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Description Logics (DLs)

One of the most important formalism for knowledge
representation

First Order Logic (FOL) based formal semantics

Good trade-off between expressivity and reasoning complexity

Underpinning many real systems and languages (e.g., OWL)
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Description Logics And Typicality

DLs encode taxonomy using TBox axioms, and properties
either hold or do not hold for a class as a whole

Real world scenarios requires to express typical/default (but
not necessary) properties for a given class (not possible in DLs
without extensions)

Default properties may lead to overgeneralization, addressed
using inheritance exceptions mechanisms (for subclasses)
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Prototypical Property Example

“Normally, a department member has lunch at the restaurant”

We need a typicality operator T for expressing it:
T(DepartmentMember) v LunchAtRestaurant

DLs are monotone, while T is inherently non-monotone:
T(DepartmentMember) v LunchAtRestaurant
T(DepartmentMember u TemporaryWorker) v
¬LunchAtRestaurant
T(DepartmentMember u TemporaryWorker u
∃Owns.RestaurantTicket) v LunchAtRestaurant

We need C v D 6=⇒ T(C ) v T(D)

A. Solimando et al. A non-monotonic DL for reasoning about typicality
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Monotonic vs non-monotonic reasoning

Monotonicity: adding new knowledge does not reduce the
entailment set

Monotonic reasoning is computationally and conceptually
simpler

Non-monotonic aspects arise when dealing with advanced
aspects, such as updates (e.g., belief revision), defaults etc.
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Research Question:

How can prototypical properties be formally represented in order to
reason about them using a Description Logic?
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Literature Overview

Dealing with defeasible inheritance and non-monotonic inference
requires the integration of DLs with non-monotonic reasoning
formalisms:

DLs + default [BH95]

DLs + epistemic operators [DNR02, MR10, KS08]

DLs + ASP [ELST04]

DLs + circumscription [BLW09, BFS11]

DLs + rational closure [CS10]

DLs + preferential subsumption (rational logic R) [BHM08]

This work applies a model-theoretic approach (minimal models on
the basis of a preferential logic).
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Logic ALC + T

Σ = C ∪ R ∪O (concepts, roles, individuals)

LΣ (language over Σ):

>,⊥,A ∈ C, and if C ,D ∈ LΣ,R ∈ R, then C u D, C t D,
¬C , ∀R.C , ∃R.C ∈ LΣ (standard ALC concept expressions)
if C ∈ LΣ, then C and T(C ) are extended concepts, as well as
boolean combinations of extended concepts

KB = 〈T ,A〉 (TBox, ABox, resp.)

TBox: C v D, C extended concept, D concept
ABox: C (a), R(a, b), C extended concept, R ∈ R, and
a, b ∈ O

Intuitively, T selects the “most typical” element(s) of a class.
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ALC + T Semantics

Extended concept aside, it coincides with classic FOL
semantics for ALC
Unique Name Assumption (different individual constants
interpreted with different domain elements)

T semantics based on preference relation < over domain ∆,
that is partial and global (typicality is class unaware)

< is irreflexive, transitive and well-founded (no infinite
descending chains):

1 for every non empty set S ⊆ ∆, a minimum always exists
(possibly not unique): Min<(S) = {x ∈ S |6 ∃y ∈ S . y < x}

2 if x ∈ S , either x ∈ Min<(S) or ∃y ∈ Min<(S) s.t. y < x

T(C )I = Min<(CI)

A. Solimando et al. A non-monotonic DL for reasoning about typicality
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Model and Satisfiability

Model M = 〈∆, I, <〉 satisfies:

a TBox T , if for any C v D ∈ T , CI ⊆ DI ,

an ABox A, if for any C (a) (resp. R(a, b)) ∈ A, if aI ∈ AI

(resp. (aI , bI) ∈ RI).

a KB = 〈T ,A〉, if it satisfies both T and A
A query F of the form C (a), C an extended concept, is entailed by
an ALC + T KB, KB |=ALC+T F , iff F holds in any model
satisfying KB.

