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Tree Edit Distance

(1) Recursive Formula for Non-Empty Forests

First Recursive Formula: Forest Distance

d; € desc(j), then:

( fdist(T4
fdiSt(Tl

[(i)..di — 1], To[l(j)..d}]) + wer
[/(i)..di], T2[1(j)-.dj — 1]) + wins

Lemma (First Recursive Formula)

Given two trees T1 and Ty, i € N(T1) and d; € desc(i), j € N(T») and

faist(Ta[I(1)..di], T2[l(j)--d;]) = min { ist(Ta[I(7).-1(d:) — 1], To[I(7)--(d;) — 1])
+ deSt(Tl[/(d,)d, — 1], Tg[/(dj)dj — 1])
\ + Wren
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Tree Edit Distance (Il) Recursive Formula for Non-Empty Forests

Proof

Let M be the minimum-cost map between T1[/(i)..d;] and T>[/(})..d/], i.e., the
map we are looking for. Then for T1[d;] and T;[d,] there are tree possibilities:

(1) Ti[d] is not touched by a line in M: T,[d;] is deleted and
fdlSt(Tl[/(l)d,], Tz[/(j)dj]) = deSt(Tll(l)d, — ].],TQ[/(_/)dJ]) + Wel

(2) T2[dj] is not touched by a line in M: T,[d;] is inserted and
deSt(Tl[/(I)d,],Tz[/(_/)dJ]) = deSt(Tll(l)d,],Tz[/(j)dJ — 1]) T Wl
(3) Both, T1[d;] and T,[d;] are touched by a line in M: We show (by

contradiction) that in this case (T1[d;], T2[d;]) € M, i.e., T1[d;] is renamed
to Ta[d;]: Assume (T1[d;], T2[d}]) € M and (T1[d}], T2[d;]) € M.

o Case Ty[d/] is to the right of T1[d}]: By sibling condition on M also
T5[d?] must be to the right of T5[d;]. Impossible in T>[/(j)..d;].

o Case Ty[d;] is proper ancestor of T1[d’]: By ancestor condition on M
also T[d?] must be ancestor of T,[d;]. Impossible in T>[/(j)..d;].

As these three cases express all possible mappings yielding
fdist(T1[/(i)..d;], T2[/(j)..d}]), we take the minimum of these tree costs. [
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Tree Edit Distance (Il) Recursive Formula for Non-Empty Forests

Example: First Recursive Formula (1/3)

T4 T)
di1 C3 d3
| / \
b ar  bo
T[/(/)..d;] T2[/()-.dj]
(i=6,d; = 3) (j=6,d; = 3)
(1) fdist(Ta[I()..di — 1], T2lI()-d;]) + woe
di _ C3 d3
[ SR / \
bg\\ \\“*~——al//b2
T[/(i)..d;i — 1] To[l()-dj]

o edit script: ins(ds), del(cs)
@ cost: 1 +1=2
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Tree Edit Distance (Il) Recursive Formula for Non-Empty Forests

Example: First Recursive Formula (2/3)

T4 T)
di1 C3 d3
I / A\
b ar  bo
T[/(i)..d;] Tao[/(j)--dj]
(i = 6,d; = 3) (j = 6,d; = 3)
(2) fdist(T1[/(i)..d;], T2[/(j)..dj —1]) + wins
aj_ €3 ds
[y SR / \
by _ \\“*~——al//b2
T1[/(7)..d; — 1] To[/())--dj]

o edit script: del(cs), ins(ds)
@ cost: 1 +1=2
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Tree Edit Distance (Il) Recursive Formula for Non-Empty Forests

Example: First Recursive Formula (3/3)

(3) fdist(T1[/(i)..I(d;) — 1], T2[I(j)--I(d;) — 1])
+ fdiSt(Tl[/(d,‘)..d,‘ — ].],TQ[/(dj)..dj — 1])

+ Wren
d1 C3_ _ 0 __d3
| T - ___——=—7 /N
by - _ a/l//bg

e — _

To[/(i)..I(dj) — 1] Ta[/(d;)..di = 1]  T2[/(j)../(d;) — 1] To[/(d})..d; — 1]

T1[/(i)..I(di) — 1] — T2[l(j)..I(dj) — 1]: del(a1)
Tl[/(d,)d, — 1] — Tz[/(dj)dj — ].] ins(al)

c3 — dsi: ren(C3,d3)

cost: 1+14+1=3

¢ © ¢ ¢
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Tree Edit Distance (Il) Recursive Formula for Non-Empty Forests

Analogy to the String Case

@ Why is the third formula not (in analogy to the string case):

fdist(T1[/(i)..d; — 1], T2[/(j)--dj — 1]) + wren

@ Consider the previous example:

