areal does not contain false positives i

2 2
21+1 24 q; 47 1 aj-4|2 1

jilj< —— ; 4.2
jI] 7 a7 (4.2)
wherei;j 2f1;2g:i 6 jja; a,andjlj= 2 T+ = 7 b is the
length of the overlap area.
proof: False positiveEg exists in [c;; ] i
fYEF)=0; (4.3)
fAX) < 0forx <Eg:fqx)> 0 forx>Eg: (4.4)
This leads to
+ 1 1
Er = M whered; = a4z 1 and d, = a,2 1 (4.5)
d, + dy
and 1 1 1 1
di()7  do(S2)7 d.(2)7  d, (S
G BET d@T L G dE)T @)
dl dl
Since the area below the density function is 1 we get
z (g)?lwb
. c+alx bPdx=1: (4.7)
(g)?+b
This gives:
c & 2A+1 =
= = : 4.8
a ia (4.8)

The substitution of Equation (4.8) in (4.6) proves the Theorem
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Two conclusions can be drawn from Theorem 4.2. First, as the dirence
betweena; and a, increases, there will be less false positives in the overlap area
between the clusters. Figure 4.9(b) illustrates the case for=1, a, = 0:14
and a, = 0:002. Sincea; (the steep parabola) is smaller thama, (the at
parabola), there are no false positives in the overlap area. c®ad, as the degree
of the polynomial increases, the overlap area gets wider andetie will be less
false positives.

High-Dimensional Parabolas

We generalize Theorem 4.2 ta being a point in a high dimensional space. For
simplicity we assumef (x) = ax?.

Theorem 4.3. [False positives fomD parabolas.] Letn be the dimensionality of
the space. LetC, and Cg be two overlapping clusters. Lét;(x) and f,(x) be the
density functions of clustersC, and Cg, respectively:

(

g
hy+ agkx G2, if kx Gk hy

fi(x) = a
0 otherwise

fZ(X) _ h2 + asz Czkz, if kx Czk2 2—2
0 otherwise

wherec; and ¢, are the centroids of the paraboloidd); and h, are the maximum
heights of the paraboloids. Let be the overlapping area of the paraboloids.2 |

| 8
hi.
<kx k2 a
: ho.
- kX C2k2 i
We assume that 6 ;;c; 21;c, 2 1. The overlap areal does not contain false
positives i 0 1
L3 a]%
. a® a’,
< 75 @ . A (4.9)
wherei;j 2f1,29:1 6 j;a; & andjlj: is the width of the intersection area:
r r
. hy h>
lj= —+ — k¢ ok 4.10
I ar 2 1 C ( )

proof: The idea of the proof is based on the observations that false pag#s can
only be on the line connecting=, and Eg. This observation reduces the case to
the one-dimensional case. The application of Theorem 4.2 coetes the proof.

Theorem 4.3 shows that the chances of having false positives @ases as the
dimensionality of the dataset increases.
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4.8.2 Cores of Higher Dimensionality

The investigation of high dimensional cores can be reduced thet investigation
of low dimensional cores with the following reasoning. L&, and C, be clusters
with curve coreskE; and E,. Let f; and f, be the density functions of the
clusters. Letx; be a core point inE;, and x, be the closest core point from
Ez: kxy X2k =miny kx; yk. Then false positives can only be on the segment
of line [x1;xz]. This reduces the investigation to the one-dimensional case.

4.9 Experiments

This section evaluateSCOREclustering experimentally. We organize the exper-
iments into three parts: (i) evaluation of the method for di erent datasets, (ii)
evaluation of the method on real world data, and (iii) compason with related
clustering techniques.

4.9.1 Evaluation for Di erent Dataset

We use synthetic datasets to evaluate the separation of overldpg clusters for
di erent datasets. Speci cally, we evaluate the impact of (i)the dimensionality
of the cores, (ii) the type of the intersection of cores, and (Jiicores that include
each other.

Cores of Di erent Dimensionality

Figure 4.10 evaluates the impact of the dimensionality of cétiers to the clustering
quality of COREfor the sphere-line-plane dataset. The dataset consists of three
clusters: a sphere (cluster with zero-dimensional core), a linelster with one-
dimensional core), and a plane (cluster with two-dimensionaloce). The plane
intersects the line and the sphere is located at one end of thadi Although the
sphere does not split the line into fragments, the points of thenle overlap with
the points of the sphere.