A. Solimando et al. A non-monotonic DL for reasoning about typicality
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Modal Formulation of Typicality

x ∈ T(C )I iff (1) x ∈ CI and (2) 6 ∃y ∈ CI . y < x

(�C )I = {x ∈ ∆ | ∀y ∈ ∆ . y < x =⇒ y ∈ CI}
(�¬C )I = {x ∈ ∆ | ∀y ∈ ∆ . y < x =⇒ y ∈ ¬CI}, this
implies that each x is “a most typical” element of C , given
that preferable elements (w.r.t. <) are not in CI

Condition (2) is then equivalent to x ∈ (�¬C )I

Therefore, x ∈ T(C )I iff x ∈ (C u�¬C )I
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Inheritance exception, non-monotonic features (Example)

1 T = {T(DepartmentMember) v LunchAtRestaurant

2 T(DepartmentMember u TempResearcher) v
¬LunchAtRestaurant

3 T(DepartmentMember u TempResearcher u
∃Owns.TicketRestaurant) v LunchAtRestaurant}

A = {T(DepartmentMember u TempResearcher u
∃Owns.TicketRestaurant)(greg)}
A′ = {(DepartmentMember u TempResearcher u
∃Owns.TicketRestaurant)(greg)}

〈T ,A〉 |=ALC+T LunchAtRestaurant(greg)

〈T ,A′〉 6|=ALC+T LunchAtRestaurant(greg)

A. Solimando et al. A non-monotonic DL for reasoning about typicality
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Non-monotonic extension: Logic ALC + Tmin

ALC + Tmin considers only minimal models for
(non-monotonic) inference

minimized quantity is “concept atypicality”, that is, the
number of atypical instances of a given set of concepts LT

Atypical instances:
(¬�¬C )I = {x ∈ ∆ | ∃y ∈ ∆ . y < x ∧ y ∈ CI})
more formally, we aim at minimizing, for a given model
M = 〈∆, I, <〉, the cardinality of M�−

LT
= {x | x ∈ ¬�¬CI ∧

x ∈ ∆ ∧ C ∈ LT}
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Minimal and preferred models

Given two models M = 〈∆M, IM, <M〉 and N = 〈∆N , IN , <N 〉,
M is preferred to N w.r.t. LT, denoted as M <LT

N , if:

1 ∆M = ∆N ,

2 ∀a ∈ O . aIM = aIN ,

3 M�−
LT
⊂ N�−

LT
.

A model M is a minimal model for a KB (w.r.t. to LT), if it is a
model for KB and no other model M′ exists s.t. M′ <LT

M.
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Minimal entailment in ALC + Tmin

Queries are of the form C (a), with C an extended concept
and a ∈ O
Given an ALC + Tmin KB with model M, query F = C (a)
holds in M if aI ∈ CI .

F is minimally entailed from KB w.r.t. LT, denoted as
KB |=LT

min F , if it holds in any minimal model of KB

In case of conflict, typicality in the more specific concept is
preferred

A. Solimando et al. A non-monotonic DL for reasoning about typicality
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Specificity Example (1/3)

TBox T composed by:

1 T(DepartmentMember) v LunchAtRestaurant

2 T(DepartmentMember u TemporaryResearcher) v
¬LunchAtRestaurant

For ABox A = {DepartmentMember(greg),
TemporaryResearcher(greg)} we have that
〈T ,A〉 |=LT

min ¬LunchAtRestaurant(greg) holds.

In all the minimal models,
gregI ∈ T(DepartmentMember u TemporaryResearcher)I ,
and gregI 6∈ T(DepartmentMember)I , because they are in
contrast and the former ensures minimality.

Intuitively, minimality has the side-effect of preferring
typicality in the more specific concept.

A. Solimando et al. A non-monotonic DL for reasoning about typicality
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Specificity Example (2/3)

Model M1 (minimal, one negated box):

1 DepartmentMember(greg) u TemporaryResearcher(greg)

2 T(DepartmentMember u TemporaryResearcher)(greg)

3 ¬LunchAtRestaurant(greg)

4 ¬T(DepartmentMember)(greg)

5 (¬�¬DepartmentMember)(greg)

1 Given DepartmentMember(greg), 5 requires x s.t. x < greg
and DepartmentMember(x), so T(DepartmentMember)(x)

A. Solimando et al. A non-monotonic DL for reasoning about typicality
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Specificity Example (3/3)

Model M2 (two negated boxes):