~ | / \
ks S o

Ti[lI(i).di — 1]  To[l()..dj — 1]
@ ren(cs,ds) does not transform T1[/(i)..d;] to T2[/(j)..d;]
@ In fact the mapping M = {(a1,a1), (b2, b2),(c3,ds3)} is not valid:

o Connect all trees in the forest with a dummy node (e):
@ As ds is an ancestor of a;, c3 must be an ancestor of aj, which is false.

o o
CH C3 _ _ __d3
~ —
~Jd / \
b, " —---2a1__b
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Tree Edit Distance (Il) Recursive Formula for Non-Empty Forests

Observation

@ Observation about the First Recursive Formula:

@ suggests bottom-up dynamic programming algorithm

o fdist(T1[/(dj)..di—1], T2[/(d;)..dj—1]) [D] does not fit this scheme
@ We derive the Second Recursive Formula:

@ we distinguish two cases (both forests are trees/one forest is not a tree)
@ in each case we replace term [D] by a new term that is easier to handle
in a bottom up algorithm

( fdist(T1[I(7)..di—1], T2[/(j)--d;]) + waer
fdist(T1[1(i)..di], T2[1(j)-.d;—1]) + wins

fdist(T1[/(i)..d;], T2[/(j)--d;]) = min { fdist(T1[I(7)..1(d;) — 1], T2[I(j)-./(d;) — 1])

+ fdist(T4[I(d;)..dj—1], T2[/(d))..dj—1])

—|_ Wren

\
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Tree Edit Distance (Il) Recursive Formula for Non-Empty Forests

Second Recursive Formula: Forest Distance

Lemma (Second Recursive Formula)

Given two trees Ty and Ty, i € N(T1) and d; € desc(i), j € N(T») and
d; € desc(j), then:

(1) If1(i) = I(d;) and I(j) = I(d}), i.e., both forests are trees:
(fdist(T1[I(7)..d; — 1], T2[I(j)..d;]) + waer
deSt(Tl[/(l)d,],Tz[/(_/)dJ]) = min $ deSt(Tll(l)d,],TQ/(_/)dJ — ].]) U W
\deSt(Tll(l)d, — ]_,Tz[/(j)dJ — 1]) —= (Ll

(2) IfI(i) # I(d;) and/or I(j) # I(d;), i.e., one of the forests is not a tree:
(fdist(T1[/(7)..d; — 1], T2[/(j)--dj]) + weel
fdiSt(Tl /(I)d,], T2[/(j)dJ — ].]) T e
fdist(T1[1(7)..1(d;) — 1], T2[1(j)../(d;) — 1])
(T

= min {
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Tree Edit Distance (Il) Recursive Formula for Non-Empty Forests

Proof of the Second Recursive Formula

(1) follows from the previous recursive formula for /(i) = /(d;) and /(j) = /(d;) as
the following holds:

fdist(T1[I(i)..1(d;) — 1], T2[l()..I(d;) — 1]) = fdist(D, B) = .

(2) The following inequation holds:

< fdist(T1[I(i)..1(d;) — 1], T2[I(j)..I(d;) — 1])  [B]
+

< fdist(T1[/()..1(d;) — 1], T2[I(j)..I(dj) —1]) [B]
0 fdiSt(Tl[/(d,‘)..d,‘—l],Tz[/(dj)..dj—].]) [D]

+ Wren

< B + C as the left-hand side is the minimal cost mapping, while the
right-hand side is a particular case with a possibly sub-optimal mapping.

< D + wyen holds for the same reason.

As we are looking for the minimum distance, we can substitute D + w,e, by
[]

y
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Tree Edit Distance (Il) Recursive Formula for Non-Empty Forests

lllustration: Proof of the Second Recursive Formula (1/2)

o Case (1): /(i) = I(d;) and I(j) = I(d))

o a\
/N 7\
/ \ / \
d./ N T T = dj/ \
4=\ - \
\ \
g LA 0 A
) =) i 1G) = 1(d))
Ta[/(i)--1(di) — 1] T1[I(d,-)..di— 1] T2[I(j/)--/(dj) — 1] T2[/(E|j)..dj — 1]

—_ —_ — ——

—_— - — _ —_
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Tree Edit Distance (Il) Recursive Formula for Non-Empty Forests

lllustration: Proof of the Second Recursive Formula (2/2)

@ Case (2): I(i) ;é /(d;) and/or I(j) # /(d;):

I
A A
/ N\ / N\
/ \ / \
/odN T T T T T T e == L dp
ON el
\ \
\ \
\ \
(i 1d) G) 1))
T [(7)..1(d;) — 1] T1[/(d;)..d; — 1] To[l()--1(d;) — 1] T2[/(d;)..d; — 1]

—_ — —
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Tree Edit Distance (Il) Recursive Formula for Non-Empty Forests