Our method clusters the dataset in three steps: it computes fragimmts and
overlaps, reconstructs cores from fragments and overlaps, alabels the data.
Figure 4.10(b) shows the computed fragments for the dataset. IAfagments are
identi ed correctly. Figure 4.10(c) shows the reconstructio of complete cores
from fragments. The two fragments of the line are correctly guped into a
complete core. Finally, Figure 4.10(d) shows the labeling difie data. All data
points that have paths pointing to the cores are labeled wittihe label of the
core. The data points with gradient paths pointing to overlas are distributed
between the overlapping cores. Most of the data points in thetigrsection area are
assigned to the sphere, since its density is substantially largerath the density of
the line. The data points of the intersection of the plane andhe line are equally
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distributed between the line and the plane, since the density difie line and the
plane are approximately the same.

(c) Complete Cores (d) Labeled Data

Figure 4.10: Intersecting Plane, Line and Sphere

Evaluation of the Intersection Area

In this section we show the invariance o€OREclustering to the type of inter-
section. SinceCOREis invariant wrt the dimensionality of intersecting cores, we
only investigate the intersection of one-dimensional coresufwes). We run the

following experiments:

(i) varying the ratio of the lengths of intersecting lines.

(i) varying the angle between intersecting lines.
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(iii ) varying the curvature of intersecting curves.
(iv) varying the dimensionality of tuples of intersecting lines.

(i) Figure 4.11 illustratesCOREclustering for two intersecting lines with vary-
ing ratio of the lengths of lines. Clearly, our clustering tealique is invariant to the
ratio. COREcorrectly clusters the data (cf. Figures 4.11(a), 4.11(b) ah4.11(c)).
If the length of the shorter line is smaller than the width of theother line, CORE
identi es a line and a sphere-core as expected (cf. Figure 4(i)).

(a) 1:.00 Ratio (c) 0:25 Ratio

(d) 0:10 Ratio

Figure 4.11: Intersecting Lines for Di erent Ratios

(i) In Figure 4.12 we evaluateCOREfor intersecting lines with varying angles
between the lines. Our clustering method correctly identi eccores and overlaps
of clusters for angles up to 15 As the angle of the intersecting lines decreases,
the overlap area of the cores increases.

(iii ) Figure 4.13 evaluates the impact of the curvature of interséing clusters.
In this experiment we intersect a line with a circle with a di eent radius. As the
radius of the circle decreases, the curvature of the curve imases. Our cluster-
ing technique correctly identi es clusters independent of ether the objects are
straight lines or curves.

(iv) BecauseCOREis a grid based clustering technique, it may happen that
for highly overlapping clustersCOREidenti es an overlap with a larger area than
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(@) 90 Angle (b) 30 Angle (c) 20 Angle

(d) 15 Angle

Figure 4.12: Intersecting Lines for Di erent Angles

(a) 0:9 Radius (b) 0:8 Radius
(c) 0:5 Radius (d) 0:2 Radius

Figure 4.13: Intersecting Curve-Core Clusters for Di erent Qrvatures
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it is in reality. As an example of such a behavior, consider two t@ersecting lines
with 15 angle between them (cf. Figure 4.12(d). Since the lines highoverlap,
data tuples that are close to the overlap are assigned to the olags. However,
the correctness of labeling data tuples depends only on the esiaf an overlap,
but not on the curvature of overlapping cluster or dimensiondly of the data.
Table 4.1 lists a percentage of correctly labeled tuples fantersecting lines while
varying the dimensionality of the data. Clearly, since the peentage remains the
same for any number of dimension€COREis invariant to the dimensionality of
the data.

Dimensionality | Number of Correctly Labeled Tuples
2 96.75 %

96.66 %

96.83 %

96.78 %

96.55 %

96.67 %

~No ok Ww

Table 4.1: The Intersection Area in High Dimensional Data.

Clusters Containing other Clusters

Figure 4.14 evaluatesCOREfor clusters containing each other. There are three
structures in the data: a sphere with a core that is enclosed by ¢hcore of a
line, and a plane with a core that contains the cores of the spteeand the line.
Core separates the clusters correctly: it nds ve fragments md combines them
into three complete cores. Figure 4.14(d) shows the achievebeling with three
clusters.

4.9.2 Real World Data

In this section we continue the experiment with web logs and ancial data that

was introduced in Section 3.9. This type of transactional datis very common
and records activities over a continuous period of time. Faveb logs a click on a
web page is the activity that is recorded in the database. Fornantial data each

payment is stored in the database. With each activity a numberfattributes are

stored, such as the URL, account ID, etc.

Transactional data is an interesting application area for clstering techniques,
since the clustering of activities helps to get a better businessderstanding.
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(a) The Dataset (b) The Fragments.

(c) The Reconstructed Cores. (d) Labeled Data.

Figure 4.14: Intersection of Plane, Line and Sphere

A key issue when analyzing transactional data is the often exire skew. Skew
arises because of very high volume activities that dominatel ather activities and
because of strong behavioral patterns (bank transaction at thend of the scal
year; clicks on high-frequency portal pages). In order to iestigate highly skewed
data it is often necessary to identify dominant clusters and reave them.