1 DepartmentMember(greg) u TemporaryResearcher(greg)

2 ¬T(DepartmentMember u TemporaryResearcher)(greg)

3 (¬�¬(DepartmentMember u TemporaryResearcher))(greg)

3 requires x s.t. x < greg and
T(DepartmentMember u TemporaryResearcher)(x), for
consistency ¬T(DepartmentMember)(x)

(¬�¬DepartmentMember)(x) requires y s.t. y < x and
T(DepartmentMember)(y)

y < x ∧ x < greg =⇒ y 6= greg , and therefore also
¬T(DepartmentMember)(greg)
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Tableaux calculus for ALC + Tmin

T ABALC+T
min two-phase, sound and complete tableau calculus

for deciding query (F ) minimal entailment, given KB

T ABALC+T
min = T ABALC+T

PH1 + T ABALC+T
PH2

T ABALC+T
PH1 tries to build models (open branches) for

KB ∪ {¬F}
T ABALC+T

PH2 chases the models of T ABALC+T
PH1 , trying to build

a “smaller” one

A. Solimando et al. A non-monotonic DL for reasoning about typicality
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Tableau phase 1

Tableau is a tree having nodes of the form 〈S ,U〉, where S is
a set of constraints, and U a set of labeled concept inclusions
(subsumption relations in the TBox, labelled using variables in
V)

Each branch is a sequence of nodes 〈S1,U1〉, . . . , 〈Sn,Un〉,
with n ≥ 0, where 〈Si ,Ui 〉 is obtained by 〈Si−1,Ui−1〉 through
rule application

A branch is either open or closed (due to a clash)

A tableau is closed (i.e., no possible models) iff all the
branches are closed

Open branches are either saturated (no rules are applicable, it
corresponds to a model) or not (model computation to be
completed)

A. Solimando et al. A non-monotonic DL for reasoning about typicality
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Tableau phase 1: Constraints and Formulas

Constraint: x
R−→ y , x < y , x : C , where x , y are labels, R is a

role, C is either an extended concept or has the form �¬D or
¬�¬D, where D is a concept

Formula: C v DL, where L is a list of labels (to ensure
termination)

Initialization (tableau root node):

ABox A: S = {a : C | C (a) ∈ A} ∪ {a R−→ b | R(a, b) ∈ A}
TBox T : U = {C v D∅ | C v D ∈ T }

A. Solimando et al. A non-monotonic DL for reasoning about typicality
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Classic ALC tableau rules.
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Typicality rules.
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Dynamic rules.
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Tableau phase 1: Termination

Non-termination may be caused by:

1 rule re-application on the same premises (they are always
copied in the conditions)

2 dynamic rules generate infinite many labels (infinite branches)

3 rule re-applictaion on the same formula, for the same variable

Termination is guaranteed:

1 is prevented by the side conditions of the rules

2 is prevented by the blocking technique

3 is prevented by testing the set of variables used for each
formula

A. Solimando et al. A non-monotonic DL for reasoning about typicality
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Solution Advantages

All individuals are treated uniformly (minimization is also
applied implicit individuals not occurring in the Abox)

Typicality naturally addresses specificity and irrelevance. It
supports defeasible reasoning in the context of inheritance
with exceptions

Instance checking, subsumption and concept satisfiability can
be reduced to minimal entailment

A. Solimando et al. A non-monotonic DL for reasoning about typicality
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Solution Disadvantages

Typical birds have wings and typical birds fly: if a given bird is
typical, it has both, otherwise none (a specific bird, tweety,
cannot inherit only some of the typical properties of birds)

The preference relation is ”global”: we cannot model the fact
that y is more typical than x with respect to concept C ,
whereas x is more typical than y with respect to another
concept D.

Complexity of this approach is co-NExpNP, higher than that of
ALC, and other approaches ([CS10], based on Rational
closure, and of [MR10])
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Open problems and Future Work

One issue is the extension of the approach to more expressive
DLs (up to SROIQ/OWL2)

Another issue is exploring alternative semantics:

several preference relations/tipicality operators <Ci associated
with different concepts Ci

changing the relation < or the preference among models, gives
different semantics (e.g., [BHM08] is based on rational logic
R).
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Thanks for your attention!
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