Implications by the Second Recursive Formula

o

Note: Is the tree edit distance between
the subtrees rooted in T|[d;] and T[d;]. We use the following notation:

treedist(d;, d;) =

Dynamic Programming: As the same sub-problem must be solved
many times, we use a dynamic programming approach.
Bottom-Up: As for the computation of the tree distance treedist(i, j)
we need almost all values treedist(d;,d;) (d; € desc(T1][i]),
d; € desc(T1[j])), we use a bottom-up approach.
Key Roots: If
@ d; is on the path from /(i) to T1[/] and
o d; is on the path from /(j) to Tz[/],
then treedist(d;,d;) is computed as a byproduct of treedist(i, ).
We call the nodes that are not computed as a byproducts the key

roots.
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Tree Edit Distance (Il) Recursive Formula for Non-Empty Forests

Key Roots

Definition (Key Root)

The set of key roots of a tree T is defined as
kr(T) = {k € N(T) | Ak € N(T) : k' > k and I(k) = I(K')}

@ Alternative definition: A key root is a node of T that either has a left
sibling or is the root of T.

@ Example: kr(T) = {3,5,6}

/A
.
/ N\
I
b
@ Only subtrees rooted in a key root need a separate computation.
@ The number of key roots is equal to the number of leaves in the tree.
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Tree Edit Distance (Il) The Tree Edit Distance Algorithm

The Edit Distance Algorithm |/l

tree-edit-dist(T1, To)

td[1..|T1],1..|T2|] : empty array for tree distances;
li = Imld(root(T1)); kr = kr(ly, |leaves(T1)|);
I = Imld(root(T2)); kro = kr(h, |leaves(T5)|);
for x =1 to |kr| do
for y =1 to |kr| do
forest-dist(kri[x], kro[y], I, b, td);

@ /1 is an array of size |T1|, h[i] is the leftmost leaf descendant of node
i; I is the analog for T, (detailed algorithm Imld(.) follows)

@ kry is an array that contains all the key roots of T sorted in ascending
order; kry is the analog for T, (detailed algorithm kr(.,.) follows)

@ Algorithm and lemmas by [Z589] (see also [AGI7])

Nikolaus Augsten (DIS) Approximation: Theory and Algorithms Unit 7 — April 17, 2009 17 / 23




forest-dist(/, j, I1, b, td)

fd[l[i] — 1..i, h[j] — 1.j] : empty array;
fd[/l[l] — ]., /2[/] — ].] = O;

for d,' = /1
for dJ = /2
for d,' = /1

for d; = h[j] to j do
if /1[d,] = /1[[] and /2[dj] = /QL/] then
fd[d;, d;] = min(fd|[d; — 1, d;] + wges,

td[d;, d;] = f[d;, dj];
else fd|d;, d;| = min(fd

]
J.

-I-

Tree Edit Distance (Il) The Tree Edit Distance Algorithm

The Edit Distance Algorithm 11/l

to / do fd[d,', /QU] — 1] = fd[d,' — 1, IQU] — 1] + Wel;
to j do fd[h[i] — 1,d;] = fd[h[i]] — 1,d; — 1] + wips;
to / do

fd
fd

di, d; — 1] + Wips,
di—1,d; — 1] + Wren);

di — 1, d;] + wel,

fd[d;, d; — 1] + Wins,
fd/l[d,] — 1, /2[dJ] — ].] - td[d,', dj]),
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Tree Edit Distance (Il) The Tree Edit Distance Algorithm

The Temporary Forest Distance Matrix

@ fd[d;, d;] contains the forest distance between

o T1[/(i)..d;], where d; € desc(T1[i]) and
o Ta[l(j)..d;], where d; € desc(T2[j]).

A
N
N
QY 3
g1 AR AW
0 = Ta[/(i)../(7) — 1]

Taf/(i)..1(7)]

fdist(T1[I(7)..di], T2[I(j)..d}])

T1[/(7)..1]

@ fd is temporary and exists only in forest-dist()
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Tree Edit Distance (Il) The Tree Edit Distance Algorithm

The Tree Distance Matrix

@ td|[i][j] stores the tree edit distance between

o the tree rooted in Tq[i] (i.e., T1[/(i)../]) and
o the tree rooted in Ty[j] (i.e., T2[/(J)-4]).

@ each call of forest-dist() fills new values into td
@ td[|T1|,|T2]|] stores the tree edit distance between T; and T,
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Conclusion

Summary

@ Tree Edit Distance

@ recursive formula for the edit distance
@ dynamic programming algorithm
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Conclusion
What's Next?

@ Tree Edit Distance (IlI):

@ correctness and complexity of the algorithm
@ edit distance variants

@ Lower Bounds for the Edit Distance
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