In Figure 4.15 we present experiments that evaluate the poteal of COREto
identify and separate overlapping clusters in time-varying @a. Figure 4.15(a)
shows that CORE successfully separates clicks produced by search robots and
restores original cluster (cluster B in is restored from fragmén B1 and B2 in
Figure 3.7(b)). Figure 4.15(b) shows thatCOREsuccessfully separates end-of-
the-year transaction from other data and restores original gkters (clusters A
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and B are restored from fragments Al, A2, A3, A4, B1, B2, B3 in Figurd.7(d)).
COREidenti ed all the fragments and reconstructed the cores coectly.

B Y2b
W Y2a Y3
Y1
B y A
A
(a) ClickStream Data (b) Financial Data

Figure 4.15: Separation of Overlapping Clusters in Real WatIDatasets

4.9.3 Comparison with CURE and DBScan

In this section we compare our method with CURE and DBScan clugieg tech-
niques on datasets with overlapping clusters. CURE and DBScaneawell known
and are good representatives of hierarchical (CURE) and densitased (DBScan)
clustering methods. Our experimental studies in Section 3.9 skahat CURE
and DBScan produce better quality clusters than DataBubbleskK-Means and
RIC on datasets with arbitrary shaped clusters and/or with clusers which are
close to each other. Note, that in contrast to our method, all thebove mentioned
clustering techniques identify clusters only at one density Vel and, hence, are
not capable to separate overlapping clusters.

We use the sphere-line-plane dataset to show how other clusteritgghniques
deal with overlapping clusters. Remember, thaCORE correctly identi es the
cores of the clusters and labeled the data properly (cf. Figai4.10).

CURE employs two techniques to cluster the data: (i) represertiae points
and (ii) shrinkage of representative towards the center of theluster. Representa-
tive points enable CURE to nd clusters of arbitrary shape, whié the shrinkage of
representative points towards the center makes the clustegrrobust wrt anoma-
lies of the shape of clusters. The method needs three parametersimber of
clustersk, number of representative pointan, and shrinkage level .

We ran CURE clustering with many di erent input parameters. Figure 4.16(a)
illustrates one of the best outputs of the CURE clustering (the iput parameters
are: kK =3, m =20, = 0:3). CURE clustering successfully identi es the
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(a) CURE (b) DBScan

Figure 4.16: Other Clustering Methods

sphere (since it is a spherical structure), and most of the plane {d to a good
allocation of representative points). CURE fails to identify he line cluster and a
part of the plane becomes a separate cluster. CURE misses the lirechuse there
are two intersection areas of high density very close to the lineéTherefore the
representative points are pulled towards the intersection aas and are merged
either with the plane or with the sphere. Finally, since it tries to nd 3 clusters,
it allocates the third cluster to the most distant corner of the pane. Other
values ofm and do not increase the quality of the clustering. Intuitively, the
negative impact of the overlapping areas of the clusters careldecreased by
decreasing the shrinkage parameter. However, this worsens the quality, since
the representative points are placed randomly in space, rath#han on the core of
the clusters. Increasing the representative points also does raglp, since most
of them are pulled towards the overlaps of the clusters.

The typical output of the DBScan algorithm is illustrated in Figure 4.16(b).
The algorithm depends on two parameters: the size of the neighthood " and
the number of points in the neighborhoodninPts. DBScan correctly identi es
the sphere cluster and most of the line. Since the density of thegple is slightly
lower than the density of line, the plane cluster is ltered outas noise. If the
input parameters of the algorithm are adjusted, such that the flane is not lItered
as noise, all three clusters are merged together and only onastér is found.

4.10 Conclusions and Future work

In this chapter we extendCOREto separate overlapping clusters. Cores of over-
lapping clusters are divided into overlaps and fragments. Weconstruct complete
cores in two steps: rst, we classify cores into fragments and ol@ps and, next,
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we connect fragments that are separated by the overlap based treir density
level and orientation. We provide an extensive evaluation asur technique for
synthetic and real world data. The experiments demonstrate thinvariance wrt
the dimensionality of the clusters, and the angle and curvaturef the overlapping
structures.

In the future we want to investigate the trade-o between shapend density
information for reconstructing cores from fragments.Core connects fragments
if they match in terms of shape and density. It is possible to weiglthese factors
di erently and, e.g., connect fragments based on their shapenly. Finally, the
labeling of data points should be re ned. For the labeling oftte data points
we used a randomized model that is based on overlaps. By using tlwes it is
possible to improve the labeling in overlapping areas.
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Summary of Conclusions

The Ph.D. thesis makes three main contributions: it develops laierarchical data
summary structure for multidimensional data that requires mimmal intermediate
memory, it uses the data summary structure to cluster multidimesional data
without requiring any input parameters, and it proposes a noveclustering tech-
nique that identi es and separates overlapping clusters.

Data summary structures are heavily used in query optimizatioand approx-
imate answering of aggregate range queries. The constructiohdata summary
structures is limited to low dimensional data due to the expeng requirements
in terms of intermediate memory. We develop théAD-Treg a hierarchical data
summary structure that summarizes multidimensional data in tens of its density
and can be constructed without additional intermediate memy. The construc-
tion of the AD-Tree starts from a sparse initial grid whose cells are iteratively
split in places and along dimension where the density functionf the data is
non-linear. This guarantees a minimal usage of intermediateemory since the
split places new grid points only in areas where required to drease the preci-
sion of the density estimation. We de ne and implement the split wh the help
of the shape error and dimensional split The shape error measures the devi-
ation of the estimated density function from being linear on are-dimensional
grid. The AD-Tree approximates the shape error by considering the density in-
formation stored in the AD-Tree The dimensional split extends the shape error
to multidimensional grids: it identi es cells that exhibit a high shape error and
splits the cells along dimensions where the shape error is toglhi We optimize
the size of theAD-Tree for multidimensional data. We minimize the number of
grids in the AD-Treeby grouping small grids into grids of maximal volume. The
compact representation of multidimensional grids reduces ¢hcost to store them
by a factor of the dimensionalityd. We analytically investigate the properties
of the AD-Tree we prove optimality of the AD-Tree with respect to the initial
partition, and we show that the AD-Tree adjusts to the local dimensionality of
structures in the data and robustly approximates the shape errdf the initial

109
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partition is chosen based on extrema points of the density. Theggeriments on
real world and synthetics datasets con rm the analytical resus.

In order to precisely compute aggregate range queries on td®-Tree we
must e ciently compute multiple integrals and eliminate overlap between grids
on dierent levels of the hierarchy. The thesis o ers an e edtve solution for
this. First, we replace the expensive computation of multiplentegrals by a cheap
linear interpolation. We prove that our approach to computemultiple integrals
is exact. Next, we develop algorithms to Iter out overlaps b&veen grids in the
guery range. We compare thé\D-Tree with the state of the art techniques and
validate the e ectiveness of our approach with experimentsrnoreal world data.

The performance and quality of clustering techniques depesdn carefully
chosen input parameters. It is hard and often time-consuming tohoose these
parameters. The thesis develogSORE a clustering technique that computes clus-
ters without any input parameters. COREis a nonparametric clustering and it
explicitly computates and represents local maxima. ThAD-Tree which provides
a compact and uniform estimate of the density, enables the e ent computation
of the local maxima. CORErepresents local maxima with core: connected set of
grid points in the AD-Treethat approximates local maxima of the density. We
robustly compute cores with the help of rectangular neighbboods and gradi-
ents. A rectangular neighborhood localizes stationary poistin the AD-Treeand
gradients distinguish local maxima from other types of staticary points. We
analytically prove the correctness o€CORE Our experimental investigation com-
pares COREwith sate of the art clustering techniques on various synthetiand
real world datasets. COREis as fast as other techniques and outperforms them
in terms of the quality of computed clusters.

Separation of overlapping clusters arises in many real worldathsets and is
especially common to time-varying data. The separation of oklapping clusters
is di cult for existing clustering techniques since they are eher limited to nd
clusters on one density level and/or their model of clusters de@ot consider the
orientation of clusters. COREovercomes these limitations and correctly separates
overlapping clusters. The cores of overlapping clusters di@dach over into frag-
ments and overlaps. We use th&D-Treeto nd fragments and overlaps of cores
at all density levels. We restore complete cores from their fragents in two steps.
First, with use gradient path to assign fragments to overlaps andompute their
orientation. Next, we restore complete cores from fragmentbdt are assigned to
the same overlap and are similarly oriented. We analyticallynvestigate the con-
ditions for a successful separation of overlapping clusters wiglolynomial density
function. We prove the e ectiveness of our approach on synthies datasets with
various properties of overlapping clusters, as well, as on teeorld datasets.

We extensively evaluate our methods on real world and synthes dataset both
visually and numerically. Our collected experience resultezh the XVDM, a new
framework for visual data mining, which gives the ability to ompare, investigate
and learn di erent data mining techniques. The existing appraches are focused
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mostly on the visualization of the results and it is di cult to use them for the
investigation of data mining techniques by slightly changinghe input dataset or
comparing results for di erent parameters. The salient propeies if the XVDM

are: it enables construction of synthetics datasets in a realntie and from the
number of primitives; it supports unlimited number of data minng techniques
to be run at the same time; it provides an intuitive interface 6 switch between
di erent techniques and compare the results of them numeritlg or visually. The

XVDM is successfully used by students in Free University of Bolzano-Ben.
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